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Preface

The purpose of this book is to provide a comprehensive coverage of the
basic concepts and methodologies used in the area of linear models. Given the
importance of this subject in both statistical theory and experimental research,
a good understanding of its fundamental principles and theory is essential.
Special emphasis has therefore been placed on the clarity of the presentation
combined with a rigorous development of the theory underlying linear mod-
els. This undertaking is supported by a large number of examples, numerical
or otherwise, in order to illustrate the applicability of the various methods
presented in this book. Furthermore, all chapters, except for Chapter 1, are
equipped with numerous exercises, some of which are designed to give the
reader added insight into the subject area discussed in a given chapter. In
addition, an extensive bibliography is provided for the benefit of the inter-
ested reader who can use it for more in-depth study of linear models and
related areas.

This book covers a wide variety of topics in linear models that incorporate
both the classical approach as well as the more recent trends and modeling
techniques that have been developed in the last 30 years. Coverage of the
material is done in a manner that reflects contemporary advances made in
linear models. However, it does not include topics on regression analysis,
such as model selection, multicollinearity, or regression diagnostics. These
topics are discussed in detail in numerous regression textbooks and are better
taught in methods courses. The focus of this book is more on the theory of
linear models.

This book is intended for graduate students who need to take a course
or two in linear models. In fact, a sizable portion of the book evolved from
material I used to teach a couple of courses in linear models at the University
of Florida in the last 20 years. In this respect, Chapters 1 through 8 can be
taught as a one-semester course followed by coverage of Chapters 9 through
13 as a second course on linear models. Chapters 11 and 12 can be particu-
larly helpful to graduate students looking for dissertation topics. This book
can also be useful for practicing statisticians and researchers who have an
interest in linear models, but did not have sufficient exposure to this area
during their educational training. This book is self-contained, but a course in
introductory statistics and some knowledge of matrix algebra and calculus
would be helpful.

This book contains 13 chapters. Chapter 1 gives some historical perspec-
tives on the evolution of certain methods and techniques used in linear

XV



xvi Preface

models. Chapter 2 reviews some fundamental concepts concerning vector
spaces and linear transformations. This chapter provides the groundwork for
Chapter 3, which deals with the basic concepts and results in matrix alge-
bra that are relevant to the study of linear models. The latter chapter is not
intended to provide detailed proofs for all the stated theorems and results.
Doing so is beyond the scope of this book and can detract from its focus.
Instead, Chapter 3 intends to make these theorems accessible to the reader
since they are utilized in the development of the methodology in the remain-
ing chapters. The references in the bibliography given at the end of the book
can be consulted for more detailed coverage of matrix algebra. It is important
here to recognize that matrices have played a central role in the development
of the modern approach in linear models. A working knowledge of matrices
and their properties is therefore crucial to the understanding of the theory of
linear models.

Chapter 4 discusses the multivariate normal distribution and some related
distributions. Chapter 5 presents a study of quadratic forms and their distri-
butional properties under the normality assumption. Quadratic forms play
an important role in the formulation of analysis of variance. Chapter 6 deals
with the analysis of full-rank linear models. These models encompass regres-
sion and response surface models whose model matrices have full column
ranks. The analysis of linear models that are not of full rank is the subject
of Chapter 7. Such models are typically encountered in analysis of variance
situations. Chapter 8 develops general rules for the analysis of balanced data.
The methodology presented in this chapter provides a systematic approach
for setting up a complete analysis of the data that includes hypothesis testing
and interval estimation concerning certain unknown parameters of a given
linear model.

Chapters 4 through 8 make up the core material in the study of classical
linear models. They also include more recent techniques for solving some
well-known problems, such as those that pertain to the distribution and
independence of quadratic forms in Chapter 5, the analysis of estimable linear
functions and contrasts in Chapter 7, and the general treatment of balanced
random and mixed-effects models in Chapter 8.

Chapters 9 through 13 cover more contemporary topics in linear mod-
els and can therefore be regarded as forming the second part of this book,
whereas Chapters 1 through 8 make up the first part. In particular, Chapter 9
addresses the adequacy of Satterthwaite’s approximation, a popular and
frequently used technique in analysis of variance. Chapter 10 discusses the
analysis of unbalanced data for linear models with all fixed effects. Chapter 11
also deals with unbalanced data, but it considers linear models whose effects
are either all random (random-effects models), or possibly include a com-
bination of fixed and random effects (mixed-effects models). This chapter
discusses estimation of variance components and estimable linear functions
of the fixed effects in a given mixed-effects model. It also provides detailed
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coverage of approximate and exact tests concerning certain random and
mixed-effects models.

Chapter 12 discusses several more recent topics in linear models. These
include heteroscedastic linear models, response surface models with ran-
dom effects, and linear multiresponse models. Finally, Chapter 13 presents
an introduction to generalized linear models. These models represent an
extension of classical linear models and provide a unified approach for the
modeling of discrete as well as continuous response data.

I'would like to thank all those who reviewed and commented on a prelim-
inary outline of the book manuscript. I am also grateful to my wife, Ronnie,
for her support and patience during the five years it has taken me to complete
the writing of this book.

André I. Khuri
Gainesville, Florida
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1

Linear Models: Some Historical Perspectives

Quite often, experimental research work requires the empirical identification
of the relationship between an observable response variable, Y, and a set of
associated variables, or factors, believed to have an effect on Y. In general,
such a relationship, if it exists, is unknown, but is usually assumed to be of a
particular form, provided that it can adequately describe the dependence of Y
on the associated variables (or factors). This results in the establishment of the
so-called postulated model which contains a number of unknown parameters,
in addition to a random experimental error term. The role of this error term
is to account for the extra variation in Y that cannot be explained by the
postulated model. In particular, if the unknown parameters appear linearly
in such a model, then it is called a linear model.

In this book, we consider two types of linear models depending on the
nature of the factors that affect the response variable Y. If the factors are
quantitative (that is, they can be measured on a continuous scale, such as the
temperature and pressure of a certain chemical reaction), then the model is
called a regression model. For example, we may have a regression model of
the form,

k
Y=o+ Z Bixi + €, (1.1)

i=1

where
X1,X2,...,X; are mathematical variables that represent the levels of the
associated factors
Bo,B1,-- ., Pk are unknown parameters
€ is a random experimental error term

It is common to refer to x1,x2, ..., xx as control, input, or explanatory vari-
ables. A more general expression for a regression model is one of the form

Y=Ff@®B+e¢, 1.2)

where
x=(x1,x2,...,%)
f'(x) is a known vector function whose elements are powers and cross
products of powers of x1,x2, ..., xx up to a certain degree
B is a vector of unknown parameters
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The modelin (1.2) is called a polynomial model in x1, x7, . . ., x. For example,
a second-degree polynomial model in just x1, x; is of the form

Y = Bo + B1x1 + Baxa + Brox1x2 + P11x3 + Pooxs + €.

Estimates of the elements of 3 in (1.2) can be obtained by running a series of
experiments in which the response Y is measured (or observed) for particular
settings of x1,x2, ..., ;. The resulting values can then be used as input data
in an appropriate estimation method.

If the factors affecting the response are qualitative (that is, their levels
are not necessarily measurable, but can be described, such as machines and
operators in an industrial experiment), then the model is called an analysis of
variance (ANOVA) model. For example, we may have the models

Yij = p+ o + €, (1.3)
Yik =+ o + Bj + (xP)ij + €k, (1.4)
Yijk = w4+ o + Bij + €k, (1.5)

which will be described and discussed later on in this book. Model (1.3) is
the one-way classification model, the one in (1.4) is the two-way crossed clas-
sification with interaction model, and in (1.5) we have the two-fold nested
classification model. The parameters that appear in these models represent
the various effects that influence the response. For example, in (1.3), o; repre-
sents the effect of level i of a given factor. In the second model in (1.4), «; and
B represent the effects of levels i and j, respectively, of two given factors, and
(f3);; is their interaction effect. In (1.5), 3;; represents the effect of the jth level
of a factor which is nested within the ith level of the factor represented by «;.

Given a set of observations on Y, both regression and ANOVA models
can be expressed in matrix form as

Y=XB+e, (1.6)

where
Y is the vector of observations on Y
X is a known matrix called the model matrix
B is the vector of unknown parameters
€ is the vector of random experimental errors

In the case of a regression model, as in (1.2), the rows of X are values of f'(x)
at various settings of x inside the region of experimentation. If, however,
(1.6) represents an ANOVA model, then the elements of X consist of zeros
and ones.

Typically, in an ANOVA model, the interest is in estimating means asso-
ciated with the levels of the factors under consideration, in addition to testing
certain hypotheses concerning these means. Such hypotheses are set up for
the purpose of assessing the significance of the associated factors. On the other
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hand, in a regression model, in addition to testing significance of its control
variables, estimates of the model’s unknown parameters can be obtained for
the purpose of estimating the mean response (that is, the mean of Y) as well
as predicting “future” response values within a certain region of interest.

Linear models have played an important role in many aspects of statistical
experimental research for the past 75 years. Furthermore, the theory of linear
models has been instrumental in the development of several areas in statis-
tics, such as regression analysis, analysis of variance, experimental design,
response surface methodology, multivariate analysis, time series analysis,
and growth curve analysis, to name just a few.

In the remainder of this chapter, we provide some brief history concerning
certain key concepts and techniques used in the early development of linear
models.

1.1 The Invention of Least Squares

The origin of linear models can be traced back to the early nineteenth cen-
tury. Undoubtedly, the tool that has made it possible to develop the theory
of linear models is the method of least squares. This method, which evolved
shortly after 1800, is used to estimate the unknown parameters in a given
linear model. It was initially developed in response to the needs of scientists
in the fields of astronomy and geodesy. From the historical point of view,
there has been some dispute as to who was the first to introduce this method
(see Stigler, 1981; 1986, Chapter 1). The method was first published in 1805 by
Adrien Marie Legendre (1752-1833) as an appendix entitled “Sur la méthode
des moindres quarrés” (on the method of least squares), which appeared in
Legendre’s book, Nouvelles Méthodes Pour la Détermination des Orbites des
Cometes (New Methods for the Determination of the Orbits of the Comets). Four
years later, Carl Friedrich Gauss (1777-1855) published the method in 1809 in
Volume 2 of his work (written in Latin) on celestial mechanics entitled Theoria
Motus Corporum Coelestium in Sectionibus Conicis Solem Ambientium (The Theory
of the Motion of Heavenly Bodies Moving Around the Sun in Conic Sections). Gauss,
however, claimed that he had been using the method since 1795. His claim
was the source of the aforementioned controversy. Plackett (1972) presented
an account of the circumstances in which the discovery of the method took
place and the course of the ensuing controversy. He also included interesting
translations of letters exchanged between Legendre and Gauss and between
Gauss and other mathematicians of his time. Stigler (1981) stated that “It is
argued (though not conclusively) that Gauss probably possessed the method
well before Legendre, but that he was unsuccessful in communicating it to
his contemporaries.” It should be mentioned here, however, that Gauss went
far beyond Legendre in linking the method to probability and providing
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algorithms for the computation of estimates (see Stigler, 1981, p. 472). In fact,
the first discussion of the model in (1.1) in which the probability distribution
of the error term was explicitly considered was in Gauss’s 1809 work (see
Seal, 1967, Section 1.3).

1.2 The Gauss—Markov Theorem

The Gauss—Markov theorem is an important theorem associated with least-
squares estimation. It represents a turning point in the early development of
the theory of linear models. The theorem was first proved by Gauss during the
period 1821-1823. It states that among all the unbiased estimates of a linear
function of the parameters which are expressible as linear combinations of
the observations (elements of the response vector Y), the one produced by
the least-squares procedure has minimum variance. Such an estimate became
known as the best linear unbiased estimate (BLUE). Gauss's result has therefore
provided a strong impetus to the use of least squares as a method of parameter
estimation due to this optimal property.

Another version of Gauss’s proof was given by Andrey Markov (1856—
1922) in 1912. His proof was described by Neyman (1934) as being “elegant.”
Neyman believed that Markov’s contribution, which was written in Russian,
had been overlooked in the West. As a compromise, the name Gauss—Markov
theorem was adopted.

It should be noted that Gauss’s proof assumed a linear model with uncor-
related errors having zero means and equal variances. An extension of this
proof to the case of correlated errors with a known variance—covariance
matrix was given by Aitken (1935). It is interesting here to remark that Aitken
gave the first formulation of the theorem in terms of matrices.

1.3 Estimability

Estimability is an important property, particularly for ANOVA models where
the matrix X in (1.6) is not of full column rank (see the treatment of such mod-
els in Chapter 7). In this case, the least-squares equations (or normal equa-
tions) do not yield a unique solution for estimating the parameter vector §3.
However, for some particular linear functions of 3, namely AR, where A is
a linear combination of the rows of X, the corresponding estimate, A’ B, is
unique. Such linear functions are said to be estimable. Here, the elements of
B are obtained by using any solution to the normal equations. Thus, even
though [§ is not unique, the value of )\’[AS is unique as it remains invariant to
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the choice of B. Furthermore, A’ is the BLUE of A'B (see Theorem 7.6 which
is an extension of the Gauss—Markov theorem to less-than-full-rank models).
By contrast, for regression models where the matrix X is of full column rank,
é, is unique and is the BLUE of B. We conclude that whenever A’ is estimable
(in the case of an ANOV A model), the properties of A’ B are the same as those
under a regression model.

The notion of estimability in linear models was first introduced by Bose
(1944). It has since become an important consideration in the analysis of
ANOVA models. Seely (1977) pointed out that in some linear model text-
books, little justification is given to the requirement that the elements of A3
be estimable when testing a null hypothesis concerning Af, where A is a
known matrix of full row rank. Such justification, however, is given in the
book by Searle (1971) where it is shown that unless the elements of Ap are
estimable, the numerator sum of squares in the associated F-ratio is not well
defined (see Section 7.4.2 regarding testing a hypothesis concerning A3 when
the elements of AP are estimable).

1.4 Maximum Likelihood Estimation

Suppose that we have a random variable, Y, whose distribution depends on
some unknown parameters denoted by 01,0,...,0,. Let g(y, ©) denote the
density function, or probability mass function, of Y depending on whether
Y is a continuous or a discrete random variable, respectively, where 0 =
(01,02,...,0p)" and y is a value of Y. Let us also suppose that we have a
sample of n independent observations on Y denoted by Y7, Y>, ..., Yy,. Then,
the density function (or probability mass function) of Y = (Y1, Yo, ..., Y,) is
given by

h(y,8) = [ [8Wi ©), (1.7)
i=1
where

Y=Y, Yyn)
yiisagivenvalueof Y; i=1,2,...,n)

By definition, the likelihood function, £(0,Y), for the sample, Y1,Ys,..., Yy,
is a function of 6, which for a given value, y, of Y is equal to the density
function in (1.7), that is,

L(0,y) = h(y, ©). (1.8)

Note that in (1.8) the likelihood function is obtained by reversing the roles of
y and 0 so that £(6, y) is viewed as a function of 8 for the given value, y, of Y.
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The method of maximum likelihood estimates © by finding the value, é, of
© that maximizes £(0,y) over a certain parameter space of © for each y
in some set S. The resulting value is called the maximum likelihood estimate
of 0. Note that in this method, we try to find the values of the parameters
that would have most likely produced the data obtained from the observed

sample. It should also be noted that 6 may not be unique since the likelihood
function can possibly attain its maximum value at several locations inside the
parameter space.

The method of maximum likelihood is generally attributed to R. A. Fisher
(1890-1962) who propounded it as a means of parameter estimation in his two
renowned papers, Fisher (1922, 1925). Even though other methods similar to
this method have been in existence prior to the work of Fisher, the definition
of likelihood itself appears to be entirely his own (see Edwards, 1974). The
introduction of this method by Fisher has led to the establishment of a whole
new branch of statistical theory. Aldrich (1997) stated that “the making of
maximum likelihood was one of the most important developments in 20th
century statistics.” The method has since become a very important tool in
the repertoire of linear models as well as generalized linear models (see
Chapter 13). Interesting accounts concerning the history of this method and
the work of R. A. Fisher can be found in Norden (1972), Edwards (1974), and
Aldrich (1997), among others.

1.5 Analysis of Variance

Analysis of variance (ANOVA) is a statistical technique developed by R. A.
Fisher in the 1920s in order to facilitate the analysis and interpretation of
data from field trials and laboratory experiments. Fisher’s (1918) paper on
population genetics introduced the terms “variance” and “analysis of vari-
ance.” However, it was after the publication of Fisher’s (1925) book that
ANOVA became widely used as an important tool in experimental research.
The ANOVA table devised by Fisher provides a convenient tabulation of
sums of squares that measure the amounts of variation associated with the
various effects in a given model. Using ratios of mean squares (sums of
squares divided by their corresponding degrees of freedom), it is possible to
derive test statistics for certain hypotheses concerning the effects under con-
sideration. These statistics have, under certain assumptions which include
normality, F-distributions (the symbol F was introduced in honor of R. A.
Fisher by G. W. Snedecor (1934)).

The initial development of ANOVA was designed for what are now called
fixed-effects models (or just fixed models). By definition, a fixed-effects model
is one in which all of its effects, except for the error term, are represented
by fixed unknown parameters. The F-statistics that can be derived from the
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corresponding ANOVA table test the hypotheses that the effects of the levels
of each factor are all equal. A fixed-effects model is also called Model I. On the
other hand, if all the effects in the model, except for the general (or grand)
mean, are random, then the model is called a random-effects model (or just
random model), a variance components model, or Model II. The terminology of
“Model I” and “Model 11" is due to Eisenhart (1947), and the use of “vari-
ance components” refers to the variances of the random effects in the model.
We recall that Fisher (1918) introduced the term “variance” in the literature
and he implicitly employed variance components models. His (1918) paper
was a milestone to variance components theory. The third model type is the
so-called mixed-effects model (or just mixed model) which contains random
effects (besides the error term) as well as fixed effects (besides the general
mean). This model is also referred to as Model III. Whenever a model contains
a random effect, the interest is in estimating its variance component in addi-
tion to testing its significance. The determination of which effects are to be
considered as fixed and which as random depends on the nature of the levels
of the associated factors. If the levels of a factor are of particular interest, as
in the consideration of particular varieties of corn in an agricultural experi-
ment, then the levels are said to have fixed effects. However, if the levels are
selected at random from a large population, as in the random sampling of
machine parts from a large warehouse in an industrial experiment, then the
corresponding factor is said to have a random effect.

Variance components models were used by astronomers, long before they
were known to statisticians. These models can be traced back to the works
of the astronomers Airy (1861) and Chauvenet (1863) or even earlier. For
example, Airy made an explicit use of a variance components model for the
one-way model. Fisher’s (1925) book further advanced variance components
theory by initiating what has come to be known as the ANOVA method of
estimation. In this method, the so-called ANOVA estimates of variance compo-
nents in a given random or mixed model are obtained by equating the mean
squares of the random effects in the corresponding ANOVA table to their
expected values. The resulting equations, which are linear, are then solved
for the variance components to be estimated. Maximum likelihood estima-
tion, which was developed by R. A. Fisher, as was previously mentioned,
can also be used to estimate variance components. This was first attempted
by Crump (1947, 1951). Other methods of estimation of variance components
were later developed by other authors (see the survey article by Khuri and
Sahai, 1985; also Robinson, 1987; Searle, 1995).

1.5.1 Balanced and Unbalanced Data

One important consideration before undertaking any analysis of a given data
set is whether the data are balanced or unbalanced. A data set is said to be
balanced if the numbers of observations in the subclasses of the data are all
equal. When these numbers are not equal, including perhaps situations where
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no observations exist in some subclasses, the data set is said to be unbalanced.
While the analysis of balanced data is quite developed with well-defined
methods for estimation and hypothesis testing for the associated models, the
same cannot be said about unbalanced data (see Chapters 8, 10, and 11).
One of the difficulties with unbalanced data is the lack of a unique ANOVA
table, as is the case with balanced data. This makes it difficult to come up with
a unified approach for the analysis of unbalanced data. Furthermore, unlike
the case of balanced data, there are no exact tests that can be applied to random
or mixed models, except in a small number of special cases (see Chapter 11).

Some of the early papers dealing with the analysis of unbalanced data
are those by Yates (1934), who developed the methods of unweighted and
weighted squares of means for data with no empty cells, and Wald (1940, 1941).
Henderson’s (1953) landmark paper presented three methods for estimating
variance components, the last of which became the standard procedure for
obtaining ANOVA estimates of the variance components for both random
and mixed models. A coverage of the history of unbalanced data analysis
from Yates’s (1934) paper to the beginning of the computational revolution
in the 1960s was given by Herr (1986).

1.6 Quadratic Forms and Craig’s Theorem

Let A be a known symmetric matrix of order n x n, and let Y be a random
vector of n elements. By definition, Y'AY is called a quadratic form in Y with
respect to the matrix A. Quadratic forms play an important role in analysis of
variance. More specifically, if Y is a data vector associated with a given linear
model, then every sum of squares in the corresponding ANOVA table can
be expressed as a quadratic form in Y. In addition, if Y has the multivariate
normal distribution with a mean p and a nonsingular variance—covariance
matrix, X, thatis, Y ~ N(u, X), then it would be of interest to know the distri-
butions of the sums of squares (or quadratic forms) in the ANOVA table. This
is important since these sums of squares can be used to develop test statistics
concerning the various effects in the associated linear model.

There are two important theorems that pertain to quadratic forms in nor-
mally distributed random vectors. The first theorem concerns the distribution
of YYAY where Y ~ N(u, X). This theorem states that a necessary and suffi-
cient condition for Y’AY to have a chi-squared distribution with r degrees of
freedom is that AX should be idempotent of rank 7 (see Section 3.9 for a defi-
nition of an idempotent matrix). The second theorem concerns the stochastic
independence of two quadratic forms in ¥, Y’AY and Y'BY, where A and B
are symmetric matrices and Y ~ N(u, X). A necessary and sufficient condition
for these quadratic forms to be stochastically independent is that AZB = 0.
The proofs of these two theorems are given in Chapter 5.
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The independence theorem was first considered by Craig (1943) and is
therefore referred to as Craig’s theorem. Craig, however, assumed that Y has
the standard multivariate normal distribution, N(0, I,;). Several authors have
since worked on extending Craig’s result to the general case where ¥ ~
N(u, ). While the sufficiency part of this theorem is easy to prove (that
is, showing that AZB = 0 implies independence of the quadratic forms),
the necessity part (showing that independence implies AZB = 0) in the
noncentral case (that is, p # 0) turned out to be quite difficult to prove.
Driscoll and Gundberg (1986) gave a history of the development of Craig’s
theorem in the noncentral case. They pointed out that authors of earlier papers
and textbooks had given “incorrect or incomplete coverage of Craig’s theorem
and its proof.” They did indicate, however, that a correct proof was finally
given by Laha (1956). Laha’s approach was based on a difficult mathematical
result that he did not actually prove. Reid and Driscoll (1988) discovered
that Ogawa (1950) had apparently been the first person to give a correct
and complete proof of Craig’s theorem for the noncentral case. They then
proceeded to give “an accessible” proof of Craig’s theorem (in the noncentral
case) which only required the use of linear algebra and calculus.

The theorem concerning the distribution of Y’AY also has a similar history.
As before, the sufficiency part of this theorem (showing that idempotency of
AX implies chi-squaredness of Y'AY) is easy to prove. However, the necessity
part (showing that chi-squaredness of Y’AY implies idempotency of AX) is
not easy to prove, particularly when p # 0 (the noncentral case). Proofs given
in the statistical literature of the latter part either assume that p = 0, which
is a relatively easy case, or invoke the same result by Laha (1956) that was
mentioned earlier. An alternative proof of the necessity part was given more
recently in Khuri (1999) using only simple calculus tools and basic matrix
results.

A more general theorem dealing with quadratic forms in normally dis-
tributed random vectors is the one due to Cochran (1934). This theorem,
which is discussed in Chapter 5 (see Theorem 5.7), is a remarkable one since
it has useful applications in analysis of variance, particularly in the case of
fixed-effects models as will be shown in Chapter 5.

1.7 The Role of Matrix Algebra

Matrices were introduced in mathematics around the middle of the nine-
teenth century. Their use in statistics, however, did not begin until the 1930s
with the publication of Turnbull and Aitken’s (1932) book. Matrices have
since become a very important tool in many areas of statistics, particularly in
linear models and multivariate analysis. In fact, it can be easily said that the
modern development of the theory of linear models is due in large part to
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matrix algebra. The use of matrices has made the derivation of vital results in
linear models much easier, faster, and more direct than what was practiced
earlier. Matrix algebra replaced the tedious use of the summation notation
that was commonplace in statistics before 1930.

Craig (1943) used determinants in his proof of the independence theorem
of quadratic forms. Cramér (1946) had a whole chapter on matrices and
determinants. Books by Kempthorne (1952) and Rao (1952) seem to be the
first to have made considerable use of matrix algebra. C. R. Rao is credited
with having introduced into statistics the concept of generalized inverses
of singular matrices in the 1960s (see Rao, 1962, 1966) using the work of
Moore (1920) and Penrose (1955) (see the definition of a generalized inverse
of a matrix in Section 3.7.1). Generalized inverses became very useful in
finding a solution to the normal equations in the case of a linear model
whose model matrix is not of full column rank. They were also instrumental
in understanding estimability of linear functions of the model’s unknown
parameters. This has led to the development of a unified theory of least
squares (see Rao, 1973b).

Without any doubt, the availability of modern computers and computer
software has made the actual execution of matrix computations in linear
models and statistics, in general, a very simple task. Matrix operations, that
nowadays take only few seconds to execute, used to take hours if not days
before the advent of modern computers. Searle (1999) reported that “During
graduate student days in a small computing group at Cornell, there was great
excitement when in 1959 we inverted a 10-by-10 matrix in seven minutes.
After all, only a year or two earlier, a friend had inverted a 40-by-40 matrix, by
hand, using electric (Marchant or Monroe) calculators. That took six weeks!”

1.8 The Geometric Approach

Another approach to linear models, other than the well-known algebraic one,
is the geometric or coordinate-free approach. This approach, although interesting,
has not attracted a great deal of attention. Actually, there are certain concepts
in linear models, such as least squares, that naturally elicit the use of the
geometric approach.

R. A. Fisher used to think geometrically from time to time (see Fisher,
1915). W. H. Kruskal (1919-2005) was one of the early advocates of the
coordinate-free approach to linear models. His (1961) paper described the
geometric version of the Gauss—Markov theorem. Kruskal (1968) addressed
the question of equality of ordinary least squares and best linear unbiased
estimates using a coordinate-free approach. In Kruskal (1975), an analytic geo-
metric approach was used in dealing with generalized inverses of matrices.
Herr (1980) reviewed several papers that used the geometric approach to
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linear models, starting with Fisher’s (1915) paper and ending with Kruskal’s
(1975) paper. L. Fisher (1973) presented a proof of Cochran’s theorem that
emphasized the geometric approach. Schey (1985) used geometrical argu-
ments to explain certain features of orthogonal contrasts in the context of
the one-way ANOVA model (see Section 7.7). Other papers that considered
the geometric approach to linear models include Eaton (1970) and Haberman
(1975). More recently, Wichura (2006) devoted an entire book on the geometric
approach to the theory of linear models. His book discussed optimal proper-
ties of various methods of estimating and testing hypotheses concerning the
unknown parameters in linear models.






2

Basic Elements of Linear Algebra

2.1 Introduction

This chapter provides the groundwork for Chapter 3, which gives a basic
introduction to matrix algebra. Both chapters are vital for the understanding
of the theory of linear models.

The present chapter reviews some fundamental concepts concerning vec-
tor spaces and subspaces, linear dependence and independence of elements
in a vector space, direct sums, bases, and dimensions of vector spaces, in
addition to linear transformations. The main purpose of this chapter is to
familiarize the reader with these concepts, but without delving deeply into
the theory of linear algebra. The references at the end of the book can be
consulted for a more detailed study of the subject area.

In this chapter, as well as in the remainder of the book, the set of all real
numbers is denoted by R, and its elements are referred to as scalars. The set
of all n-tuples of real numbers will be denoted by R" (n > 1).

2.2 Vector Spaces

A vector space over R is a set V of elements, which can be added or multiplied
by scalars, in such a way that the sum of two elements of V is an element of
V, and the product of an element of V by a scalar is an element of V. More
specifically, the following properties must be satisfied:

(1) For every u, vin V, u + v is a uniquely defined element of V.
(2) For every uin V and any scalar «, o is an element in V.
B)u+v=v+uforallu,vinV.

4 u+@W+w)=@w@+v)+wforallu v, winV.

(5) There exists an element in V, called the zero element and is denoted by
0,such that0+u =u+0=uforeveryuinV.

13
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(6) For each u in V, there exists a unique element —u in V such that u +
(—u)=(—u) +u=0.

(7) For every u and v in V and any scalar &, «(u + v) = au + xv.
(8) (v + P)u = o + Bu for any scalars « and  and any u# in V.
(9) o(Bu) = (aP)u for any scalars « and 3 and any u# in V.

(10) For every uin V, 1u = u, where 1 is the number one, and Ou = 0, where
0 is the number zero.

Example 2.1 Let V = R" be the set of all n-tuples of elements in R, n > 1. Let
(u1,uy,...,uy) and (v1,02,...,0,) be two elements in V. Their sum is defined
as (u; + v1,u2 + v2,...,uy + vy). Also, for any scalar o, a(uy,up,...,uy)
is defined as (auy, oy, ..., xuy). It is easy to verify that properties (1)
through (10) are satisfied. The zero element is the n-tuple (0,0, ...,0).

Example 2.2 Let V = P(x) be the set of all polynomials in x over R. Any two
polynomials can be added to produce a third polynomial, and the product of
a polynomial with a scalar is also a polynomial. Thus V is a vector space.

Example 2.3 In P(x) of Example 2.2, let Pi(x) be the set of all polynomials of
degree k or less. Then Py (x) is a vector space, and any element in P (x) can be

written as Zﬁzo a,x", where ag, a1, . ..,a; are scalars.

Example 2.4 The set of all positive numbers is not a vector space, since
multiplying any positive number by a negative scalar produces a negative
number.

2.3 Vector Subspaces

Let V be a vector space over R, and let W be a subset of V. Then W is said to
be a vector subspace of V if it satisfies the following conditions:

(1) If u and v are any two elements in W, then their sum u# + v is an element
of W.

(2) If u is any element in W, and if « is any scalar, then o is an element
in W.
(3) The zero element, 0, of V is also an element of W.
It follows that in order for W to be a vector subspace of V, it must itself

be a vector space, that is, properties (1) through (10) in Section 2.2, which are
satisfied for all elements of V, must also be satisfied for all elements of W.
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Example 2.5 The vector space defined in Example 2.3 is a subspace of the
vector space defined in Example 2.2.

Example 2.6 The set V of all functions defined on the closed interval [—1,1]
is a vector space. The set W of all continuous functions defined on [-1, 1] is
a subspace of V.

Example 2.7 The set W of all pairs (x1, x2) in R? such that x, —ax; = 0, where
a is a scalar, is a vector subspace of R2. However, if this equation is replaced
with x, —ax; = b, where b # 0, then W is no longer a vector subspace since
the zero element (0, 0) in R? does not belong to W.

Example 2.8 Let W be the set of all elements (u1,uy,...,u;) in R" such that
uy = 0. Then W is a vector subspace of R".

It should be noted that if W; and W, are subspaces of V, then their
intersection Wy N W5 is clearly a subspace of V. However, the union Wy U W;
of W1 and W, is not necessarily a subspace of V. For example, if W; is the
set of all ordered pairs (x1,x2) in R? such that x, — a;x; = 0, where a; is a
scalar (i = 1,2), then W; and W are vector subspaces of R? (see Example 2.7).
However, W1 U W is not a vector subspace of R? since for the pairs (1,a1)
and (1,a2), which belong to Wi and W, respectively, and hence belong to
W1 U Wy, the sum (1,a1) + (1,a2) = (2,41 + a2) belongs to neither W1 nor W,
and therefore does not belong to Wy U Wy, if a1 # ap.

Definition 2.1 Let Wi, Wy, ..., W, be vector subspaces of the vector space V.
The direct sum of Wi, W, ..., Wy, denoted by @', W;, consists of all elements
u in V that can be uniquely expressed as u = Z}Ll u;, where u; ¢ Wj, i =
1,2,...,n.

From this definition, it follows that two elements, u; = Y i u3; and up =
Yo uoi,in @', W;areequalif and only if for each i, uy; = up; (i = 1,2,...,n).
The addition of two such elements is defined to be uy +up = Y1 ; (u1; + u;).
Furthermore, if « is a scalar and u = Z?:l u; is an element in ®_; W, then
o is defined as Y7 (o).

It is easy to verify that if Wy, Wp,..., W), are vector subspaces of V, then

i Wi is also a vector subspace of V. In addition, N’_; W; consists of just
the zero element 0 of V. To prove this last assertion, let # be an element
of Ni;Wi. Then u belongs to W; for all i (i = 1,2,...,n). It follows that
sums of the form Y., u;, where only one u; is equal to # and the remaining
ones are equal to the zero element in the corresponding vector subspaces
(i=1,2,...,n), must belong to ®__; W;. But, all such sums are equal to u, and
u; = 0 for all i since the representation of w as > j_; u; is unique. Consequently,
u=0.
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2.4 Bases and Dimensions of Vector Spaces

The elements of a vector space V can be represented as linear combinations
of a set of elements of V that form a basis of V. To understand what a basis
is, let us consider the following definitions:

Definition 2.2 Let V be a vector space over R, and let uy,uy, ..., u, be ele-
ments of V. Then, uy,uy,...,u, are linearly dependent if there exist scalars,
&1, X2, ..., &, not all equal to zero, such that Z?:l xiu; = 0. If, however,
Z?zl ou; = 0 is true only when all the «;’s are zero, then uq,uy, ..., u, are
said to be linearly independent.

It should be noted that if uj,uy,...,u, are linearly independent, then
none of them can be zero. To see this, suppose, for example, that #; = 0. Then
oquy +0up+ - - -+ 0uy,y, = 0for any oy # 0, which implies that uy, up, . .., u, are
linearly dependent, a contradiction. From this we can conclude that any set
of elements of V that contains the zero element 0 must be linearly dependent.
Also, if uy,uy,...,u, are linearly dependent, then at least one of them can
be expressed as a linear combination of the remaining elements. This easily
follows from the fact that in Z?:l ou; = 0, at least one «; is not equal to zero
when uy,uy, ..., u, are linearly dependent.

Definition 2.3 Letuy, uy,...,u, be n elements in a vector space V. The collec-
tion of all linear combinations of the form Z?:l aiui, where oq, xa, ..., &y,
are scalars, is called the linear span of uj,up,...,u, and is denoted by
L(uy,uy, ..., u,).

It is easy to see that L(u1, up, . . ., u,) is a vector subspace of V. Such a sub-
space is said to be spanned (that is, generated) by u1, uy, . .., u,. For example,
if ug = (a1,b1) and up = (ap, bp) are elements in the vector space V = R?, then
the set of elements

oty + coup = (oay + xaan, x1by + ooby)
forms a linear span of uy, u.

Definition 2.4 Let V be a vector space. If there exist linearly independent
elements uj,uy, ..., u, in Vsuch that V = L(uy,uy,...,u,), thenuy,uy, ..., u,
form a basis of V. The number, 11, of elements in this basis is called the dimension
of V, and is denoted by dim(V). In case V consists of just the zero element, its
dimension is set to zero.

For example, consider the functions x, e*, which are defined on the inter-
val [0,1]. These functions are linearly independent. To show this, suppose
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that there exist scalars, o7 and «y, such that
xx + et =0

for all x in [0,1]. Differentiating the two sides of this relation with respect to
x gives

&1 + e = 0.

By subtracting the first relation from the second, we obtain o (1 — x) = 0 for
all x in [0,1], and hence «; = 0. Using the first relation, it follows that oz = 0.
Hence, x and ¢* are linearly independent. If W = L(x, ¢¥) is the linear span of
x and ¢*, then x and ¢* form a basis of W, which is of dimension 2.

It should be noted that a basis of a vector space is not unique. However,
its dimension, dim(V), is unique. Furthermore, if u1,uy, . . ., u, form a basis of
V, and if u is a given element in V, then there exists a unique set of scalars,
&1, %2,..., %, such that u = Zle oui. To show this, suppose that there
exists another set of scalars, 31, p2,..., B, such that u = 27:1 Biu;. Then
Z?zl(oci — pBi)u; = 0, which implies that «; = f3; for all i since the u;’s are
linearly independent.

Theorem 2.1 Let Wy, W5, ..., W, be vector subspaces of the vector space V.
Then

dim [@,W;] = Zdzm(wz

Proof. The proof is left to the reader as an exercise.

2.5 Linear Transformations

Let U and V be two vector spaces over R. Suppose that T is a function that
maps U into V. This fact is written symbolically as T : U — V. The function
T is said to be a linear transformation (or a linear map) on U into V if

T(oviu1 + xoup) = oy T(u1) + 2T (u2)

for all u1, up in U and any scalars o7 and «».

For example, let U = V = P(x), where P(x) is the vector space of all
polynomials in x over R (see Example 2.2). Define T : U — V such that
T[f(x)] = f'(x), where f(x) is a polynomial in P(x) and f'(x) denotes its
derivative. Then T is a linear transformation.
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Ingeneral, if T : U — V, then T(U) is the image of U under T, or the range
of T. It consists of all elements in V of the form T'(#) for u in U. If T is a linear
transformation, then T'(U) is a vector subspace of V. This is true because if v
and v are in T(U), then there exist #; and u, in U such that v1 = T'(#1) and
vy = T(up). Hence, v1 + vp = T(u1) + T(u2) = T(u1 + up), which belongs to
T(U). Also, if «is a scalar and v is an element in T(U) such that v = T'(u) for
some # in U, then av = «T(u) = T (o), which belongs to T(U). Thus, T'(U) is
a vector subspace of V.

Definition 2.5 Let T : U — V be a linear transformation. The kernel of T, or
the null space of T, is the set of all elements u in U such that T(4) = 0, where
0 is the zero element in V. Such a set is denoted by ker T.

Example 2.9 Let T : R3 — R? be defined such that T(x1, x2,x3) = (x1,x7) for
any x1,x2,x3 in R. Then, T is a linear transformation whose kernel consists of
all elements in R® whose first two coordinates are equal to zero, that is, the
elements of the form (0, 0, x3) with arbitrary values for x3.

Example 2.10 Let T : R3® — R be defined such that T(x1,x2,x3) = 2x1 +
xp — 3x3. The kernel of T consists of all elements (x1,x7,x3) in R® such that
2x1 + xp — 3x3 = 0. This represents a plane in R® passing through the origin.

Theorem 2.2 Let T : U — V be a linear transformation. Then, ker T is a vector
subspace of U.

Proof. Let uq and uy be two elements in ker T. Then T(u1) = T(up) = 0, and
u1 + up must therefore belong to ker T since T(u1 + up) = T(u1) + T(uz) = 0.
Also, if « is a scalar and u is an element in ker T, then o is an element in ker
T since T (o) = aT'(u) = 0. Hence, ker T is a vector subspace of U.

Theorem 2.3 Let T : U — V be a linear transformation. Then
dim(U) = dim(ker T) + dim[T (U)].

Proof. Letdim(U) = n, dim(ker T) = p,anddim[T(U)] = q.Letuy, uy, ..., u,be
a basis of ker T, and v1, v, . . ., v, be a basis of T(U). Then there exist elements
w1, wy, ..., wq in U such that T(w;) = v;, i =1,2,...,q. The objective here is
to show that uy,up, ..., upy; w1, wo, ..., w, form a basis of U, that is, they are
linearly independent and span U.

Suppose that there exist scalars a1, &y, ..., &p; B1,B2, ..., Bg such that

p q
> i+ Biwi =0y, 2.1)
i=1 i=1
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where 0y is the zero element in U. Then,

P q
0y=T (Z o + Z {3iwi)
i=1 i=1

p 9
Y i) + ) BiT(w;)
i=1 i=1

Il
M=

BT (w;)
1

Il
.MQ

Bivi,

=1

where 0y is the zero element in V. Since the v;’s are linearly independent,
B;i = 0fori =1,2,...,q. Furthermore, from (2.1) it can be concluded that
;i = 0fori=1,2,...,p since the u;’s are linearly independent. It follows
from (2.1) that uy, uy, ..., up; w1, wy, . .., wy are linearly independent.

Let us now show that wuy,u,..., uy; w1, wo,..., w; span U, that
is, if u is any element in U, then it belongs to the linear span
L(ui,up, ..., up; w1, wy, ..., wy): Let v = T(u). Then there exist scalars
ai,ay,...,a; such thatv = Z?zl a;v;. Hence,

q
T@w) =) aT(w;)
i=1

Thus,
q
T (u — Zaim) = 0y.
i=1
This indicates that u — Z?:l a;w; is an element in ker T. Therefore,
q P
u— Z aw; = Z biu; (2.2)
i=1 i=1
for some scalars by, by, . . ., by. From (2.2) it follows that
p q
u= Zb,‘ui + Zaiwi.
i=1 i=1

This shows that u belongs to the linear span of uy,uy, ..., uy, w1, wy, ..., wy.
Consequently, these elements form a basis of U. Hence, n =p + 4. O
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Corollary 2.1 T : U — V is a one-to-one linear transformation if and only if
dim(ker T) = 0, that is, ker T consists of just the zero element.

Proof. By definition, T : U — V is a one-to-one transformation if whenever
T(u1) = T(up) for uy,up in U, then u; = uy. Thus, if T is one-to-one, then
for any u in ker T, T(u) = T(0y) = 0y, which indicates that # = 0,. Hence,
ker T consists of just the zero element, and dim(ker T) = 0. Vice versa, suppose
that ker T consists of just the zero element. If #1 and u; are elements in U
such that T(u1) = T(u2), then T(u1 — up) = 0y, which implies that u; — uy
belongs to ker T. Thus u; — up = 0y, which indicates that T is a one-to-one
linear transformation. O

Exercises

2.1 Let U and V be two vector spaces over R. The Cartesian product U x V is
defined as the set of all ordered pairs (u, v), where u and v are elements
in U and V, respectively. The sum of two elements, (11, v1) and (12, v2)
in U x V, is defined as (u1 +u», v1 +v2), and if « is a scalar, then «(u, v)
is defined as (o, xv), where (1, v) is an element in U x V. Show that
U x V is a vector space.

2.2 Show that if W1 and W, are two subspaces of a vector space V, then
their intersection W1 N W is a subspace of V.

2.3 Let V be the vector space consisting of all continuous functions on
[—1,1]. Let W be the set of all continuous functions in V that have first
and second derivatives on [—1,1]. Show that W is a vector subspace
of V.

2.4 Letuy,up, u3, us be four elements in a vector space V. Show that L(u1, up)
is a subspace of L(u1, u2, u3, us) (see Definition 2.3).

2.5 Suppose that a vector space V has dimension n. Show that if
ui,uy, ..., Uy are linearly independent elements in V, then m < n.

2.6 Letuy, uy,...,u, be linearly independent elements in a vector space V,
and let W be their linear span L(uy, uy, . .., uy). If v is any element in V
thatisnotin W, then show thatuy, u, . .., u,, v are linearly independent.

2.7 Let V be a vector space, and suppose that uy,uy, ..., u, are linearly
independent elements in V. Show that there exists a basis of V that
contains these n elements.

2.8 Prove Theorem 2.1.
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2.9

2.10

2.11

2.12

2.13

2.14

2.15

Let T : U — V be a linear transformation. Show that T is one-to-one if
and only if whenever uy,uy, ..., u, are linearly independent in U, then
T(u1), T(up),...,T(uy,) are linearly independent in V.

Let T : U — V be a linear transformation. Suppose that U has a basis
consisting of the two elements u; and up. Show that either T(u;) and
T(uyp) are linearly independent, or T(U) has dimension 1, or T(U) con-
sists of just the zero element in V.

Let V be the vector space consisting of functions having derivatives of
all orders in some neighborhood of a point xg in R. Let T : V — V be
a linear transformation such that for any element f in V, T(f) = f’, the
derivative of f.

(a) What is the kernel of T?
(b) Let T* : V — V be defined such that T*(f) = T(f) — 2f for any f
in V. What is the kernel of T*?

Let T : R3 — R be a linear transformation such that
T(x1,x2,x3) = x1 — 2x2 + 4x3.
What is the dimension of the kernel of T?

Let W be a subspace of the vector space V. If dim(W) = dim(V), then
W=V.

Let T : U — V be a linear transformation. Suppose that dim(U) =
dim(V). If dim(ker T) = 0, or if T(U) = V, then T is one-to-one and onto
(T is a transformation from U onto V if T(U) = V).

Let U and V be two vector spaces over R, and T be the function
T : U — V. Then, T is said to be an isomorphism of U onto V if it
satisfies the following conditions:

(i) T islinear
(ii) T is one-to-one
(iii) T is onto
In this case, U and V are said to be isomorphic.

Suppose now that U = W; @ Wy, the direct sum, and V = W1 x Wy,
the Cartesian product of W and Wy (see Exercise 2.1), where W and
Wy are vector spaces over R. Let T : U — V be defined such that
forany u € U, T(u) = (u1, uz), where u; and u provide a unique
representation of u as u = uy + up with u; € Wy, up € Wp. Show that T
is an isomorphism of U onto V.






3
Basic Concepts in Matrix Algebra

Matrix algebra plays a vital role in the development of the theory of linear
models. There is hardly any aspect of linear models that does not utilize
some matrix notation or methodology. In fact, knowledge of matrix algebra
isnowadays considered to be quite indispensable to the understanding of the
fundamentals of linear models.

The purpose of this chapter is to provide an exposition of the basic con-
cepts and results in matrix algebra, particularly those that have widespread
applications in linear models. Given the expository nature of this chapter,
theorems will, for the most part, be stated without proofs since the emphasis
will be on using these theorems rather than proving them. The references
given at the end of this book can be consulted for a complete account of the
proofs.

3.1 Introduction and Notation

According to Eves (1969, p. 366), the English mathematician Arthur Cayley
(1821-1895) and other algebraists of his time were instrumental in the modern
development of matrix algebra. The term matrix was first applied in 1850.
Cayley was motivated by the need to have a contracted notation to represent
a set of linear equations of the form

n
Zai]'x]‘ =VYi i= 1,2,...,m,
j=1

where the a;;’s are scalars that were detached from the variables x; to produce
the single matrix equation

a1 a2 ... din X1 n
a1 ax ... X2 — Y2 (3 1)
Am1  Am2 .- Amn Xn Ym

Cayley regarded such a scheme as an operator acting upon the variables
X1,X2, ..., Xn. Farebrother (1997) and Grattan—-Guiness (1994, p. 67) also give

23
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credit to other mathematicians in the eighteenth and nineteenth centuries
who may well have made greater, although indirect, contributions than did
Cayley. An interesting article concerning the origin of matrices and their
introduction into statistics was written by Searle (1999). He reported that the
year 1930 was “a good starting point for the entry of matrices into statistics.
That was the year of Volume 1 of the Annals of Mathematical Statistics with
its very first paper, Wicksell (1930), being Remarks on Regression.” This was
followed by Turnbull and Aitken’s (1932) book with several applications of
matrices to statistics.

3.1.1 Notation

The rectangular array consisting of the m rows and n columns, as shown on
the left-hand side of equation (3.1), is called a matrix of order m x n. The
matrix as a whole is denoted by a boldface capital letter, for example, A, and
the scalar a;; is called its (7, j)th element (i = 1,2,...,m;j = 1,2,...,n). Insome
cases, it is more convenient to represent A using the notation A = (aij).

It should be noted that equation (3.1) represents a linear transformation,
T:R" — R™ If uy,uy,...,u, form a basis for R", and if v1,v5,...,v, form a
basis for R™, then each T(u;), j = 1,2,...,n, has a unique representation in
R™ as a linear combination of v1,vs,...,v; of the form

m
T(uj) = Zaijvi, ji=12,...,n
i=1

Once the bases in R"” and R™ have been selected, the linear transformation T
is completely determined by the elements of A: if u is any element in R", then
u= Z}Ll bju;j for some scalars, by, b, . .., by. Hence,

T(w) =Y bT(w)
j=1

m n

-3 apo

i=1 j=1

The matrix A is then said to be the matrix representation of T with respect to
the aforementioned bases.

3.2 Some Particular Types of Matrices

(a) Square matrix. If the number of rows of the matrix A in (3.1) is equal to
the number of columns, that is, m = 1, then A is called a square matrix
of order n x n.
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(b) Diagonal matrix. If the off-diagonal elements of a square matrix A of
order n x n are all equal to zero, then A is called a diagonal matrix and
is written as

A = diag(a11,a2, . .., am).

(c) Identity matrix. If the diagonal elements of the matrix A in (b) are all
equal to 1, then A is called an identity matrix of order n x n, and is
denoted by I;.

(d) Matrix of ones. If the elements of a matrix of order m x n are all equal
to 1, then it is called a matrix of ones of order m x n, and is denoted by
Jixcn- If m = n, then it is denoted by J,,.

(e) Zero matrix. If the elements of a matrix of order m x n are all equal to 0,
then it is called a zero matrix of order m x n, and is denoted by 0, or
just 0.

(f) Triangular matrix. If the elements of a square matrix that are below its
diagonal are all equal to 0, then the matrix is called upper triangular. If,
however, the elements that are above the diagonal are equal to 0, then
the matrix is called lower triangular. A triangular matrix is a square
matrix that is either upper triangular or lower triangular.

(8) Row vector. A matrix of order 1 x n is called a row vector.

(h) Column vector. A matrix of order n x 1 is called a column vector.

3.3 Basic Matrix Operations

(a) Equality of matrices. Let A = (4;) and B = (bjj) be two matrices of
the same order, m x n. Then, A = B if and only if a; = b;; for all
i=12,....mj=12,...,n

(b) Addition of matrices. Let A = (a;7) and B = (bjj) be two matrices of the
same order, m x n. Then, A + B is a matrix C = (c;j) of order m x n such
that c;j = aj; +bi]' fori=1,2,...,m j=12,...,n.

(c) Scalar multiplication. Let « be a scalar and let A = (a;;) be a matrix of
order m x n. Then aA = (owjj).

(d) Product of matrices. Let A = (a;7) and B = (bjj) be matrices of orders
m x n and n x p, respectively. The product AB is a matrix C = (c;jj) of
order m x p such that Cij = ZZ:l aikbkj fori=1,2,...,m j=12,...,p.
Note that this product requires that the number of columns of A be
equal to the number of rows of B.
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The transpose of a matrix. Let A = (1) be a matrix of order m x n. The
transpose of A, denoted by A’, is a matrix of order n x m whose rows are
the columns of A. Thus, the (i, j)th element of A’ is equal to the (j, i)th
elementof A, i=1,2,...,n, j=1,2,...,m. For example, if

15 -1
Az[z 1 7]'

then

Note that (A") = A.
Let us now consider the following special cases:
(i) If A’ = A, then A is said to be a symmetric matrix. Such a matrix
must necessarily be square.

(ii) If A" = —A, then A is said to be a skew-symmetric matrix. This matrix
must also be square. Furthermore, its diagonal elements must all
be equal to zero.

(iii) If a is a column vector, then a4’ is a row vector.
The trace of a matrix. Let A = (a;;) be a square matrix of order n x n.

The trace of A, denoted by tr(A), is the sum of its diagonal elements,
that is,

n
tr(A) = Zaii.
i=1

It is easy to show that

(1) tr(A) = tr(A).

(ii) If Ais of order m x 1, and B is of order n x m, then tr(AB) = tr(BA).

(iif) If A, B, C are matrices of orders m x n, n x p, and p x m, respectively,
then

tr(ABC) = tr(BCA) = tr(CAB).

Properties (ii) and (iii) indicate that the trace of a product of matri-
ces is invariant under a cyclic permutation of the matrices.

(iv) tr(xA) = a tr(A), where « is a scalar and A is a square matrix.

(v) tr(A + B) = tr(A) + tr(B), where A and B are square matrices of
order n x n.

(vi) tr(A’A) = 0if and only if A = 0.
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3.4 Partitioned Matrices

Let A = (a;)) be a matrix of order m x n. A submatrix B of A is a matrix which
can be obtained from A by deleting a certain number of rows and columns. In
particular, if A is a square matrix of order n x n, and if rows 71, iy, ..., iy and
columns iy, iy, ..., iy (p < n) are deleted from A, then the resulting submatrix
is called a principal submatrix of A. If the deleted rows and columns are the
last p rows and the last p columns, respectively, then the resulting submatrix
is called a leading principal submatrix of order (n — p) x (n — p).

Definition 3.1 A partitioned matrix is a matrix that consists of several subma-
trices obtained by drawing horizontal lines between its rows and/or vertical
lines between its columns.

If an m xn matrix A is partitioned into rc submatrices,Aij, i=12,...,1j=
1,2,...,c, by drawing lines between certain rows and columns, then A can be
expressed as

A1l A ... Axc
A — A21 A22 “ e AZC
A Ap ... An

The submatrix Aj; is of order m; x nj, where the m;’s and n;’s are positive
integers such that }>;_;m; = m and }7_;n; = n. The matrix A can also
be written as A = (Ajj), where it is understood thati = 1,2,...,7 and j =
1,2,...,c.

In particular, if r = c and Aj;; = 0 for i # j, then A is called a block-diagonal
matrix, and is written as

A= diag(All,Azz, . ,Ayr).
Definition 3.2 Let A = (4;j) and B = (bij) be matrices of orders mq x n1 and
my x ny, respectively. The direct (Kronecker) product of A and B, denoted by
A ® B, is a matrix of order mjmy x niny defined as a partitioned matrix of
the form

allB {1123 e alnlB
A®B= a21B lezB e aznlB ,
am1B  awp2B ... amn B

which can be written as A ® B = (a;;B).
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Properties of the direct product can be found in several matrix alge-
bra books and articles, for example, Searle (1982, Section 10.7), Graybill
(1983, Section 8.8), Magnus and Neudecker (1988, Chapter 2), Harville (1997,
Chapter 16), Henderson and Searle (1981), and Khuri (1982). The following
are some of these properties:

() A®B =A'®B.

(b) A®B®C)=(A®B)®C.

(c) A® B)(C® D) =AC ® BD, if AC and BD are defined.
(d) tr(A ® B) = tr(A)tr(B), if A and B are square matrices.

The article by Henderson, Pukelsheim, and Searle (1983) gives a detailed
account of the history of the direct product.

Definition 3.3 Let A1, A, ..., Ay be matrices of orders m; x n;(i =1,2,...,k).
The direct sum of these matrices, denoted by @i-‘zlA,-, is a block-diagonal

matrix of order m x n, where m = Zi‘(:l m;and n = Z?:l n;, of the form
@, A; = diag(A, Ay, ..., Ap).

Direct sums are discussed in some matrix algebra books, for example, Searle
(1982, Section 10.6) and Graybill (1983, Section 8.8). Some properties of direct
sums are

(a) EBLlAi + @i-(lei = @é‘zl (A; + B)), if A; and B; are of the same order for
i=12,...,k

(©) [0f,Ai| [@,Bi] = @, 4By, if AiB; is defined fori =1,2,.... k.
k "k
(C) I:@i:lAi:I = @izlAg-

(d) tr [ealeAi] = Zle tr(A;), if A; is a square matrix fori =1,2,... k.

3.5 Determinants

Historically, determinants were considered before matrices. According to
Smith (1958, p. 273), the Chinese had some knowledge of determinants as
early as about AD 1300. In the West, the theory of determinants is believed
to have originated with the German mathematician Gottfried Leibniz
(1646-1716) in 1693. However, the actual development of the theory of deter-
minants did not begin until the publication of a book by Gabriel Cramer
(1704-1752) (see Price, 1947, p. 85) in 1750.
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Originally, a determinant was defined in terms of a system of linear
equations. The word “determinant” originated with reference to the fact that
a determinant “determines” whether the system has a unique solution, which
occurs when the determinant is not equal to zero. Alexandre Vandermonde
(1735-1796) was the first to recognize determinants independently from a sys-
tem of linear equations. Arthur Cayley (1821-1895) is credited with having
been the first to introduce the common present-day notation (of a determi-
nant) of vertical bars enclosing a square matrix. For more interesting facts
about the history of determinants, see the article by Price (1947).

Let A = (a;)) be a square matrix of order n x n. The determinant of A,
denoted by det(A), is a scalar that can be computed iteratively as

n
det(A) =Y (-1)Maydet(Ay), i=1,2,...,n, (3.2)
j=1

where Aj; is a submatrix of A obtained by deleting row i and column j. The
determinant of A;; is obtained in terms of determinants of submatrices of
order (n — 2) x (n — 2) using a formula similar to the one for det(A). This
process is repeated several times until the submatrices on the right-hand side
of formula (3.2) become of order 2 x 2. By definition, the determinant of the

2 x 2 matrix,
bi1 b2
B= )
[bm by

is given by det(B) = bi1bay — b12b21. Thus, by an iterative application of the
formula in (3.2), the value of det(A) can be determined. For example, if A is
the matrix

2 -1 1
A=|3 0 2], (3.3)
2 1 5

~

then, by expanding det(A) according to the elements of the first row of A,

we ge o W([g éD N det([; ED T det([g (1)])

=2(-2)+11+3
—10.

The determinant of A;j in formula (3.2) is called a minor of A of order n—1. The
quantity (—1)"* det(A;j) is called a cofactor of the corresponding element, a;;, of
A, and is denoted by af]-. The determinant of a principal submatrix of a square
matrix A is called a principal minor, and the determinant of a leading principal
submatrix is called a leading principal minor. Minors can also be defined for a
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general matrix A of order m x n: if we remove all but p rows and the same
number of columns from A, where p < min(m, n), then the determinant of
the resulting submatrix is called a minor of A of order p.

Note that in formula (3.2), the expansion of det(A) is carried out by the
elements of any row of A, for example, row i (i = 1,2,...,n). It can also be
carried out by the elements of any column of A. In the latter case, det(A) is
given by the equivalent formula

n
det(A) =Y (-1)Maydet(Ay), j=1,2,...,n.
i=1

For example, expanding the determinant of the matrix A in (3.3) by the ele-
ments of the first column, we obtain

-2} 3)-se([7 ) 1)

=2(=2) - 3(=6) +2(-2)
= 10.

The following are some basic properties of determinants (see, for example,
Aitken, 1958, Chapter 2; Searle, 1982, Section 4.3; Harville, 1997, Section 13.2):

(a) det(AB) = det(A)det(B), if A and B are n x n matrices.

(b) det(A’) = det(A).

(c) det(xA) = 'det(A), if « is a scalar, and A is a matrix of order n x n.
(d) If any two rows (or columns) of A are identical, then det(A) = 0.

(e) If any two rows (or columns) of A are interchanged, then det(A) is
multiplied by —1.

(f) If det(A) = 0, then A is called a singular matrix; otherwise, if det(A) # 0,
then A is called a nonsingular matrix.

(g) If A and B are matrices of orders m x m and n x n, respectively, then

det(A ® B) = [det(A)]" [det(B)]™ .

(h) det(A ® B) = det(A)det(B).

(i) Ifann xnmatrix A is upper (or lower) triangular, then det(A) = /L, 4ii,
where gj; is the ith diagonal elementof A (i =1,2,...,n).

() If A is partitioned as
A1 A
A= ,
|:A21 Azz}

where Ajj is of order n; x n; (i, j = 1,2), then
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det(Aq1)det(Apy — A21A1_11A12), if A11 is nonsingular,

det(A) =
et(4) {det(Azz)det(An —A12A£21A21), if Ay is nonsingular.

(k) If A is a block-diagonal matrix, A = diag(A1, Ay, ..., A,), where A; is a
square matrix, then det(A) = [/, det(A;).

3.6 The Rank of a Matrix

The rank of a matrix A is the number of linearly independent rows (or
columns), and is denoted by rank(A).

Suppose that A is of order m x n. Let uj,u,,...,u;, denote the row
vectors of A, and let v1,07,...,v, denote its column vectors. The linear
spans associated with the rows and columns of A are V1 = L(uj, u, ..., u,,),
Va = L(v1,02,...,v4), respectively. The dimensions of these two vector
spaces are equal and equal to rank(A).

Another equivalent definition for the rank of A, which does not use the
notion of vector spaces, is the following: if all the minors of A of order r + 1
and higher (if they exist) are zero while at least one minor of A of order r is
not zero, then A has rank equal to r (see, for example, Aitken, 1958, p. 60).
Note that there need not be minors of order r + 1 if the rank of A is r. For
example, the matrix

has rank 2 since it has at least one nonzero minor or order 2, namely, the
determinant of the submatrix
1 0

but there are no minors of order 3 in A since it has only two rows. Thus the
rank of A can be defined as the largest order of a nonzero minor of A.

Some properties associated with the rank of a matrix are (see, for example,
Grayhbill, 1983, Chapter 1; Harville, 1997, Section 4.4; Marsaglia and Styan,
1974):

(a) rank(A) = rank(A’).

(b) Therank of A is invariant under multiplication by a nonsingular matrix.
Thus, if A is an m x n matrix, and P and Q are nonsingular matrices
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of orders m x m and n x n, respectively, then rank(A) = rank(PA) =
rank(AQ).

(c) rank(A) = rank(AA’) = rank(A’A).
(d) For any matrices A1, Aj, ..., Ax having the same number of rows,

k
rank(Aq : Ay ;...  Ap) < Zmnk(Ai).
i=1

In particular, if these matrices have also the same number of columns,
then

k
rank (ZAi) <rank(A1: Ay ... Ap).
i=1

We conclude that for any matrices, Aj, Ay, ..., Ak, having the same
number of rows and columns,

k k
rank (Z Ai) < Z rank(A;).
i=1 i=1

Equality is achieved if and only if there are nonsingular matrices, F and
G, such that A; = FD;G, where D; is a diagonal matrix with diagonal
elements equal to zeros and ones (i = 1,2,...,k) such that D;D; = 0, if
i # j. This result can be found in Marsaglia and Styan (1974, Theorem 12,
p- 283).

(e) If A and B are matrices of orders m x n and n x g, respectively, then
rank(A) + rank(B) — n < rank(AB) < min{rank(A), rank(B)}
This is known as Sylvester’s law.
(f) rank(A ® B) = rank(A)rank(B).
(g) rank(A @ B) = rank(A) + rank(B).
Definition 3.4 Let A be a matrix of order m x n and rank r. Then,
(a) Aisof full row rank if r =m < n.
(b) A is of full column rank if r =n < m.

(c) A is of full rank if » = m = n. In this case, the determinant of A is not
equal to zero, that is, A is a nonsingular matrix.
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3.7 The Inverse of a Matrix

Let A be a nonsingular matrix of order n x n. The inverse of A, denoted by
A1 isann x n matrix that satisfies the condition AA~1 = A~1A = I,,. Such
a matrix is unique.

The inverse of A can be computed as follows: let afj denote the cofactor of

a;j (see Section 3.5). Define the matrix Cas C = (u;?j). The inverse of A is given
by the formula,

4 C
T det(A)’

where C' is the transpose of C. The matrix C’ is called the adjoint of A, and is
denoted by adj A. For example, if A is the matrix

10
1=fz 5]
adjA = |:_52 (1)],

1 1[5 0
1 — —
SR
The following are some properties associated with the inverse operation
(see, for example, Searle, 1982, Chapter 5; Harville, 1997, Chapter 8):
(@) AB)"1=B"1A"1.
(b) )™ =A™l

then

and

(c) det(A~ if A is nonsingular.

Y= ma
(d) A H-1=A.

(&) AB) 1=A"1@B L
) AeB'=A"1eB L

(g) If A is partitioned as
A A
A= )
[A21 Azz]

where Aj; is of order nj x n;j (i, j = 1, 2), then the inverse of A is given by
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- By B
A7l = ,
[321 322:|

where
B11 = (A1 —A12A2_21A21)_1,
By = —B11A12A521,
By = —A2_21A21311,
By = Az}l + A§21A21311A12A£21-

3.7.1 Generalized Inverse of a Matrix

A generalized inverse (or g-inverse) of an m x n matrix A is any n x m matrix
B such that ABA = A. We denote such a matrix by A~. Thus,

AA~A =A. (3.4)

Note that A~ is defined even if A is not a square matrix. If A is a square matrix,
it does not have to be nonsingular. A generalized inverse is not unique. In
fact, condition (3.4) can be satisfied by infinitely many matrices (see, for
example, Searle, 1982, Chapter 8). Algorithms for computing generalized
inverses can be found in, for example, Searle (1982, Chapter 8) and Harville
(1997, Chapter 9).

If A is nonsingular, then condition (3.4) is satisfied by only the inverse A~
Thus, A~! is a special case of A~ when A is nonsingular. The following are
some properties concerning generalized inverses (see Searle, 1982, Section 8.6;
Harville, 1997, Sections 9.3 and 9.4):

(a) If A is symmetric, then A~ can be chosen to be symmetric.

(b) A(A’A)~A’ is invariant to the choice of a generalized inverse of A’A.
(c) A(A’A)~A’A = A for any matrix A.

(d) rank(A™) > rank(A) for any matrix A.

(e) rank(A~A) = rank(AA™) = rank(A) for any matrix A.

3.8 Eigenvalues and Eigenvectors

Let A be a square matrix of order n x n. A scalar A is an eigenvalue (characteristic
root or latent root) of A if there exits a nonzero vector, x, such that

Ax = Ax. (3.5)
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Such a vector is called an eigenvector (characteristic vector or latent vector) of
A corresponding to A. Equation (3.5) can be written as

A-AN,)x=0, x#0. (3.6)

This equation indicates that x belongs to the kernel (null space) of A — Al,.
Equation (3.6) also indicates that the columns of A — Al are linearly depen-
dent. Hence, the rank of A —AI,, must be less than 77, which implies that A —AI,
is a singular matrix and its determinant is therefore equal to zero. We thus
have

det(A — A,,) = 0.

This is called the characteristic equation of A. Note that the left-hand side of the
equation is a polynomial in A of degree n called the characteristic polynomial,
and the set of all of its distinct roots forms the so-called spectrum of A. If a
particular root has multiplicity equal to m (> 1), then itis called an eigenvalue
of A of multiplicity m.

The following are some properties associated with eigenvalues and
eigenvectors (see, for example, Searle, 1982, Chapter 11; Marcus and Minc,
1964, Chapter 2; Graybill, 1983, Chapter 3; Magnus and Neudecker, 1988,
Chapter 1):

(a) The eigenvalues of a symmetric matrix are real.

(b) If A is a symmetric matrix, then its rank is equal to the number of
its nonzero eigenvalues. Thus, if A1, Ay, ..., A are the distinct nonzero
eigenvalues of A, then rank(A) = Zi-(zl m;, where m; is the multiplicity
of A (i=1,2,...,k).

(c) Suppose that A1, Ay, ..., Ag are the distinct nonzero eigenvalues of A. If
v1,02,...,0k are the eigenvectors of A corresponding to A1, Ay, ..., A,
respectively, then v1,vy, ..., vk are linearly independent. In particular,
if A is symmetric, then v1, v, . .., vk are orthogonal to one another, that
is, vjv;=0fori#j(i,j=1,2,...,k).

(d) LetAq, Ay, ..., A, be the eigenvalues of A, then
(i) trA) =31 A
(i) det(A) = [TiLq M-

(e) Let A and B be two matrices of orders m x m and n x n, respectively. Let
A1, A2, ..., Ay be the eigenvalues of A, and 71, T2, . . ., T4 be the eigenval-
ues of B. Then,

(i) The eigenvalues of A ® B are of the form Aitj (i = 1,2,...,m; j =
1,2,...,n).

(ii) The eigenvalues of A @ B are A1, Ay, ..., Ay T1,T2,. .., Tn-
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(f) Let A and B be two matrices of orders m x n and n x m(n > m), respec-
tively. The nonzero eigenvalues of AB are the same as the nonzero
eigenvalues of BA. In particular, if m = n, then all the eigenvalues of
AB (not just the nonzero ones) are the same as those of BA (see Magnus
and Neudecker, 1988, Theorem 9, p. 14).

(g) The eigenvalues of a triangular matrix A (lower or upper) are equal to
the diagonal elements of A.

3.9 Idempotent and Orthogonal Matrices

There are two particular types of matrices that play an important role in the
theory of linear models. They are called idempotent and orthogonal matrices.

A square matrix, A, is idempotent if A2 = A. For example, the matrix
A=1,— % J.., where ], is the matrix of ones of order n x n, is idempotent.

Idempotent matrices are used frequently in linear models, particularly
in connection with the distribution of quadratic forms in normal random
variables, as will be seen later in Chapter 5.

The following are some properties of idempotent matrices (see Graybill,
1983, Section 12.3; Harville, 1997, Chapter 10):

If A is idempotent, then

(@) The eigenvalues of A are equal to zeros and ones.
(b) rank(A) = tr(A).
(c) For any integer k greater than or equal to one, AF = A.

In addition to the above properties, it can be easily shown, using property (c)
in Section 3.7.1, that for any matrix A, the matrix A(A’A)~A’ is idempotent of
rank equal to the rank of A.

A square matrix, A, of order n x n is orthogonal if A’A = I,,. Thus, if
A is orthogonal, then the absolute value of its determinant is equal to 1.
Furthermore, its inverse A~! is equal to its transpose A’.

3.9.1 Parameterization of Orthogonal Matrices

Since A’A = I, for an orthogonal matrix A of order 1 x n, the n? elements of A

nn+1)
2

are subject to equality constraints. These elements can therefore be rep-

resented by n? — "(”TH) = "(”T_l) independent parameters. There are several
methods to parameterize an orthogonal matrix (for a review of such methods,

see Khuri and Good, 1989). Two of these methods are described here.
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() Exponential representation. If A is an orthogonal matrix with determi-
nant equal to 1, then it can be represented as

A =exp(T), (3.7)

where T is a skew-symmetric matrix of order n x n (see Gantmacher,
1959, p. 288). The elements of T above its main diagonal can be used to
parameterize A. The exponential function in (3.7) is defined as the sum
of the infinite series of matrices,

exp(T) = Z ETZ' (3.8)
i=0

where TV = I,,.

If Ais given, to find T, we first find the eigenvalues of A. These are of the
form eFib1, P2, eFiPs 1 where the eigenvalue 1 is of multiplicity
n — 2¢, and i is the complex imaginary number +/—1. Note that e='®/ =
cosjtising; j=1,2,...,9. If we denote the matrix,

KN

by [a + bi], then A can be written (Gantmacher, 1959, p. 288) as the
product of three real matrices,

A = Qdiag{[¢/®1],...,[¢%1],1,...,1}Q,
where Q is an orthogonal matrix of the form
Q=Ix1:y; X2 Yyt i X Y, X241 ... 1 Xp]

such that x; + iy; is an eigenvector of A with eigenvalue e (j =
1,2,...,9) and x is an eigenvector with eigenvalue 1 (k = 29+1,...,n).
The skew-symmetric matrix T can then be defined by the formula

T = Q dlag{[l(bl]/ R [ld)q]/ 0/ e /O} Q//
which gives A = exp(T) since elibjl — [eid’f] G=1,2,...,9.

Example 3.1 Consider the orthogonal matrix

L[E
A=—|V3 V3 0
Vel 1

whose determinant is det(A) = 1. The eigenvalues of A are elb1, emib1 1,
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where ¢1 = 0.92657. Let x1 + iy, be an eigenvector of A with the eigenvalue
¢'®1 (x1 and y; have each a length equal to 1). Then, we have the equation

A(x1 +1yy) = (cos ¢1 +isin d1)(x1 +iyy),
which can be represented in the form
Axy = cos p1x1 —sind1yy,
Ay, = sin 1 x1 + cos 1 y;.

These equations imply that xjy; = 0, as a result of A being orthogonal, hence,
(Ax1) (Ax1) = x]x1, (Ay)) (Ay;) = y,y;. There is no unique solution to these
equations. One solution is given by

—0.358933 —0.292181
x1=| 0161094 |, y; =] 0916094 |.
0.919356 —0.274595

Note that xjy; = 0, and the length of each vector is chosen to be equal to 1.
Let us now find an eigenvector of A corresponding to the eigenvalue 1.
This vector satisfies the equation,

(A—-I3)x3 =0,
which also does not have a unique solution. A solution is given by
0.886452
x3 = | 0.367180 | .
0.281747

Note that x3 is orthogonal to x1 and y,, and is chosen to have a length equal
to 1. The matrix A can therefore be expressed as

cospy sind; O
A=Q|-sinp; cosdp; 0|Q,
0 0 1

where Q = [x1 : y; : x3]. The skew-symmetric matrix T can then be written as

0 ¢ 0
T=Q|-¢1 0 0|Q
0 0 0
0 0.92657 0
=Q|-092657r 0 0|Q,
0 0 0

which satisfies equation (3.7).



Basic Concepts in Matrix Algebra 39

(I) Cayley’s representation (Arthur Cayley, 1821-1895). If A is an orthog-
onal matrix of order n x n that does not have the eigenvalue —1, then it
can be written in Cayley’s form (see Gantmacher, 1959, p. 289), namely,

A= =W+~
where U is a skew-symmetric matrix of order n x n.

The need to parameterize orthogonal matrices arises in several situations.
For example, in some simulation experiments, parameterization is used to
generate random orthogonal matrices. Heiberger, Velleman, and Ypelaar
(1983) used this technique to construct test data with special properties for
multivariate linear models. See also Anderson, Olkin, and Underhill (1987),
and Olkin (1990).

3.10 Quadratic Forms

Let A = (a;) be a symmetric matrix of order n x 1, and letx = (x1, x2, ..., Xn)
be a column vector of order n x 1. The scalar function

Qx) = x'Ax

n n
=3 e

i=1 j=1

is called a quadratic form in x.

Quadratic forms play an important role in linear models. For example, in
a typical analysis of variance (ANOVA) table associated with a given model
and a given data set, any sum of squares can be represented as a quadratic
form in the data vector.

A quadratic form is said to be

(a) Positive definite if ¥’ Ax > 0 for all x # 0, and is zero only when x = 0.
(b) Positive semidefinite if x¥’ Ax > 0 for all x, and ¥’ Ax = 0 for some x # 0.
(c) Nonnegative definite if x¥’ Ax > 0 for all x.

(d) Negative definite if x'(—A)x is positive definite.

(e) Negative semidefinite if x'(—A)x is positive semidefinite.

The above definitions also apply to the matrix A of the quadratic form. Thus,
A is said to be positive definite, positive semidefinite, nonnegative definite,
negative definite, or negative semidefinite if x’Ax is positive definite, positive
semidefinite, nonnegative definite, negative definite, or negative semidefi-
nite, respectively.
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Theorem 3.1 Let A be a symmetric matrix. Then, A is positive definite if and
only if either of the following two conditions is satisfied:

(@) The eigenvalues of A are all positive.
(b) The leading principal minors of A are all positive.

Proof. See Lancaster (1969, Theorem 2.14.4).

Theorem 3.2 Let A be a symmetric matrix. Then, A is positive semidefinite if
and only if its eigenvalues are nonnegative with at least one equal to zero.

Proof. See Basilevsky (1983, Theorem 5.10).

Theorem 3.3 Let A be a matrix of order m x n and rank r. Then,
(a) AA’ and A’A are both nonnegative definite.
(b) A’A is positive semidefinite if r < n.
(c) A’Ais positive definite if r = n.

Proof. See Graybill (1983, Corollary 12.2.2).

3.11 Decomposition Theorems

The following theorems show how certain matrices can be reduced to partic-
ular forms. These theorems have many useful applications in the theory of
linear models.

Theorem 3.4 (The Spectral Decomposition Theorem) Let A be a symmetric
matrix of order n x n. There exits an orthogonal matrix P such that

A = PAP, (3.9)

where A = diag(A1, Az, ..., A,) is a diagonal matrix with diagonal elements
equal to the eigenvalues of A. The columns of P are eigenvectors of A corre-
sponding to the A;’s. Thus, if P is partitioned as

P=[p,:py:...:p,)

where p; is the ith column of P, then p, is an eigenvector of A corresponding
to the ith eigenvalue A; (i = 1,2, ...,n). Formula (3.9) can then be written as

n
A=) "App) (3.10)
i=1

Proof. See Basilevsky (1983, Theorem 5.8, p. 200).
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Corollary 3.1 Let A be a symmetric matrix of order n x n and rank r. Then, A
can be written as A = BB/, where B is of order n x r and rank r (that is, B is
a full-column-rank matrix). The matrix B is real only when A is nonnegative
definite.

Proof. This follows directly from the Spectral Decomposition Theorem and
writing A as

A = diag(A1,0),

where
A1 is a diagonal matrix of order r x r whose diagonal elements are the
nonzero eigenvalues of A
0 is a zero matrix of order (n —r) x (n —r)

Let us now decompose A as

S

Here, /\}/ %isa diagonal matrix whose diagonal elements are the square roots

of those of Aq. Note that the diagonal elements of /\%/ % are not necessarily
real numbers. The matrix B can then be chosen as

1/2
=[]
0

which is of order n x r and rank r (see Searle, 1971, Lemma 7, p. 37).

Theorem 3.5 (The Singular-Value Decomposition) Let A be a matrix of order
m x n (m < n) and rank r. There exist orthogonal matrices P and Q such that

A=P[D 0Q,

where
D = diag(A1, A2, ..., Ay) is a diagonal matrix with nonnegative diagonal
elements
0 is a zero matrix of order m x (n — m)

The positive diagonal elements of D are the square roots of the positive
eigenvalues of AA’ (or, equivalently, of A’A), and are called the singular values
of A.

Proof. See, for example, Searle (1982, pp. 316-317), Harville (1997, Section
21.12).
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Theorem 3.6 (The Cholesky Decomposition) Let A be a symmetric matrix of
order n x n.

(a) If Aispositive definite, then there exits a unique upper triangular matrix
T with positive diagonal elements such that A = T'T.

(b) If A is nonnegative definite with rank equal to r, then there exits a
unique upper triangular matrix U with r positive diagonal elements
and with n — r zero rows such that A = U'U.

Proof. See Harville (1997, Theorem 14.5.16, p. 231).

The following three theorems are useful for the simultaneous diagonal-
ization of matrices.

Theorem 3.7 Let A and B be symmetric matrices of order n x n. If A is positive
definite, then there exits a nonsingular matrix Q such that

QAQ=1I, and QBQ=D,
where D is a diagonal matrix whose diagonal elements are the roots of the
polynomial equation det(B — AA) = 0.
Proof. See Graybill (1983, Theorem 12.2.13).

Theorem 3.8 Let A and B be nonnegative definite matrices (neither one has
to be positive definite). Then, there exits a nonsingular matrix Q such that
Q'AQ and Q'BQ are each diagonal.

Proof. See Graybill (1983, Theorem 12.2.13) and Newcomb (1960) for a
detailed proof.

Theorems 3.7 and 3.8 show the existence of a nonsingular matrix that
diagonalizes two particular matrices. In general, if A1, Ay,..., Ay are n x n
matrices, then they are said to be simultaneously diagonalizable if there exists a
nonsingular matrix Q such that

Q_lAlQ =D, Q_lAzQ =D,..., Q_lAkQ =Dy,

where D1, Dy, ..., Dy are diagonal matrices.
The next theorem gives the condition for the existence of such a matrix
when A1, Ay, ..., Ay are symmetric.

Theorem 3.9 Let A1, Ay, ..., Ay be symmetric matrices of order n x n. Then,
there exits an orthogonal matrix P such that

Ai=PAP, i=1,2,...,k
where A; is a diagonal matrix, if and only if
AiAj = AjA;, forall i £j(i,j=1,2,...,k),
that is, the matrices commute in pairs.
Proof. See Harville (1997, Theorem 21.13.1).
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3.12 Some Matrix Inequalities

Several well-known inequalities, such as the Cauchy-Schwarz, Hdolder’s,
Minkowski’s, and Jensen’s inequalities, have been effectively used in math-
ematical statistics. In this section, additional inequalities that pertain to
matrices are presented. These inequalities are useful in many aspects of
linear models ranging from computational considerations to theoretical
developments.

Let A be a symmetric matrix of order n x n. Suppose that its eigenvalues
are arranged in a descending order of magnitude. Let ¢;(A) denote the ith
eigenvalue of A so that e1(A) > e(A) > --- > e4(A). Thus, e1(A) and ¢, (A)
are, respectively, the largest and the smallest of the eigenvalues. They are so
designated by writing emax(A) = €1(A), emin(A) = e, (A).

Theorem 3.10 Consider the ratio ’%, which is called Rayleigh’s quotient for
A. Then,

x'Ax
émin(A4) < —;
xX'x

< emax(A).

The lower and upper bounds can be achieved by choosing x to be an eigen-
vector corresponding to emin(A) and emax(A), respectively. Thus,

/
inf |:xAx] = emin(4),

x£0 | x'x

x' Ax
sup |: S i| = emax(A4).
xz0 L X'x

Proof. This follows directly from applying the Spectral Decomposition
Theorem (Theorem 3.4).

Theorem 3.11 If A is a symmetric matrix and B is a positive definite matrix,
both of order n x n, then

x' Ax

emin(B™1A) < < emax(B1A).

x'Bx
Note that the eigenvalues of B~'A are real since they are the same as those of

the matrix C = B_%AB_%, which is symmetric. This follows from applying

property (f) in Section 3.8. Here, B~! is a matrix defined as follows: by the
Spectral Decomposition Theorem, B can be written as B = PAP’, where
A = diag(A1, A2, ..., Ay) is a diagonal matrix whose diagonal elements are
the eigenvalues of B and P is an orthogonal matrix whose columns are the

corresponding eigenvectors of B. Then, B~ 1 is defined as

B2 =PA:P,
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where

Nl=

1 1 1
A~2 =diag ()\1 A, 2,...,)\,12).

Theorem 3.12 Let A and B be matrices of the same order. Then,
[tr(A'B))? < [tr(A’A)][tr(B'B)].

Equality holds if and only if one of these two matrices is a scalar multiple of
the other. This is the matrix analogue of the Cauchy-Schwarz inequality (see
Magnus and Neudecker, 1988, Theorem 2, p. 201).

Theorem 3.13

(@) Let A = (a;) be positive definite of order n x n. Then,

det(A) < ]‘[ ajj.

i=1
Equality holds if and only if A is diagonal.

(b) For any matrix A = (a;j) of order n x n,

[det(A)]? < ]_[ (Z afj) )
i=1 \j=1

Equality holdsif and only if AA’ is a diagonal matrix or A has a zero row.

Proof. See Magnus and Neudecker (1988, Theorems 28 and 18, pp. 23 and
214, respectively). The inequality in part (b) is called Hadamard’s inequality.

Theorem 3.14 For any two positive semidefinite matrices, A and B, of order
n x nsuch that A £20and B # 0,
1

[det(A + B)]7 > [det(A)]" + [det(B)]7 .

Equality holds if and only if det(A + B) = 0, or A = «B for some & > 0.

This is called Minkowski’s determinant inequality (see Magnus and Neudecker,
1988, Theorem 28, p. 227).

Theorem 3.15 If A is a positive semidefinite matrix and B is a positive definite
matrix, both of order n x n, then foranyi (i=1,2,...,n),

ei(A)emin(B) < €i(AB) < ei(A)emax(B).
In particular,

emin(A)emin(B) < €;(AB) < emax(A)émax(B).
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Furthermore, if A is positive definite, then forany i (i =1,2,...,n),
¢?(AB) ¢?(AB)
m <ei(A)ei(B) < m-

Proof. See Anderson and Gupta (1963, Corollary 2.2.1).

Theorem 3.16 Let A and B be symmetric matrices of order n x n. Then,
(a) ei(A) <ei(A+B), i=1,2,...,n,if Bis nonnegative definite.
(b) ei(A) <ei(A+B), i=1,2,...,n,if Bis positive definite.

Proof. See Bellman (1997, Theorem 3, p. 117).

Corollary 3.2 Let A be a positive definite matrix and B be a positive semidef-
inite matrix, both of order n x n. Then,

det(A) < det(A + B).
Equality holds if and only if B = 0.

Proof. See Magnus and Neudecker (1988, Theorem 22, p. 21).

Theorem 3.17 (Schur’s Theorem) Let A = (4;j) be a symmetric matrix of order
n x n,and let || A |2 denote its Euclidean norm, that is,

1
2

n n
IA =D ) a

i=1 j=1

Then,

Yo =lAl;.

i=1
Proof. See Lancaster (1969, Theorem 7.3.1).

Since || A [l2< n [max;; | a;; |], then from Theorem 3.17 we conclude that
| emax(A) < n |:max | aij |:| .
ij

Theorem 3.18 Let A be a symmetric matrix of order n x n, and let m and s be
scalars defined as

1
) |:tr(A2) ~ m2]2

n n
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Then,

S

(@) m—s(n—1)2 < emin(A) < m — T.
(n—1)2

(b) m + —— femax(A)fm‘l‘S(n_l)%-
(n-12

(€) emax(A) — emin(A) < 5(2m)2.
Proof. See Wolkowicz and Styan (1980, Theorems 2.1 and 2.5).

3.13 Function of Matrices

Consider the function f(x) defined on R, the set of all real numbers. If in the
formula for f(x), x is replaced with a matrix A, then f(A) is said to be a matrix
function. We have already seen examples of such a function. For example,

the function f(A) = A~? defined in Section 3.12 is for a positive definite
matrix A. Another example is the exponential function exp(A), where A is an
n x n matrix, and, if we recall from Section 3.9.1, exp(A) is expressible as the
sum of the power series,

o0
1 .
exp(A) =T, + i—'Al. (3.11)
i=1 "

Obviously, this representation is meaningful provided that the infinite series
in (3.11) is convergent. In order to understand such convergence, the follow-
ing definitions are needed:

Definition 3.5 Let A be a matrix of order m x n. A norm of A, denoted by
|| A ||, is a scalar function with the following properties:

(@ [lA=0,and || A ||=0if and only if A = 0.
(b) IcA =] c||l A |, where cis a scalar.
(©) A+B = Al + |l B |, where B is any matrix of order m x n.

(d) IAC <l A |Ill C |l, where C is any matrix for which the product AC is
defined.

An example of a matrix norm is the Euclidean norm || A ||» defined as

1
2

lA = (Y a; (3.12)

i=1 j=1
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for a matrix A = (ai) of order m x n. Another example of a matrix norm is

1
the spectral norm || A |ls= [emax(A’A)]2, where, if we recall, emax(A’A) is the
largest eigenvalue of A’A.

Definition 3.6 Let {A;}2, be an infinite sequence of matrices of order m x 7.
The infinite series ) oo Ay is said to converge to the m x n matrix § = (sij) if
the series > 24 a; converges foralli=1,2,...,m; j=1,2,...,n, where a;;
is the (i, j)th element of A, and

o0
Y age=sy i=12,...,m j=12,...,n (3.13)
k=1

Theseries Y p-; Axis divergentif atleast one of the series in (3.13) is divergent.

Theorem 3.19 Let A be a symmetric matrix of order n x nsuch that || A ||< 1,
where || A || is any matrix norm of A. Then, Z,fio Ak converges to (I, — A~
where A? = 1,,.

Proof. See Khuri (2003, Corollary 5.5.1, p. 181).

Let us now consider a general method for determining convergence of a
power series in a square matrix A.

Theorem 3.20 Suppose that the 7 x 7 matrix A is diagonalizable, that is, there
exits a nonsingular matrix Q such that

Q'AQ = diag(A1, Ay, ..., M),
where A1, Ay, ..., A, are the eigenvalues of A, which are not necessarily real

valued. Let f(z) be an analytic function defined on an open set S containing
all the eigenvalues of A. Then,

(a) The function f(A) is defined as

f(A) = Qdiag [f(A),f(M),....fAD] QL

(b) The function f(A) can be represented as the sum of a convergent power
series of the form

fA) =Y gAk,
k=0

if the power series Y 2o kAl SoR20 Ak, .o, SR kAL are all conver-
gent and represent f(A1),f(A2), ..., f(Ay), respectively.
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Proof. See Golub and Van Loan (1983) [part (a) is Corollary 11.1.2, p. 382 and
part (b) is Theorem 11.2.3, p. 390].

For example, for the matrix functions exp(A), sin(A), cos(A) we have the
following series representations:

1
exp(A) =) EAk,
k=0

> 1
sin(A) = Z(—l)k MA”‘“,
k=0 ’

R VPR G
cos(A)_g( 1) (2k)!A )

Corollary 3.3 Let A be a symmetric matrix of order n x n such that | A; [< 1
fori=1,2,...,n, where A is the ith eigenvalue of A. Then, the series ) ;2 Ak
converges to (I;, — A)_l.

Proof. The matrix A is diagonalizable by the Spectral Decomposition
Theorem (Theorem 3.4). Furthermore, since | A; |< 1, the power series 35 AF
is absolutely convergent, hence convergent, and

o0

ZA’F:L i=12,...,n
1 1_)\1" /AR AL

k=0

It follows from Theorem 3.20 that
oo
k_ (g _ a1
Z A =a,-A)~. -
k=0
Another series representation of a well-known matrix function is given by
— 1
_ k
log(I, — A) = I; AL

where A is a symmetric matrix whose eigenvalues fall inside the open interval
(=1,1).

3.14 Matrix Differentiation

In some cases, there may be a need to take the derivative of a matrix function.
The use of this derivative can greatly simplify certain computations such as
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the finding of the optimum of a particular matrix function, as is the case with
maximum likelihood and least-squares estimation techniques. Several theorems
on matrix differentiation are now stated. Further details can be found in,
for example, Dwyer (1967), Neudecker (1969), Nel (1980), Rogers (1980),
Graham (1981, Chapters 4 through 6), Searle (1982, Chapter 12), Graybill
(1983, Chapter 10), and Harville (1997, Chapter 15).

Definition 3.7 Derivative of a scalar function of X with respect to X.

Let X = (xj) be an m x n matrix whose elements are mathematically
independent real variables. Let f(X) be a real-valued matrix function that
depends on X. Then, the derivative of f(X) with respect to X, denoted

by W;%, is an m x n matrix whose (i,j)th element is the partial deriva-

tive %, i=12...,m j=12,...,n In particular, if X is a column
ij

vector x = (x1,x2,...,%u) of m elements, then % is a column vector

whose ith element is Bgi’:), i =1,2,...,m. Similarly, if X is a row vector

x = (x1,x2,...,x,) of n elements, then Bf (x) is a row vector whose ith element
is ag;x)/ i=1,2,...,n

Definition 3.8 Derivative of a vector function of x with respect to x.

Let y(x) = [y1(x),y2(x), ..., yn(x)]' be a vector function whose elements
are scalar functions of x = (x1,x2,...,Xn,). Then, the derivative of y' with
respect to x is the m x n matrix

W@ [0 0y 9ynx)
dx L ax  oax T dx |

The transpose of this matrix is denoted by 8y(x).

If y(x) is a vector-valued function of x and x is a vector-valued function of
z with g elements, then

dy(x) _ dy(x) dx
9z~ oax 9z’

y( x) y(x)

Here, is an n x m matrix and gx, is an m x q matrix resultmg n
being an 11 x g matrix. This formula gives the so-called vector chain rule.

Definition 3.9 Derivative of a matrix with respect to a scalar.

Let Y = (y;;) be an m x n matrix whose elements depend on p mathemati-
cally independent real variables, u1,uy, ..., up. Then the partial derivative of
Y with respect to uy (k =1,2,...,p) is the matnx whose (i,j)th element

yij
is Bt
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Definition 3.10 Derivative of a matrix with respect to another matrix.
Let Y = (yij) be matrix of order m x n whose elements are functions of the
elements of a matrix X = (x;), which is of order p x gq. Then, the derivative of

Y with respect to X, denoted by ¥ 5% is given by the partitioned matrix

- oY Y Y 7
dx11 Ox;p 0x14
9y Y Y . Y
X - 0x21  9x dxg |,
Y Y Y
| 0xp1 Oxp2 Oy

where, as in Definition 3.9, 5’: is the derivative of Y with respect to Xij. Since
oY Y
T 1s of order m x n, the matrix g% is of order mp x ng.

For example, if

_|x1 x12
X1 x|’

and
Y — X11X12 x§1
sin(x11 +x21) €22 ’
then,
Y [ X12 0
dx;y  |cos(x11 +x21) 0]’
Y _fxi1 0
8X12 - L 0 0 !
Y _ [ 0 2x21
dxp1  [cos(x11+x21) O |7
Y [0 0
0X27 - _O e¥22
Hence,
X12 0 X11 0
g | cos(x11+x21) 0 0 0
X 0 2x1 0 0
cos(x11 + x21) 0 0 e
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Theorem 3.21 Let f(x) = x’'a, where a is a constant vector. Then,

d(x'a)
=a
ox

Corollary 3.4 Let A be a constant matrix of order m x n. Then,

I(x'A) _
ax

A.

Theorem 3.22 Letf(x) = x’Ax, where A is a constant symmetric matrix. Then,

of (x)
ax

= 2Ax.

Theorem 3.23 Let X = (x;;) be an n x n matrix of real variables.
(a) If the elements of X are mathematically independent, then

odet(X)] .
Toax %)
where xfj is the cofactor of x;; (1,j = 1,2,...,n).

(b) If X is symmetric, and its elements are mathematically independent,
except for x;; = xj;, then

dldet(X)]

0X 2 (xf]) — diag(x{1, %55, - - -, X5

Corollary 3.5 Let X = (xj) be an n x n nonsingular matrix such that
det(X) > 0.

(a) If the elements of X are mathematically independent, then

3 {logldet(X)1}

_ —1y/
X =X

(b) If X is symmetric and its elements are mathematically independent,
except for Xij = Xji, 1 # ], then
9 {log[det(X
M =2x1— diag(xll,xzz, LX),
X
where x is the ith diagonal element of X 1i=12,...,n).

Theorem 3.24 Let X be an n x n nonsingular matrix whose elements are
functions of a scalar t. Then,
Xt 10X

=-x1=x1
at ot
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Corollary 3.6 Let X = (x;j) be an 1 x n nonsingular matrix.

(a) If the elements of X are mathematically independent, then

ax1
dxij

=-X"'A;x71
where A;; is an n x n matrix whose (i, j)th element is equal to 1 and the
remaining elements are equal to 0.

(b) If X is symmetric and its elements are mathematically independent,
except for x;; = xj;, i # j, then

ax 1
Bxi]-

-1 -1
=-X"AX,

where A;-’;- is an 1 x n matrix whose (i, j)th and (j, ))th elements are equal
to 1 and the remaining elements are equal to 0.

Exercises
3.1 Let X be an 1 x p matrix of rank p (n > p). What is the rank of X X’ X?

3.2 Let A and B be n x n symmetric matrices, and let C = AB — BA.
(a) Show that tr(CC') = 2 tr(A2B%) — 2 tr[(AB)?].
(b) Deduce from (a) that
trl(AB)?] < tr(A’B?).

(c) Under what condition is the equality in (b) attained?
3.3 Let A be a positive definite matrix of order n x n. Show that
n
det(A) < [ Jai,
i=1

where aj; is the ith diagonal elementof A (i =1,2,...,n).

[Hint: Prove this inequality by mathematical induction.]

3.4 Let A be an n x n matrix that satisfies the equation

A24+2A+1,=0.
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(a) Show that A is nonsingular.
(b) How would you evaluate A1?
3.5 Let A = (a;j) be an n x n matrix and let adj A be its adjoint. Show that

A(adjA) = (adj A)A
= det(A)I,,.
3.6 Consider the characteristic equation for an # x n matrix, which can be

written as

det(A — AI,) = ag + @A + as\> + - - - + ay\"
= O,

where ag, a1, . .., a, are known coefficients that depend on the elements
of A.

(a) Show that A satisfies its characteristic equation, that is,
aoly + @A + aA* + - 4+ a,A" = 0.

This result is known as the Cayley—Hamilton Theorem.
[Hint: Let B = adj (A — Al,). The elements of B are polynomials of
degree n — 1 or less in A. We can then express B as

B=By+AB; +N°By+---+\N"1B,_4,

where By, By, .. ., B,_1 are matrices of order n x n that do not depend
on A. Applying now the result in Exercise 3.5 to B, we get

(A —A,,)B = det(A — NI,
= @+ @A+ a A,

By comparing the coefficients of the powers of A on both sides of
this equation, we conclude that

aoly + @A + A + - 4 a,A" = 0).
(b) Deduce from (a) that if A, Ay, ..., A, are the eigenvalues of A, then
A-MI)HA-NIL)...(A—A,I,) =0.

(c) Show how to obtain the inverse of A, if A is nonsingular, using the
Cayley-Hamilton Theorem.
3.7 Verify the Cayley—Hamilton Theorem for the 3 x 3 matrix
2 21
A=|1 3 1
1 2 2
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3.8 Two n x n matrices, A and B, are said to be similar if there is a non-
singular 7 x n matrix P such that A = PBP~!. Show that an n x n
matrix A is similar to a diagonal matrix if and only if A has 7 linearly
independent eigenvectors.

3.9 Let A be an n x n matrix. Show that if the eigenvalues of A are distinct,
then A is similar to a diagonal matrix.

3.10 Let A and B be matrices of order n x n; B is similar to A and A = CD,
where C and D are symmetric. Show that B can be written as the product
of two symmetric matrices.

3.11 Let A be a nonsingular matrix of order n x n and a be an n x 1 vector.
Show that the matrix B is nonsingular, where

1
B=A--ad,
c

1

where ¢ is a nonzero scalar such thatc # a’/A™ " a.

3.12 Let A be the 2 x 2 matrix

where

(b) Show that

2 52
exp(A):|:26 2 2e Ze]

e?—e 20°%—e
where e = exp(1).

3.13 Suppose that A is similar to a diagonal matrix (see Exercise 3.8).
Show that

det[exp(A)] = expl[tr(A)].
3.14 Let A be a positive semidefinite matrix of order n x n. Show that
1
[det(A)]Y/" < ~tr(A).

Under what condition does equality hold?
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3.15 Let A be a positive definite matrix matrix of order n x n. Show that
tr(A)tr(A™Y > n?.
Under what condition does equality hold?
3.16 Let A = (4;)) be a symmetric matrix of order n x n. Show that

emin(A) < a;i <emax(4), i=1,2,...,n.

3.17 Suppose that A is a skew-symmetric matrix such that A> = —I. Show
that A must be an orthogonal matrix.

3.18 Let A and B be symmetric n x n matrices. Show that
oA, g2
tr(AB) < Etr(A + B%).

Under what condition does equality hold?

3.19 Consider the orthogonal matrix

12 2
A==-|2 1 -2
3122 2 1

Find a skew-symmetric matrix, T, such that A = exp(T).
3.20 Let A and B be matrices of order m x n (m > n).

(a) Show thatif det(A’B) # 0, then both A and B have full column ranks.
(b) Show that if the condition in (a) is valid, then

det(B'B) > det[B'A(A’A)"'A'B].
(c) Show that whether the condition in (a) is satisfied or not,
[det(A'B)]? < det(A’A)det(B'B).

3.21 Let A and B be two symmetric matrices of order n x n. Show that for
any scalar ¢, 0 < x <1,

emin[&A + (1 — 0)B] > atemin(A) + (1 — &) emin(B)
emax[XA + (1 — 0)B] < atemax(A) + (1 — &) emax(B)
The first and second inequalities indicate that the smallest eigenvalue

and the largest eigenvalue functions are concave and convex, respec-
tively, on the space of symmetric matrices.
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3.22

3.23

3.24

Linear Model Methodology

Let A be an n x n matrix. Show that

exp(A ® I;y) = exp(A) ® Iy,.

Let A be a positive definite matrix of order n x n with eigenvalues
A1 > Ay > .-+ > Ay > 0. Show that

2

- 1 AL 1/2 AL\ 12

1< @A@A <= |[= 2 ,
wma=1[(3) (3

for any vector x of 1 elements and unit length. This inequality is known
as the Kantorovich inequality (see Marcus and Minc, 1964, p. 117).

Letaq,ay,...,a, and by, by, . ..,b, be two sets of vectors of m elements
each. Prove the following identity:

n n n 2
(Z aiag) Z bib; | = (Z aib§> + Z(agbj — aby)(aibj — ajb)).
i=1 j=1 i=1 i<j
This identity can also be expressed as

AA'BB' = AB'AB' + ) (ajbj — ab)(aib] — ajb)),
i<j
whereA=[ai:ar:---:ay], B=[b1:by:---:byl.

Note: This identity is a generalization of the so-called Lagrange identity
for real numbers, namely,

n 2 n n
(Z aiBz‘) = (Z cx%) D BT | - D (iBj— B,
i=1 i=1 j=1 i<j
where o1, xy,...,a, and PB1,B2,..., P, are two sets of real numbers.

Such an identity can be viewed as a generalization of the well-known
Cauchy-Schwarz inequality since it implies that

(Z cxisz)z ; (z a%) (}z Bf) .

For more details, see Trenkler (2004).
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3.25 Let A and B be two symmetric idempotent matrices of order 7 x n. Show
that the following statements are equivalent:

(a) AB =B.
(b) A — Bisidempotent.

(c) The column space of B is a vector subspace of the column space
of A.

3.26 Let A and B be two matrices of order n x n. Show that the following
conditions are equivalent:

(a) AA'BB' = AB'AB..
(b) tr(AA'BB)) = tr(AB'AB).
(c) A’B = B'A.

3.27 Let A and B be n x n orthogonal matrices. Show that the following
conditions are equivalent:

(a) (AB)? =1,.
(b) t[(AB)?] = n.
(c) BA = (BA)..
3.28 (a) Show that %‘;X)] = A’, where A is of order n x m and X is of
order m x n.

(b) Show that 3”“5‘# = (A’ + A)X, where A is of order m x m and
X is of order m x n.

(c) Show that M = X(A+ A’), where A is of order n x n and X
is of order m >< n

3.29 Let X be a matrix of order m x n and let A be a symmetric matrix of
order n x n. Show that ‘Wt(c) X' = 2 det(C)I,,, where C = XAX'.

(See Wolkowicz, 1994, p. 658.)
3.30 Consider Definition 3.10.

(a) Let X and Y be matrices of orders p x q and m x n, respectively.
Show that "; can be expressed as

ey yEel,

i=1 j=1

where E;; is a matrix of order p x g whose elements are equal to 0,
except for the (i, j)th element, which is equal to 1.
(b) If X, Y, Z are matrices of orders p x q, g x r, and s x t, respectively,
then show that
(XY) 0X

7 = —(1t®Y) + s ®X)—






4

The Multivariate Normal Distribution

This chapter provides an exposition concerning the normal distribution, its
properties and characterizing functions, in addition to other distributions that
are derived from it. The importance of this distribution stems in part from its
being the cornerstone upon which many theorems in classical linear model
methodology are based.

The reader is expected to be acquainted with the concepts of discrete and
continuous random variables, their independence, and probability distribu-
tions. In particular, a continuous random variable, X, is said to be absolutely
continuous if its cumulative distribution function, namely, F(x) = P(X < x), is
differentiable for all x in a set A. In this case, the derivative of F(x) is called the
density function of X and is denoted by f(x). The function F(x) can therefore
be expressed as an integral of the form

F(x) = jf(t)dt, xe A

In general, a continuous random variable is not necessarily absolutely con-
tinuous. For more information concerning random variables and their asso-
ciated distributions, the reader is referred to, for example, Casella and Berger
(2002), Hogg and Craig (1978), Lindgren (1976), and Mood, Graybill, and
Boes (1973).

4.1 History of the Normal Distribution

The normal distribution was first introduced by Abraham de Moivre
(1667-1754) in an article in 1733 in the context of approximating the bino-
mial distribution. His article was not discovered until 1924 by Karl Pearson
(1857-1936). Carl Friedrich Gauss (1777-1855) justified the method of least
squares rigorously in 1809 by assuming a normal distribution in connection
with the analysis of measurement errors. He also used it to analyze astronom-
ical data in 1809. The name “normal distribution” was coined independently
by Charles Peirce (1839-1914), Francis Galton (1822-1911), and Wilhelm Lexis
(1837-1914) around 1875 (see Stigler, 1986).

59
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4.2 The Univariate Normal Distribution

The normal distribution belongs to a family of absolutely continuous distri-
butions. Its density function, f(x), is given by

f) =

\/2;7 exp [—21?(9( - u)z] , —00 <X < O00. 4.1)
A random variable, X, having this density function is said to be normally
distributed, and this fact is denoted by writing X ~ N(i, 62). In formula (4.1),
u = E(X) is the mean, or expected value, of X, and 02 = Var(X) is the variance
of X. In particular, if p = 0 and 02 = 1, then X is said to have the standard
normal distribution, which is usually denoted by Z, that is, Z ~ N(0, 1). Using
(4.1), Z has the density function,

72

8(2) = J%exp (—;) , —00 <Z< oo (4.2)

The moment generating function (abbreviated m.g.f.) of X ~ N(y, 0?) is of
the form

dx(t) = E(e™)

T 1
_ tx _ _ 2
= f e 5 exp |: 792 x—w ]dx
—00
1
= exp <ut + 50‘21‘2) , (4.3)

where t is a mathematical variable. This function is defined for all values of ¢
in R, the set of all real numbers. The m.g.f. provides a characterization of the
normal distribution. It can also be used to derive all the noncentral moments
of X, thatis, values of ), = E(X") forn =1,2,....

To evaluate 1, the nth derivative of ¢px(t) is evaluated at t = 0, that is,

A" ox(D)]

= , =12,....
" e i

Note that ¢ x(t) in (4.3) has derivatives of all orders in R. Equivalently, values
of ), can be obtained by expanding the function ¢x(t) around ¢ = 0 using
Maclaurin’s series. In this case, the coefficient of :7”, in such an expression is
equaltou,(n=1,2,...).

An alternative characterization of the normal distribution is given by the
cumulant generating function defined by the formula

Px () = logldx (D], 4.4)
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where log(.) is the natural logarithmic function. The coefficient of tr—r, in
Maclaurin’s series expansion of P x(t) around t = 0 is called the rth cumulant
and is denoted by k,(r =1, 2, ...). Hence, from (4.3) we have

1
Px(t) = put + EUZtZ. (4.5)

It follows that all the cumulants of the normal distribution are zero, except

for the first two, namely, k1 = u, Ky = o2

4.3 The Multivariate Normal Distribution

Let Z = (Z1,Zy,...,Z,) be a vector of n mutually independent and identi-
cally distributed random variables having the standard normal distribution
N(0, 1). This vector is said to have the multivariate standard normal distribution
with a mean vector 0 and a variance—covariance matrix I;;, and is represented
symbolically by writing Z ~ N(0,I,). Since the Z;’s are independent, their
joint density function, or just the density function of Z, denoted by g(2), is
the product of their marginal density functions. These are of the form given

in (4.2). Hence,
- 1 z?
so-fl] e ()]

= (2m)7 exp (—%z/z) , (4.6)

where z € R”, the n-dimensional Euclidean space.

In general, let X = (X1, X3, ..., X;)’ be a random vector such that E(X;) =
i and Var(X;) = 0ji(i = 1,2,...,n),and Cov(X;, Xj) = ojj is the covariance of
X; and Xj, i # j. The mean vector and variance—covariance matrix of X are

EX)=p (4.7)
Var(X) = %, (4.8)

respectively, where u = (ug, pa, ..., 1)/, and Z = (0j) is given by

I=EX-wX-w]
=EXX) — uy'. 4.9)

In addition, the matrix

R=D'sD!,
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where D a diagonal matrix whose diagonal elements are the square roots
of 011,02,...,0uy, is called the correlation matrix. Its (i,j)th element is
.. PR i
usu‘al‘ly denoted by Pij, where pij = N
Xj,z,] =1,2,...,n.
In general, the matrix X is nonnegative definite. Formula (4.9) is a special

case of a more general one giving the covariance matrix of two random
vectors, X1 and X5, namely,

is the correlation of X; and

I =E[X1 — pu) X2 — )]
= E(X1X5) — uyu5, (4.10)

where 1y and p, are the mean vectors of X; and X, respectively. If X; has
n1 elements and X» has n, elements, then X1, is a matrix of order n1 x ny.

If A is a constant matrix, then it is easy to show that the mean vector and
variance—covariance matrix of ¥ = AX, assuming that this product is well
defined, are of the form

E(Y) = Ap (4.11)
Var(Y) = E[AX — w)(X — p)'A’]
—AZA. (4.12)

More generally, if X1 and X, are two random vectors with mean vectors p4
and p,, respectively, and if A and B are constant matrices, then the covariance
matrix of AX7 and BX), is given by

Cov(AX1, BX,) = E[A(X1 — ny) (X2 — up)'B']
— AS,B, (4.13)

where X1, is the covariance matrix of X7 and X».
In particular, if Z ~ N(0,I,), n is a vector of n elements, and X is a positive
definite matrix of order n x n, then the random vector

X=pu+32Z (4.14)

has the multivariate normal distribution with a mean vector u and a variance-

covariance matrix X. This is denoted by writing X ~ N(u, Z). The matrix Z%
is obtained as in Section 3.12 by first applying the Spectral Decomposition
Theorem (Theorem 3.4) to X, which gives

Y = PAP,

where
A is a diagonal matrix whose diagonal elements are the eigenvalues of X,
which are positive
P is an orthogonal matrix whose columns are the corresponding eigenvec-
tors of
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The matrix 7 is then given by

NI—=
NI—=

£2 = PAZP,

1
where A2 is a diagonal matrix whose diagonal elements are the square roots
of the corresponding diagonal elements of A. Note that X in (4.14) is a linear
function of Z. Hence, its density functions is given by

f@x) =g(z) | det (]|, (4.15)
where g(z) is the density functions of Z as in (4.6), and J is the Jacobian matrix
oz
T oox

= % [(x - u)’Z‘%]
-5

J

1

2,

The justification for (4.15) can be found in Khuri (2003, Theorem 7.11.1). Thus,
det ()| = [det(£)] "2, (4.16)

since L is positive definite. Making now the proper substitution in (4.15)
gives the density function for a multivariate normal distribution with a mean
vector p and a variance—covariance matrix X, namely,

f)

=——————exp [—l(x —w'Z - u)] , (4.17)
(2m)? [det(E)]2 2

where x € R".

4.4 The Moment Generating Function
4.4.1 The General Case

In general, the moment generating function (m.g.f.) of a random vector X with
a density function h(x), where x € R”, is defined as

ox(t) =E (%), (4.18)

where t = (t1,12,...,t,) is a vector in R"” whose elements are mathematical
variables. The domain of ¢x(#) is assumed to contain the point £ = 0. Thus,

ox(®) = | e hdx, (4.19)
Rr[
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where the integral in (4.19) is n-dimensional over R”, x = (x1,x2,...,%;)’, and
dx denotes dxdx; . .. dxy,.

The m.g.f. of X provides a characterization of the distribution of X. It can
also be used to derive the noncentral multivariate moments of X, which are
of the form

Wy oy = fx?xgz. - XI"h(x)dx, (4.20)
R?’l

where 11,1, ..., 1, are nonnegative integers. If ¢px(¢) has partial derivatives
of all orders with respect to t1, 3, ..., t; in an open subset of R” that contains
the point t = 0, then

I"px ()]

/

LL,, For sty — Aol adn , (421)
12 T TAN T A PN

wherer = Y"1 7.

Another advantage of the m.g.f. is its use in providing a check on the
independence of two random vectors, X1 and X,. More specifically, let ¢px (£)
be the m.g.f. of X = (X}, X})". Then, X; and X, are independent if and only if

bx (t) = bx, (t1)dx, (t2) (4.22)

for all values of ¢ in an open subset of R" that contains the point £ = 0 (see,
for example, Arnold, 1981, Lemma 3.4; Graybill, 1976, Section 2.4). In (4.22),
t; and #; partition ¢ in a manner similar to that of X, and ¢x, (t1), $x,(t2) are
the corresponding moment generating functions of X; and X», respectively.

More generally, if X and t are partitioned as X = (X7 : X} : ... : X))/, t =
(t;:t, ... t),r>2,then X1,Xp,..., X, are said to be mutually independent
if and only if
T
ox(®) =[] dox () (4.23)
i=1

for all values of £ in an open subset of R” that includes the point ¢ = 0, where
ox;(t) is the m.g.f. of X;(i = 1,2,...,r). Unless otherwise stated, mutually
independent random vectors (or variables) are usually referred to as just
independent.

An alternative characterization of the distribution of X is through its
cumulant generating function (c.g.f.), which is defined as

Yx (f) = log[dx ()], (4.24)

where log(-) is the natural logarithmic function. Cumulants of a multivariate
distribution can be defined as a generalization of the univariate case. For
simplicity, we shall consider a bivariate situation involving two random
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variables X7 and X»,. Generalizations to more than two variables can be carried
out without any difficulty.

Letx,,x, (t1,t2) denote the c.g.f. of X7 and X,. Maclaurin’s series expan-
sion of P, ,x, (t1,t2) around (t1,t2) = (0,0) is of the form

n! 3"Px,,x, (0,0)
b Gt =2 3 s T

I'1 a2
! r+r=n 8tl 8t2

_ Z Z 71 7’1 a 1PX1/X2 (0 0)
l 2 71 q412 ’
n=1r1+rn= ”rl‘rz' oty oty

", x, (0,0)

3" x; X, (f1,t2)
At or?

where Aol at

is the value of the nth partial derivative

’2

(f1,£2) = (0,0). The coefficient of ,r 7 in this expansion is denoted by «;,r,
and is called the cumulant of the bwarzate distribution of X1 and X; of order
(r1,72), or just the (rq, r2)th cumulant of X; and X».

Using condition (4.22), it can be stated that X; and X, are independent if
and only if

Wx,,x, (t1,t2) =Px, (t1) +bx, (t2)

for all values of (1, tp) in an open subset of R? that contains the point (0,0),
where Py, (t1) and Vx, (t2) are the marginal cumulant generating functions
of X; and X», respectively.

4.4.2 The Case of the Multivariate Normal
The following theorem gives the m.g.f. of a multivariate normal distribution:
Theorem 4.1 The moment generating function of X ~ N(u, X) is given by
1
dx(t) = exp <t’p + Et’Zt) . (4.25)

Proof. Substituting the normal density function in (4.17) into formula (4.19),
we get

1 1
ox(t) = ————— fexp [t’x — E(x —wZx— u)} dx.  (4.26)
2m)"/2[det(X)]2 R
Let y = x — p — Xt. The Jacobian matrix of this transformation is %’; =I,.

Formula (4.26) can then be written as (see Khuri, 2003, Section 7.9.4)

ox () = ;1 Iexp (t’u + 1t’}:t - 1y’}:1y> dy
Qm)"/2[det(Z)]2 jn 2 2

1 1 1
= ————exp <t’p + —t’Zt) f exp <——y’Z_1y> dy (4.27)
Qm)"/2[det(X)]2 2 i 2
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Now, let z = Z*%y. The integral in (4.27) can be written as (see Khuri, 2003,

formula 7.67, p. 300)
/
det <8—y) ‘ dz
0z

I exp <—%y’£‘ly> dy = fexp <—%z/z>
— fexp <—%z/z) )det (21/2) ‘ dz
Rn

RH R}’l
o € 1.2
= [detD)]" ] ( [ e dZi> :
oo

i=1 \—

since X is positive definite. But,

h 1
| e <—§z?) dzi = 2m'?, i=12,...,n
Hence,
1
[ exp <—§y’21y> dy = (2m)"*[det(£)]"/2. (4.28)
Rn

Substituting the term on the right-hand side of (4.28) into formula (4.27)
produces the desired result, namely,
/ 1 /
dx(t) = exp <tu+ >t Zt>. 0

Corollary 4.1 Suppose that X ~ N(u, X). Let A be a constant matrix of order
m x n and rank m(< n), where n is the number of elements of X. Then,

AX ~ N(Ap, AZA).
Proof. Let Y = AX. Them.g.f. of Yis
Py () = E@%)
= dx(t'A)
= exp (t/Au + %t’AZA%) :
By comparing this m.g.f. with the one in (4.25), it can be seen that Y is nor-

mally distributed with a mean vector Ap and a variance—covariance matrix
AZA'. O

From Corollary 4.1 we conclude that if X is normally distributed,
then any portion of it is also normally distributed. For example, if X is
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partitioned as X = (X} : X})’, then both X; and X, are normally distributed
since they can be written as X1 =A1X, X, =A,X, where A1 =[I;; : 0, xn, ],
A = [0yyxn, : In,], with n; being the number of elements of X;(i = 1,2). If p
and X are partitional accordingly as u = (u] : u5)’, and

In z
zz[zi ZZ] (4.29)

then X1 ~ N(uy, Z11), X2 ~ N(1p, L22).

A slightly more general result gives the distribution of the random vector
Y = AX + b, where b is a constant vector. In this case, if X ~ N(u, X), then
Y~ N(Au+b, AXA).
Corollary 4.2 Suppose that X ~ N(u, X) is partitioned as X = (X]:Xj)".
Then, X7 and X, are independent if and only if their covariance matrix X1,
is zero.

Proof. Let the mean vector u be partitioned as u = (uj:u))’, and Z be
partitional as in (4.29). If X7 and X are independent, then it is obvious that
X172 = 0. Vice versa, if £13 = 0, then by Theorem 4.1, the m.g.f. of X is

1 1
2 2

where t; and #; are the corresponding portions of t. Formula (4.30) results

from noting that
N AT 0 t
/ _ . ;
tit= (i'1 : tz) |: 0 222:| <t2

=t 11t +tXo0l.

dx(t) =exp (t/l up+thuy + st b + t’2222t2> , (4.30)

Hence, ¢px(t) can be written as

dx(t) = ox, (t)dx, (t2), (4.31)

where ¢x, (t1) and ¢x, (£2) are the moment generating functions of X; and
X>, respectively, which are normally distributed by Corollary 4.1. Formula
(4.31) indicates that X7 and X» are independent. O

Corollary 4.2 can be easily extended to include a partitioning of X of the
formX = (X7 : X, : ...: X}), r > 2. In this case, if X is normally distributed,
then X1, Xp,...,X; are mutually independent if and only if X;; = 0 for all
i # j, where Z;; is the covariance matrix of X; and X;(i,j = 1,2,...,7).

4.5 Conditional Distribution

Let X ~ N(u, X) be partitioned as (X} : X})'. The corresponding partitioning
of uis (4 : u5)’, and X is partitioned as in (4.29). If X1 # 0, then X7 and X are
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not independent by Corollary 4.2. By definition, the conditional distribution of
X given X», written symbolically as X1|X>, is the distribution of X; when X»
is held constant. Obviously, if X; and X» are dependent, such a distribution
is different from that of Xj.

The dependence of X; on Xj; is now to be displayed. For this purpose,
let Y be defined as Y = X7 — AX,, where A is a constant matrix. The vector
Y is normally distributed by Corollary 4.1 since it is a linear function of X.
The matrix A is chosen so that Y and X» are independent. Note that the joint
distribution of ¥ and X is a multivariate normal because it can be easily
shown that (Y':X})" is a nonsingular linear transformation of X. Hence, by
Corollary 4.2, Y and X are independent if and only if their covariance matrix
is zero. Thus, the matrix A can be determined by equating Cov(Y, X») to
zero, where

COV(Y, Xz) = Z]p_ — AZZZ.

It follows that ¥ and X, are independent if A = 21222_21. The vector Y can
therefore be written as

Y =X; - I, Xo. (4.32)
Hence,
X1=Y+ 212Z2_21X2'

This shows that X is the sum of two component vectors: Y, which is inde-
pendent of X5, and a linear function of X,. Consequently, X1|X> is written as

X11Xo =Y+ Z1pE,, Xo, (4.33)

where }112}:2_21X2 is treated as a constant vector. From (4.32), the mean of Y is
u; — 212Z2_21 L, and its variance—covariance matrix is given by

Var(Y) = Var(Xy) — 2 Cov(X1, Z12Z,, X»)
+ Var(Z12Z,, X5)
=X - 2Z12Z2_21Z21
+ I EnE )
=11 — Ipiy Do
Using (4.33), we finally conclude that
X1|X2 ~ Nlpy + Z2X) (X2 — o), W1,
where

W=2Xq — Z12Z2_21Z21.
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4.6 The Singular Multivariate Normal Distribution

We recall from Corollary 4.1 that when X ~ N(u,X),AX ~ N(Au, AXA’)
provided that A is of full row rank. This condition is needed in order for
AZXA’ to be nonsingular. Note that AZA’ is actually positive definite if A is of
full row rank, since X is positive definite.

Let us now consider the distribution of AX, where X ~ N(u, X) and A is
not of full row rank. Let A be of order m x n and rank r(<m). The elements
of AX are therefore linearly dependent. As a result, the variance—covariance
matrix of AX, namely AXA’, is singular. Without any loss of generality, the
matrix A can be partitioned as A = [A] : A}]’, where A1 is of order r x n and
rank r, and the remaining (m — r) rows of A that make up the matrix A, are
linearly dependent on those of A;. Hence, A can be written as A, = BA; for
some matrix B. We then have

sz[AlX}

BA1X

— [H ALX. (4.34)

Note that A1 X ~ N(A1u, A1ZA)) since Ay is of full row rank. This shows that
AX is a linear function of a multivariate normal random variable, namely
A1X, which is of a lower dimension than that of X. In this case, AX is said to
have the singular multivariate normal distribution.

For example, suppose that X = (X;, X, X3)’, where Y = (X1, X»)' has the
bivariate normal distribution and X3 = 2X; — 3X5. Then X has the singular
multivariate normal distribution and is written as

_ |2
X = |:bi| Y,
where b = (2, -3)".

Situations that involve the use of the singular normal distribution arise in
connection with linear models that are less than full rank, as will be seen in
Chapter 7.

4.7 Related Distributions

Several well-known distributions in statistics can be derived from the mul-
tivariate normal distribution. These distributions are frequently used in the
study of linear models.
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4.7.1 The Central Chi-Squared Distribution

Let X ~ N(0, I,,). Then U = X'X has the central chi-squared distribution with n
degrees of freedom, written symbolically as U ~ x2. It is customary to drop
the word “central” when referring to this distribution.

The chi-squared distribution is a special case of the gamma distribution. By
definition, a random variable W has the gamma distribution with parameters
o and B, written symbolically as W ~ G(«, 8), if its density function is of
the form

1
fw) = Wwo‘_le_w/ﬁ, 0<w < o0, (4.35)
where « and f3 are positive constants and I'(x) is the so-called gamma function,
which is given by

o0
MNo) = j e X x* gx.
0

The gamma distribution is absolutely continuous; its mean is E(W) = o3 and
its variance is Var(W) = ap?. It can be shown that its moment generating
function is

1
dwt) =1 -pH™%, t< B (4.36)
In particular, if « = 5§ and § = 2, where 7 is a positive integer, then W has
the chi-squared distribution with n degrees of freedom. Thus, if U ~ x2, then
from (4.35), its density function is

1 1 -
fw = WWZ Le=#/2 0 <u < o0, (4.37)
2

and the corresponding mean, variance, and moment generating function of
U are, respectively, E(U) = n, Var(U) = 2n,

duty = (1—207"2, < % (4.38)

4.7.2 The Noncentral Chi-Squared Distribution

If the mean of the normal random vector X in Section 4.7.1 is nonzero, that
is, X ~ N(u, I,) with p # 0, then U = X'X has the noncentral chi-squared
distribution with n degrees of freedom and a noncentrality parameter A = p'p.
This distribution is written symbolically as x2(A). Note that when A = 0, the
distribution is reduced to the central chi-squared distribution x2.
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The density function of U ~ x2(\) is (see Johnson and Kotz, 1970,
Chapter 28)

(7\+u 0 %) u2+z 1
gu) = n Z “ T FI T 2 0<u<oo. (4.39)

N

It can be seen that g(u) is expressible as the sum of an infinite series whose
ith term is of the form

hi(u, N = piNfi(w), i=0,1,..., (4.40)
where

—A/2 i
piy = SN
i!
is the probability that a Poisson random variable with a mean % attains the
value i, and fi(1) is the density function of a central chi-squared random
variable with (n + 2i) degrees of freedom (i =0,1,2,...).

The infinite series in (4.39) is a power series in u. Its convergence depends
on the value of u. We now show that this series is actually uniformly conver-
gent with respect to 1 on (0, 00). For a definition of uniform convergence of a
power series, see, for example, Khuri (2003, Chapter 5).

Theorem 4.2 The infinite series in (4.39) converges uniformly with respect to
u on (0, 00).

Proof. It is sufficient to show uniform convergence of the series

s =Y (3) e

— i 2T (5 +i)

since the series in (4.39) is a constant multiple of S(A). We first note that for
i=0,1,2,...,and foru > 0,

This follows from the fact that the right-hand side of the above inequality is
the ith term of Maclaurin’s series expansion of e1. Hence, for all u > 0,

Gf _wet ()
it 2T +i)  TE+i)

i=0,1,...

But, the right-hand side of this inequality is the ith term of a convergent
infinite series of constant terms. This can be easily shown by applying the
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ratio test of convergence of infinite series of positive terms (see, for example,
Khuri, 2003, p. 148):

T TGHD A
rG+i+1 () n+2i’

since I'(5 +i+1) = (5 + ) (5 + i). It can be seen that as i goes to infinity,
the limit of this ratio is zero, which is less than 1. This proves convergence of

Ayi
Yo FE ﬁii)‘ It follows that the series S(A) is uniformly convergent on (0, c0)
2

by the Weierstrass M-test (see, for example, Khuri, 2003, Theorem 5.3.2). O

Theorem 4.2 is needed for the derivation of the moment generating func-
tion of a noncentral chi-squared distribution, as will be shown in the next
theorem.

Theorem 4.3 Let U ~ x2(A). The moment generating function (m.g.f.) of U,
denoted by ¢y (t, M), is given by

dut,\) =1 -2 2 exp[At(1 —207"], t< % (4.41)

Proof. We have that

bult,A) = Ee'h.
Using the density function of U given in (4.39), we get

(A+u)

0 e_%
PutN) = [ " ——
0

0 (Ayi o B4i-1

2) u2

20 B g 442
2 2T (*442)

Since the infinite series in (4.42) is uniformly convergent, the integration and
summation operations can be interchanged without affecting the value of the
integral (see, for example, Fulks, 1978, Corollary 14.3f, p. 515). We then have

—5 (A\i ®© g4+i-1,—%
(2) jet“ L,: " . (4.43)
R L A N

out N =3 "
i=0

i

We note that the integral in (4.43) is the m.g.f. of a central chi-squared distri-
bution with (1 4 27) degrees of freedom. By formula (4.38), the latter m.g.f. is
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equal to (1 — 26)~"+20/2 Tt follows that
X e 3 ()

dut,N) = Z 1.‘ (1 — 2p)~(n+20)/2

i=0

A p 1 A2
—e 21272y L
erd-29 ,Xgi!(l—zt)

1=l

_A _n A/2
= 1-2 P
e 2( t) 2exp(1_2t>

= (1 -2 exp[At(1 —2t)71]. O

Using the m.g.f. from Theorem 4.3, it can be shown that the mean and
variance of U ~ X%()\) are E(U) = n+ A and Var(U) = 2n + 4A.

Theorem 4.4 Let U; and U be independently distributed as X% NOSY) and
X,%Z (A2), respectively. Then,
U=U+ Uy~ X5, 40,0+ M),

Proof. From Theorem 4.3, the moment generating functions of U; and U
are, respectively,

buy (A1) = (1 — 207 F explhid — 2071

bu, (A = (1 — 20~ F explhat(l — 2671
Hence, them.g.f. of U = Uy + Uy is

E@'Y) = E@U)E(!)
= bu, (£, M) du, (£ A2),
since Uy and Uj are independent. It follows that
E@t) = (1 —2t)~ M) 2exp[(A; 4+ M)E(1 — 26) 711,

Thus, U ~ X3, 1, A1 + A2). O

Theorem 4.4 can be generalized so that if Uy, Uy,..., Uy are mutu-
ally independent such that U; ~ szzi AD, i = 1,2,...,k, then Zi«;l u; ~
Xy (LA

i=1Mi
4.7.3 The t-Distribution
Suppose that Z ~ N(0,1), U ~ x%, and Z and U are independent. Then,

7
V= e
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has the central t-distribution (or just the t-distribution) with n degrees of free-
dom, and is denoted symbolically by ¢,. The mean of V is zero and its variance
is equal to n/(n — 2), n > 2. The corresponding density function is given by

resh) < 2

—
—_— 1+—> , —00 < U< O0Q.
(nm)2T (%)

f) =

n

If the mean of Z is not equal to zero, that is, Z ~ N(u, 1), then V has the
so-called noncentral t-distribution with n degrees of freedom and a noncentral-
ity parameter p. This distribution is denoted symbolically by t,(n). More
details concerning the noncentral f-distribution can be found in Johnson
and Kotz (1970, Chapter 31). See also Evans, Hastings, and Peacock (2000,
Chapter 39).

4.7.4 The F-Distribution
Let Uy ~ X%], U, ~ X%z be independently distributed chi-squared vari-
ates, then,
Ui /m
Y =
Uz /ny

has the central F-distribution (or just the F-distribution) with n; and 1, degrees
of freedom. This is written symbolically as Y ~ Fj, u,. The mean of Y is
E(Y) =ny/(np — 2), np > 2, and its variance is

27’1%(711 + 1y —2)

Var(Y) = , np>4.
ni(n —2)%(ny — 4)
The density function of Y is given by
n n +1’12
r(%) m 7 m -2 "y
-2z - () (142 7-1 0 .
v r('é—l)F(’é—Z)(nz) (1+5) Y

If, however, U; has the noncentral chi-squared distribution X%zl (A1) with nq
degrees of freedom and a noncentrality parameter A;, and U ~ xﬁz inde-
pendently of Uj, then Y has the so-called noncentral F-distribution with ng
and np degrees of freedom and a noncentrality parameter A;. This is written
symbolically as Y ~ Fy;, »,(A1). Furthermore, if Uy ~ x%] A1), Uy ~ X1212 A2),
and Uj is independent of Uy, then Y has the doubly noncentral F-distribution
with 17 and n, degrees of freedom and noncentrality parameters A1 and A;.
This distribution is denoted by Fj, i, (A1, A2). More details concerning the
F-distribution can be found in Johnson and Kotz (1970, Chapters 26 and 30).
See also Evans, Hastings, and Peacock (2000, Chapters 17 and 18).
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4.7.5 The Wishart Distribution

Let X1, X»,..., X;; be mutually independent and identically distributed as
N(0, X) with each having m elements. Then, the m x m random matrix

n
A=) XX
i=1

has the (central) Wishart distribution with n degrees of freedom and a variance—
covariance matrix X, written symbolically as A ~ W, (n, X). If n > m, then it
can be shown that A is positive definite with probability 1 (see Seber, 1984,
Section 2.3). This distribution represents a generalization of the chi-squared
distribution. If m = 1 and £ = 1, then A reduces to x2. It can also be shown
(see Exercise 4.7) that if ¢ is a nonzero constant vector with m elements, then
c'Ac ~ 02x2, where 02 = ¢'Zc. In particular, if the elements of ¢ are all equal
to zero, except for the ith element, which is equal to 1, then c’Ac gives the
ith diagonal element, a;;, of A and therefore a;; ~ O‘il‘X%l, where oj; is the ith
diagonal element of .

If, in the aforementioned definition of the Wishart distribution, the mean
of Xj is y; rather than 0 (i = 1,2,...,n), then A is said to have the noncentral
Wishart distribution with n degrees of freedom, a variance—covariance matrix
X, and a noncentratily parameter matrix defined to be

n
Q=1 (Z wu?) £,
i=1

In this case, we write A ~ Wy,(n, X, €). This distribution generalizes the
noncentral chi-squared distribution. If m =1, X = 1, then A has the noncen-
tral chi-squared distribution with n degrees of freedom and a noncentrality
parameter A = Y I ; u?. Additional properties concerning the Wishart dis-
tribution can be found in standard multivariate textbooks such as Muirhead
(1982) and Seber (1984).

4.8 Examples and Additional Results

Let X1, Xp,..., X, be mutually independent and normally distributed ran-
dom variables with means p and variances o?. These random variables
form a random sample of size n from the normal distribution N(y, 02). Let
X = % >, X; be the sample mean and s> be the sample variance given by

1 " -
2 ZX, )2
s n—l,l(l_ )"
1=
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Under these conditions, X and s? have the following known properties (see,
for example, Casella and Berger, 2002, Section 5.3, p. 218):

(1) X and s? are independent random variables
- 2
(2) X~N(w %)

(n-Ds® .2
3) 2 " Xu—1

For a proof of properties (1) and (3), see Exercise 4.18. The proof of property
(2) is straightforward on the basis of Corollary 4.1.
On the basis of these properties, it can be deduced that the random variable

X —
v="TH (4.44)

N
has the t-distribution with (n — 1) degrees of freedom. This follows frorr_1 the
fact that V is obtained by dividing the standard normal variate, Z = %,

2 -
by the square root of %, where U = %, which is independent of X

and is distributed as Xifr Hence, by the definition of the t-distribution in
Section 4.7.3, V ~ t,,_1.

Properties (1) through (3) can be extended to samples from a multivariate
normal distribution. Their multivariate analogs are given by the following
theorem (see, for example, Seber, 1984, Section 3.2.2, p. 63).

Theorem 4.5 Let X1, X, ..., X, be mutually independent and normally dis-
tributed as N(u, X) with each having m elements. Let X = % >, Xjand Sbe
the so-called sample variance—covariance matrix given by

S =

1 < . .
— ) Xi—-XNXi—X)
i=1

If n—1 > m, then
(1) X and S are independent
) X ~N(u, 11)

(3) (n — 1)S has the central Wishart distribution W,,,(n — 1, X) with (n — 1)
degrees of freedom

(4) T? = n(X — w’'S~™1(X — p) has the so-called Hotelling’s T>-distribution
with m and n — 1 degrees of freedom

For a proof of parts (1) and (3), see Exercise 4.19. The proof of part (2) is
straightforward. Note that T? is the multivariate analog of the square of the
t-random variable given in (4.44). Properties of its distribution can be found
in standard multivariate textbooks (see, for example, Seber, 1984, Section 2.4,
p. 28).
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4.8.1 Some Misconceptions about the Normal Distribution

Some properties, associated with the normal distribution can be miscon-
ceived leading to incorrect statements about this distribution. Here are some
examples.

Example 4.1 We may recall from Corollary 4.1 that if X = (X3, Xo,..., Xy)’
is normally distributed as N(u, Z), then any portion of X is also normally
distributed, including the individual elements of X (marginal distributions
of X). The reverse, however, is not necessarily true, that is, if the elements of a
random vector X are each normally distributed, X itself may not be normally
distributed. Kowalski (1973) provided several examples of bivariate (that is,
n = 2) nonnormal distributions with normal marginals. The following is a
description of one of his examples:
Let X = (X1, X2)" have the density function

g(x1,x2) = wif1(x1,X2) + Wafa(x1,x2), (4.45)

where w1 + wy = 1, w; > 0, i = 1,2, and f; is the density function for the
bivariate normal N(0, X;), where

R .
Zl_|:pi 1}, i=1,2.

The moment generating function (m.g.f.) corresponding to the distribution
in (4.45) is

G (1) = E[exp(t1 X1 + t2Xp)]

00 oo
= j J. exp(t1x1+t2x2)g(x1,x2)dx1dxz (4.46)

—00 —00

= w1P1(®) + wada (D),

where t = (t1, t2)/, and ¢1(¢) and ¢ (¢) are the m.g.f.’s corresponding to f
and f,, respectively, that is,

1
di(t) = exp (Et’zit>, i=1,2.

The m.g.f.’s for the marginal distributions of X; and X, are obtained from
& () in (4.46) by replacing t with (t1, 0)’ and (0, t2)’, respectively. Doing so
yields e and e22 as the m.g.f.’s for X1, Xp, respectively. This implies that
the marginal distributions of X are normally distributed as N (0, 1). The vector
X, however, is not normally distributed unless p; = py. This can be seen from
the form of the m.g.f. $(¢), which, when p; = py, is equal to ¢1(#) [or d2(D)].
Hence, if p1 # p2, X is not normally distributed, even though its marginal
distributions are normal.
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Example 4.2 On the basis of Corollary 4.2, if X = (X1, Xp)’ has the bivari-
ate normal distribution, then X; and X, are independent if and only if
Cov(X1, X2) = 0. It is not true, however, that any two normally distributed
random variables, X; and X5, that have a zero covariance must also be inde-
pendent. In other words, if X does not have the bivariate normal distribution,
but X; and X; are normally distributed and Cov(Xj, X2) = 0, then X; and
X5 need not be independent. As a counterexample, let us again consider
Example 4.1. The normally distributed random variables X; and X, are not
independent since the m.g.f. ¢ () in (4.46) is not the product of their marginal
m.g.f.’s. But, the covariance of X; and X can be zero if p; # p3 since

Cov(X1, X2) = wip1 + wzp2. (4.47)
Formula (4.47) follows from the fact that
Cov(Xy,Xp) = E(X1Xp) — E(X1)E(Xp)
= E(X1X2)

_2P(b)
- dt1 0ty =0

= w1p1 + Wwap2,

since E(X1) = E(X3) = 0.

Melnick and Tenenbein (1982) discussed several incorrect statements about
the normal distribution and provided corresponding counter examples.

4.8.2 Characterization Results

There are several properties that characterize the normal distribution. By this
we mean properties that are true if and only if the distribution is normal.
Here are some examples of such properties.

Result 4.1 Independence of X and s2.

We recall from a property stated earlier in this section that the sample
mean X and the sample variance s> of a random sample from a normal
distribution N(u, 02) are independent. The converse is also true, that is, inde-
pendence of X and s? implies normality of the parent population. This is
given by the following theorem:

Theorem 4.6 Let X;,X>, ..., X, be a random sample from a parent distribu-
tion (n > 2), and let X and s? be their sample mean and sample variance,
respectively. A necessary and sufficient condition for the independence of X
and s? is that the parent distribution be normal.

This result was first shown by Geary (1936) and later by Lukacs (1942)
who gave a simpler proof. See also Geisser (1956) and Kagan, Linnik, and
Rao (1973, Theorem 4.2.1, p. 103).
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Result 4.2 Normality of a Linear Combination of Random Variables

Let X = (X1, X2, ..., X;) be normally distributed as N(u, X). From Corol-
lary 4.1, any linear combination, Z?:l a;X;, of the elements of X is normally
distributed, where the a;’s are constant coefficients. This property provides
another characterization of the normal distribution, which is based on the
following theorem:

Theorem 4.7 Let Xq,X>,..., X, be random variables. If the distribution of
Zl’-lzl a;X; is normal for any set of real numbers, a1,4»,...,4,, not all zero,
then the joint distribution of Xj, X», ..., X;; must be a multivariate normal.

Proof. Let X = (X1,Xy,...,Xy), a = (a1,a2,...,a,) . Suppose that the mean
of X is p and the variance—covariance matrix is X. The mean and variance of
a'X(= Y1 a;X;) are a'p and a'Za, respectively (see formulas 4.11 and 4.12).
If @’X is normally distributed, then its moment generating function is

, 1
E@ %) = exp [(a/u)t + E(a/}:a)tz] .
Letu’ = ta’. Then,
! 1
E@*X) = exp (u’u + Eu'Zu) ,

which is the moment generating function of a multivariate normal with a
mean vector p and a variance—covariance matrix X. Thus, X ~ N(u, X). [

Result 4.3 Independence of Two Linear Combinations of Random Variables.

Let X1,X>,..., X, be mutually independent random variables, and let
Vi =>", aiX;and Vo = Y I ; biX; be two linear combinations of the X;’'s.
If V1 and V; are independent, then X; must be normally distributed if a;b; #
0,i=1,2,...,n.

This result is known as the Darmois—Skitovic Theorem (see Kagan, Linnik,
and Rao, 1973, p. 89). The same result also holds if X;, X», . .., X, are replaced
by X1,X>,...,X;, which are mutually independent m x 1 random vectors
(see Rao, 1973a, p. 525). This is given in the next result.

Result 4.4 Independence of Two Linear Combinations of Random Vectors.
If X1,X>, ..., X, are n mutually independent m x 1 random vectors such
that Vi = > ,a;X;and Vo = >, b;X; are independent, then X; is normally
distributed for any i such that a;b; # 0.
Another generalization of the Darmois—Skitovic Theorem is given by the
following result:

Result 4.5 Independence of Two Sums of Linear Transforms of Random
Vectors.

Let X1, X»,..., X, be mutually independent m x 1 random vectors, and
let Ay, Az, ..., Ay; B1,By,..., B, benonsingular m x m matrices. If Zle A X;
is independent of Z?:l B;X;, then the X;’s are normally distributed.
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This result was proved by Ghurye and Olkin (1962). See also Johnson and
Kotz (1972, p. 59).

Result 4.6 Normality of a Sum of Independent Random Variables.

If X and Y are two independent m x 1 random vectors such that X + Y is
normally distributed, then both X and Y are normally distributed.

This is a well-known result. Its proof can be found in several textbooks
(see, for example, Rao, 1973a, p. 525; Muirhead, 1982, p. 14).

Exercises

4.1 Suppose that X ~ N(u, X), where p = (1,0, —1)" and X is given by

T8 21
s——|-—2 7 3].
Bl1 3 5

Let X; be the ith element of X(i = 1,2, 3).

(a) Find the distribution of X + 2X5.

(b) Find the joint density function of X; and X>.

(c) Find the conditional distribution of Xj, given X5 and X3.

(d) Find thejoint density functionof Y1 = X1+Xo+X3, Y7 = X1 —2X3.

(e) Find the moment generating function of Y = (Y7, Y2)’, where Y}
and Y» are the same as in part (d).

4.2 The moment generating function of a random vector X = (X3, Xo, X3)’
is given by
2 2 3 2
Ox(t) = exp(t1 +tr+2t3 +2t7 + 15+ 2 t3 + titr + tot3 | .

(a) Find the moment generating function of X.
(b) Find the moment generating function of (X3, X»)'.
(c) Find the value of P(X7 + X3 > X3).

4.3 Suppose that X ~ N(u, X), where u = (5.6,5.1) and X is given by

s _[004 0024
10024 004 |

Compute the value of the following probability:
P(5.20 < X; < 5.85|X1 =6.1),

where X7 and X5 are the elements of X.
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44

4.5

4.6

4.7

4.8

Show that the density function, f (x), for the normal distribution N (y, 0?)
satisfies the differential equation,

af(x)  (L—x)
%: ”szf(x).

[Note: This shows that the normal distribution is a member of a general
family of distributions known as Pearson distributions defined by the
differential equation,

df(x)  (x—a)f(x)
dx by + bix + box?’

where a, by, b1, and b, are constant scalars (see Kendall and Stuart, 1963,
Chapter 6, p. 148).]

Suppose that X = (Xj, X»)' has the bivariate normal distribution
N(0, X), where
5 - [011 012}
o2 oxn|’
o11

Show that the conditional distribution of X;|X5 has mean = pX» on

and variance = 011 (1—p2), where p is the correlation coefficient between
X1 and X; given by

o= 012
(o11022)1/2

Suppose that X = (X1, X2, X3)" has the multivariate normal distribution
such that uy = wp = —1,u3 = 0,011 = 4, 0 = 8, 033 = 12, where y; is
the mean of X; and oy; is the variance of X;(i = 1, 2, 3). Suppose also that
X is independent of X, — X7, X is independent of X3 — X5, and X is
independent of X3 — X».

(a) Find the variance-covariance matrix of X.

(b) Find P(X7 + Xp + 2X3 < 2).

(c) Find the conditional distribution of X; given X».

(d) Find the conditional distribution of X; given X, and X3

Let X1, X», ..., X, be mutually independent and identically distributed
as N(0,X). Let A = Y | X;X|. Show that ¢'Ac ~ 02X where c is a
constant vector and 0'? =cZc.

Suppose that X = (X1, X) has the bivariate normal distribution with
a mean vector @ = Alp, and a variance—covariance matrix £ = (0ij),
where A is the common mean of X; and X5. Let p = (611(3% be the
correlation coefficient between X; and Xj, and let ¥ and 6 be the polar
coordinates corresponding to X1 —A and Xp — A, thatis, X1 —A=rcos 6,

Xp — A =rsinb.
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(a) Find the joint density function of » and 6.
(b) Consider the probability value
p=P(X1 — Al < Xz = ).

Use part (a) to find an expression for p as a double integral, and
show that it can be written as

o
p=2 I |:j g, G)dr:| dao,
T Lo

where g(r, 0) is the joint density function of r and 6.
(c) Show that the value of p in part (b) is equal to

1
2[o11022(1 — p?)]2
022 — O11 ’

1
=1-— —arct
p 7Tarcan{

if 092 > 011, where arctan(.) is the inverse of the tangent function
and has values inside the interval [T, 7.

[Note: A large value of p indicates that X; is closer to A than X, which
means that Xj is a better estimator of A than X».]
[Hint: See the article by Lowerre (1983).]

4.9 Suppose that f(x) is a density function of the form
f(x) = expltpux +s(x) + g(w)], —oo <x < 00,

where
u is the mean of the corresponding distribution,
s(x) and g(n) are functions of x and u, respectively
T is a positive constant

(a) Show that u = _%dqd(_uu)_
(b) Find the moment generating function for this distribution.
(c) Deduce from part (b) that this distribution must be normal with

mean p and variance = %

[Note: This exercise is based on Theorem 1 by Anderson (1971)]

410 Let X = (X1, X>,...,X;,;) be arandom vector of n elements (n > 3) with
the density function,

R T [1 ¥ 1’[<xie—§x%)] |

i=1

It can be seen that X is not normally distributed.
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(a) Show that the marginal distributions of the elements of X are nor-
mally distributed as N(0, 1).

(b) Let X be a vector of (1 —1) elements obtained from X by just delet-
ing X;(j = 1,2,...,n). Show that X () has the multivariate normal
distribution, and that its elements are mutually independent N(0, 1)
random variables.

(c) Show that the elements of X are pairwise independent, that is,
any two elements of X are independent, but are not mutually
independent.

(d) Deduce that any proper subset of {X7, X»,..., X} consists of ran-
dom variables that are jointly normally distributed and mutually
independent.

[Note: This example demonstrates that pairwise independence does
not necessarily imply mutual independence, and that a proper subset
of a random vector X may be jointly normally distributed, yet X itself
does not have the multivariate normal distribution. For more details,
see Pierce and Dykstra (1969)].

4.11 Let X3, X>, ..., X, be a random sample from the N(y, 02) distribution.
Using properties (1) through (3) in Section 4.8, we can write

X —
P(—a< Gu<a)=l—oq,
Jn

and
P(b Ly X; — X)? =1
<52 Ki-XP<c)=1-0
i=1

where a is the upper («1/2)100th percentile of the standard normal
distribution, b and c are the lower and upper («2/2)100th percentiles of
the Xi—l distribution, and X = % Yo Xi

(a) Show that
- o - o 1< S0 » 1 " S0
P[X—aﬁ<u<X+uﬁ, E;(Xi—X) <0 <E;(Xi_X):|
=1 -0 - a).

This gives a so-called (1 — o1)(1 — 2)100% confidence region for
(1, 02).
(b) Draw the region in part (a).
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(c) Show that by projecting this confidence region onto the vertical
o2-axis, we obtain a conservative (1 — o1)(1 — x2)100% confidence
interval on 0?2, that is,

P < 0% <dy) > (1 — o)1 — 2),

where [dy,d>] is the projection of the confidence region on the o2-
axis.

(d) Show that
n - 1 & _
SE-wt 5 X=X~
i=1
(e) Use the result in part (d) to obtain another confidence region on
(1, 02).

[Note: For additional details concerning these results and others, see
Arnold and Shavelle (1998).]

4.12 It is known that if f(x1,x2) is the joint density function of X; and Xj,
where —00 < X1 < 00,—00 < Xp < oo, then the marginal density
function of X; is given by [°_f(x1,x2)dx;. Use this method to show
that if (X1, X5) ~ N(0,1,), then Y = X; + X5 is distributed as N(0, 2).

[Hint: Use a particular change of variables.]

4.13 Let X; and X, be two independent normal variables with means, p1, py,

and variances, 0'%, G%, respectively. Let Y = min(Xy, X»).

(a) Show that the density function of Y is given by

f) =AW +L>y), —oo<y<oo,

_ 1. (y—m Y-
o= Jo(752)o(452).
1 — —

2 02 01

where

and where ¢ (x) = ﬁe‘g, and ®(x) = ffoo bu)du.

(b) Find the moment generating function of Y and show that it is
equal to

by () = d1(H) + da(d),
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where

o2
_ 2 H1 t
d1(t) = exp (ult + = O'%i’ > [—(G LY }

_ 2 M2 —
o (t) = exp (Hzt + = O‘%t ) [—(01 T ]

(c) Make use of the moment generating function in part (b) to find the
mean and variance of Y.

[Note: For more details, see Cain (1994) and Tong (1990, p. 147).]
4.14 Let X; and X; be distributed independently as N(0, 1)

(a) Find the joint density function of
X1
Yi=X2+X3 Yo=2—,
1 1+ 2 X,
and show that it is equal to

1
fy1,y2) = —%2%a+f)1

(b) Find the marginal density functions of Y7 and Y, and show that Y,
has the Canchy distribution with the density function

Y2) = ———--
P = e
(c) Deduce from part (b) that Y7 and Y, are independent

415 (a) Show that for every z > 0,

(1——)Mm<1—®@) ¢
y4 y4

where ¢(z) = Fe 7 , D(2)

-

= 7 d)dx.

(b) Deduce from part (a) that for a large z, 1 — @ (z) is approximately
equal to &2

(c) Deduce from part (a) that if X ~ N(u, 0?), then
- <1 1 PX>x) o
: B)° f(x) =~

where z = =8

[Note: The ratio f(l—x)P(X > x) is known as Mill’s ratio.]

[Hint: For a proof of part (a), see Lemma 2 in Feller (1957, p. 166).]
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4.16

4.17

4.18
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Show that Mill’s ratio, described in Exercise 4.15, satisfies the following
inequality:
1-D(z) - @A+zH)V2 2
¢z) 2
for z > 0, where ¢(z) and ®(z) are the same as in Exercise 4.15.
[Hint: See the note by Birnbaum (1942).]

Let X; and X, be two independent random variables distributed as
N(u, 02). Let 53 be the corresponding sample variance

2
5= Xi— X2,
i=1

where X, = %(X1 + X>).

(a) Show that s% = %(Xl - X0)%.
(b) Show that X, and S% are independent.

2
(c) Show that % ~ x%.

[Note: Parts (b) and (c) provide a verification of properties (1) and (3),
respectively, in Section 4.8 when n = 2.]

Let X1, Xo, ..., X;; be mutually independent and identically distributed
as N(u, 02). Let X,, and sf, be the corresponding sample mean and sam-
ple variance, respectively. The objective here is to prove properties (1)
and (3) in Section 4.8 by mathematical induction on the sample size n.
Exercise 4.17 shows that these properties are true when n = 2. To show
now that the same properties hold for a sample of size n + 1, if it is
assumed that they hold for a sample of size n. For this purpose, the
validity of the following parts must be established:

(a) Show that )_(n+1 = n%l(n}_{n + Xy+1), and
2 2 n o \2
ns,i 1 = (n—"Ds,; + m(xn-H = Xu)”.

(b) Show that X, ;1 — X, is normally distributed with mean zero and
variance 02(1 + %).

(c) Deduce from parts (a) and (b) that if X, and s are independent and

(n—l)s% 2

o2 ~ Xn-

(d) Show that nX, + X1 is independent of X1 — X,

TZSn_H
o2

~ Xi—l/ then
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4.19

(e) Deduce from parts (a) and (d) that if X, and s? are independent,
then so are X1 and 531+1'

[Note: Parts (c) and (e) prove the validity of properties (1) and (3) for a
sample of size n+1. Hence, these properties should be valid foralln > 2.
More details concerning this proof using the mathematical induction
argument can be found in Stigler (1984).]

Let X1, X3, ..., Xy (n > 2) be mutually independent and identically dis-
tributed as N(u,X), each having m elements (m<n—1). Let X;, =
% Y"I'; Xi be the sample mean vector and

Sn=

— ;(Xi — X)X — Xy)

be the sample variance-covariance matrix.

(a) Show that X, and S, are independently distributed for all .

(b) Use the method of mathematical induction on the sample size n to
show that (n — 1)S,, has the Wishart distribution W,,,(n — 1, £) with
n — 1 degrees of freedom.

[Hint: To prove part (a), show first that
Cov(X; — X, Xy) =0, i=12,...,n

Then, [(X1 — X,)), (X> —_)_(n)’, ..., (X, —X,,)"Y is uncorrelated with, and
hence independent of, X;,. To prove part (b), show that

(1) (b)is true for n = 2, and

(2) if (b) is true for a sample of size 1, then it must be true for a sample
of size n + 1.

To show (1), use the fact that
1

X1 — X)) ~N(0,X),
ﬁ( 1 2) 0,%)

and that
1
S = E(Xl - X2 (X1 —Xp)'.

To prove (2), establish first the following identities:

(n)_(n + X41)

X"+l=n+l

n _ _
nSyp1=m—-18, + n__H(Xn+1 — X)) Xy1 — Xn)//
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then use the fact that (n —1)S;, ~ Wy, (n — 1, L) by the induction assump-
tion, X, and S, are independent, and that

- 1
X[ (1+2)2]
to show that nS,11 ~ Wy, (n, X). Hence, part (b) is true for all n. For
more details concerning these results, see Ghosh (1996).]
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Quadratic Forms in Normal Variables

The subject of quadratic forms in normal random variables has received
a great deal of attention since the early development of the theory of lin-
ear models. This is mainly due to the important role quadratic forms play
in the statistical analysis of linear models. The sums of squares in a given
ANOVA (analysis of variance) table, for example, can each be represented as
a quadratic form in the corresponding data vector. These sums of squares are
used to develop appropriate test statistics.

The purpose of this chapter is to provide a detailed coverage of the basic
results pertaining to the distribution of quadratic forms in normally dis-
tributed random vectors. The coverage also includes results concerning the
independence of a linear form from a quadratic form as well as the indepen-
dence of two or more quadratic forms.

5.1 The Moment Generating Function

Let X’AX be a quadratic form in X, where A is a symmetric matrix of order
n x nand X is distributed as N(u, X). The moment generating function of X’AX
is given by

() = Elexp (tX'AX)]

= f exp (tx'Ax) f (x) dx,
RH

where f(x) is the density function of X as shown in formula (4.17). Hence,

1 , 1 i
o0 = Qm)"/2[det(£)]1/2 IieXP [txrAx — 5@ — W27 (x — w]dx
exp (—3W'Z ') 1, 4
B (Zn)”/2[2det<2)]l/2 J exp <_§" Wile+xL 1”) dx, (5.1)
Rn

where W; is a positive definite matrix whose inverse is

Wi =27V, — 221245122712 (5.2)

89
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and £ 1/2 is the inverse of £'/?, the square root of X, which was defined in
Section 4.3. In Appendix 5.A, it is shown that there exists a positive number,
to, such that W, 1 and hence Wy, is positive definite if | ¢ |< ¢y, where {( is
given by

1

—2 max; | A;

and A; (i = 1,2,...,n) is the ith eigenvalue of the matrix r12p51/2, Making
now the following change of variables:

x=y+ W Z 1y,

formula (5.1) can be written as

_ op(aHE W (1 SR ) (_1, 4 )
OO = ez OP (g E WiE e Rf exp (¥ Wiy ) dy.
(5.4)
Note that
fexp <—%y/Wt_ly> dy = 2m)"2[det(W)]V/2. (5.5)

RH

The proof of (5.5) is the same as the one used to derive formula (4.28). From
(5.4) and (5.5) we then have

1/2
oty — eV {

1 ¢ 1p2 124512\ 1| =12
Wex ——HZ In—(In—ZtZ AX ) b Wwe,

2

or equivalently,

-1
exp {—%u/z—l/z [In - (1n - 2t>:1/2A>:1/2) ]z—l/zu}

o) = 1 (5.6)
/2
[det (1 -2t zl/ZAzl/Z)]
This function is defined for | t | < ¢y, where fg is given by (5.3).
Theorem 5.1 Let X ~ N(u, X). Then, the rth cumulant of X’AX is
ke(X'AX) =27 r — DUIAZ) 1+ r W (ALY A}, r=1,2,... (5.7)

Proof. We may recall from Section 4.2 that the rth cumulant of X’AX is
the coefficient of i—r, (r=1,2,...) in Mclaurin’s series expansion of (t), the
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cumulant generating function of X'AX, which is the natural logarithm of ¢(t)
in (5.6), that is,

1
(t) = —3log det (I, 2t £'2AL?) |
1
w12 [In — (1, —2t£12A51?) } 2 (58)
Note that

n
det (1n 2 tzl/2Azl/2) =[] -2t (5.9)

where A; is the ith eigenvalue of rl2p51/2 (i=1,2,...,n). Taking the loga-
rithm of both sides of (5.9), we get

log [det (In 2 tZl/2A21/2>] = ilog(l —2EN).
i=1

If | 2tA; |< 1, then log(1 — 2t A;) can be represented by the power series,

oo
26N
log(1 —2£\;) :—Z( Di=12, .,

r
r=1

which is absolutely convergent for all t such that | 2tA; | <1, i=1,2,...,n
This condition is satisfied if | ¢ |< tg, where tj is given by (5.3). In this case,

_%bg [det (In _ thl/ZAzl/z)] _ % 2": i @ t:\l‘)r

i=1 r=1

n

@y’ Z

o0
25,

-2 S el(eam ]

- if_ 21 - e[ (z2a2) ).

(5.10)
Furthermore,
(1 - 2051 2a5172) 7 = 3 (2tz'2az12)

r=0

— I, + i(z By (zl/ZAzl/Z)r. (.11)

r=1
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The power series in the symmetric matrix 2t ZY2AX'/? on the right-hand
side of (5.11) converges to the matrix on the left-hand side if | 2t A; |< 1 for
i=1,2,...,n (see Theorem 5.5.2 in Khuri, 2003, p. 180). As was seen earlier,
this condition is satisfied if | t |< fy. Hence,

1 -1
_Eu/zfl/z |:In . (In . 2t£1/2A21/2> } s12y

1 o0
= 2(2 W E12 (Z1/2Azl/2)r =12y

r=1

o
= :_” (2“1 r!) W12 <21/2A21/2)r 12y (5.12)
r=1 "

Substituting the right-hand sides of (5.10) and (5.12) in (5.8) yields a Maclau-
rin’s series expansion of P (t), which is convergent if | ¢ |< tp, where fy is

given by (5.3). The coefficient of i—r, in this expansion gives k,(X'AX), which
is equal to

K (X'AX) = 271 (r — D tr [(zl/zAzl/z)r]

f ol gzl (zl/2Azl/2)r 12 r=12,... (513)
Note that
ir[(£124512) ] = r[azy],
and
WE12 (Zl/2A21/2>rZ_l/2u — W(AZ)YlAp
Making the proper substitution in (5.13) results in formula (5.7). O

Corollary 5.1 If X ~ N(u, X), then the mean and variance of X’AX are
E(X'AX) = WAp + tr(AL),
Var (X'AX) = 4 WAZAu +21r [(AZ)Z] .

Proof. The mean and variance of X’AX are, respectively, the first and second
cumulants of X’AX. Hence, from formula (5.7) we obtain

E(XX'AX) = k1 (X'AX)
= WAp + tr(AY),
Var(X'AX) = k2 (X'AX)
= 4WAZAp + 2 1[(AD)?). O
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It should be noted that the expression for E(X’AX) is valid even if X is not
normally distributed. This is shown in the next theorem.

Theorem 5.2 If X is any random vector with a mean p and a variance—
covariance matrix X, then

E (X'AX) = w'Ap + tr(AX).
Proof. Since X’AX is a scalar, it is equal to its trace. Hence,
E (X’AX) E[tr (X'AX)]
E[tr (AXX')]
tr [E (AXX')]
tr[AE (XX')]
tr[A(Z + pu')], by 4.9)

= tr (App') + tr (AX)
= WAp + tr(AX). 0

The next theorem describes the covariance of X’AX and a linear form BX,
where B is a constant matrix and X is normally distributed.

Theorem 5.3 Let X’AX be a quadratic form and BX be a linear form, where
B is a constant matrix of order m x n. If X ~ N(u, X), then

Cov (BX,X'AX) = 2BZAp. (5.14)
Proof. We have that

Cov (BX, X'AX) = E {(BX — Bp) [X'AX — E(X'AX)]}
= E{(BX — Bp) [X'AX — W/Ap — tr (AD)]}
= E[(BX — By) (X'AX — y/Ay)], (5.15)

since the expected value of BX — B is equal to the zero vector. By centering
X around its mean, we can write

(BX — Bp) (X’AX — W'Ap) = BX — w[(X — w/AX — p) +2(X — w'Ap].
Let X —u=Y.Then, Y ~ N(, X), and
Cov (BX,X'AX) = E[BY (YAY +2Y'Ap)]. (5.16)
Now,

E[(BY) 2Y'Aw)] =2BE (YY) A
= 2BIAy, (5.17)



94 Linear Model Methodology

and
E [(BY) (Y’AY)] = BE [(Y) (Y’AY)] . (5.18)

Note that (Y)(Y'AY) is a scalar multiple of the random vector Y. Its ith element
is equal to

n n
Yi(YAY) = Y; Z Zajkyjyk, i=1,2,...,n,
j=1 k=1

where Y is the ith element of Y and aj is the (j, k)th element of A (j,k =
1,2,...,n). But, for any values of i,j,k (=1,2,...,n),

E(Y{Y;Yj) =0,
since by (4.17),
1 1 /e —1
E(YIY]Yk) = (Zﬂ)n/z[det(Z)]1/2 Rf YiYjYk exp <_§y L y) dyr

n

and the integrand is an odd function over R". It follows that E[Y;(Y' AY)] = 0
fori =1,2,...,n. Hence, E[(Y)(Y AY)] = 01, where 07 is a zero vector of
order n x 1. Substituting this value in (5.18), we get

E[(BY)(YAY)] = 0, (5.19)
where 05 is a zero vector of order m x 1. From (5.16), (5.17), and (5.19), we
conclude (5.14). O
|

5.2 Distribution of Quadratic Forms

In this section, we begin our study of the distribution of quadratic forms in
normal random vectors.

Lemma 5.1 Let A be a symmetric matrix of order # x n and X be normally
distributed as N(u, X). Then, X’AX can be expressed as

k
X'AX =) "yiW, (5.20)
i=1
where v1,7v2,...,vk are the distinct nonzero eigenvalues of sl251/2 (or,

equivalently, the matrix AX) with multiplicities v1,vy, ..., Vg, respectively,
and the Wis are mutually independent such that W; ~ X%,I,(Gi), where

0, = W V2p,Pz 12y, (5.21)
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and P; is a matrix of order 7 x v; whose columns are orthonormal eigenvectors
of £12451/2 corresponding tov; (i =1,2,...,k).

Proof. Let X*=X"Y2X. Then, X* ~N(Z~2,1,), and X'AX = (X*)'z!/?
AZY2X* Let Y1, Y2, ---, Yk be the distinct nonzero eigenvalues of s12p51/2
with multiplicities vi, vy, ..., Vi, respectively. By applying the Spectral
Decomposition Theorem (Theorem 3.4) to the symmetric matrix Z'/2Ax'/2,
we obtain

I12A5Y? = prp, (5.22)

where
I'is a diagonal matrix of eigenvalues of £!/2AZ1/2
P is an orthogonal matrix whose columns are the corresponding eigenvec-
tors

The matrix I" can be written as

I' = diag(v1lv,, v2lv,, - - ., Yilv,, 0), (5.23)
where 0 is a diagonal matrix whose diagonal elements are the n — r zero
eigenvalues of £/2Ax1/2 and r = Zle vi, which is the rank of A.

Let now Z = P’X*. Then, Z ~ N(P’£~?u,1,)). Let us also partition P
as P =[Py : Py :...: Py : Pryq1], where P; is a matrix of order n x -v;
whose columns are orthonormal eigenvectors of £1/2AZ'/? corresponding
toyi (i=1,2,...,k), and the columns of Py, are orthonormal eigenvectors
corresponding to the zero eigenvalue of multiplicity n — r. Using (5.22) we
can then write

X'AX = (X*)PTP'X*
—-7ZTZ

k
=) ViZiZi
i=1

k
=) viW;,
i=1

where
Z; =PX*
W;=ZZ (i=1,2,...,k

Since Z; ~ N(PiZ 1%, 1,,,), Wi ~ x3,.(6;), where §; = W Z~1/2P;P;z~1/2,
i=1,2,...,k (see Section 4.7.2). Furthermore, Wy, Wy, ..., Wy are mutually
independent by the fact that Z1,7;, ..., Z; are mutually independent. The
latter assertion follows since Z is normally distributed and Cov(Z;,Z;) =
P;P; = 0 for i # j, which implies mutual independence of the Z;’s by
Corollary 4.2. This completes the proof of the lemma. O
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Lemma 5.1 gives a representation of the distribution of X’AX as a linear
combination of mutually independent chi-squared variates when X has the
multivariate normal distribution. This lemma wil be instrumental in proving
the following important result, which gives the condition for X’AX to have
the chi-squared distribution.

Theorem 5.4 Let A be a symmetric matrix of order n x n and X be normally
distributed as N(p, X). A necessary and sufficient condition for X’AX to have
the noncentral chi-squared distribution X%(e), where 6 = W'Ay, is that AX be
idempotent of rank r.

Proof. We shall first prove the sufficiency part, then prove the necessity part,
which is quite more involved.

Sufficiency. Suppose that AZ is idempotent of rank r. To show that X’AX
is distributed as X%(G), where 6 = W Au. It should first be noted that AX is
idempotent if and only if the symmetric matrix Z/2AX1/2 is idempotent. The
proof of this assertion is given in Appendix 5.B.

The proof of sufficiency can be easily established by invoking Lemma 5.1.
If AX is idempotent of rank 7, then so is the matrix s12p51/72, Hence,
2 12A51/2 must have r eigenvalues equal to 1 and 1 — r eigenvalues equal to
zero (see property (a) in Section 3.9 concerning the eigenvalues of an idempo-
tent matrix). Using the representation (5.20) in Lemma 5.1, it can be concluded
that X’AX = W; ~ X%(Bl) since k = 1, y1 = 1, and v; = r. The noncentrality
parameter 01 in (5.21) is given by

0; = W V2P P2y, (5.24)

where P; is such that P = [P; : P;] is the orthogonal matrix of orthonormal
eigenvectors of £/2AL1/2 with P; and P, being the portions of P correspond-
ing to the eigenvalues 1 and 0, respectively. Hence, by formula (5.22),

124512 = p Py,

since from (5.23), I' = diag(I,0). By making the substitution in (5.24) we
conclude that 8; = p’Ap. We shall drop subscript 1 and use just 6 = yw’Ap
since there is only one noncentrality parameter.

An alternative proof of sufficiency is based on showing that the moment
generating function of X’AX is the same as the one for x?(6) when AX is
idempotent of rank r (see Exercise 5.12).

Necessity. Suppose that X’AX ~ x2(0). To show that AZ is idempotent of
rank r. The proof was given by Khuri (1999) and is reproduced here.

Let us begin by considering the representation (5.20) of Lemma 5.1. If
X' AX ~ x2(0), then by Theorem 4.3, its moment generating function (m.g.f.),
denoted here by ¢(t, 0), is
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$(t,0) = (1 -2t exp[6t1 —2H71
0 1 1
— (1 _on-T2 Y9 :
1-2t exp |: > (1 T Zt)] , t< 5 (5.25)

Similarly, since W; ~ Xii(ei), i=1,2,...,k its m.g.f, which is denoted by
di(t, i), is

0; 1 1
. )y — _— 7‘\’1‘/2 __1 N — — .:
di(t,0) = (1 =21 exp|: > (1 1—2t>i|' t<=,i=1,2,...,k.

Furthermore, since the W;’s in (5.20) are mutually independent, then the m.g £.
of the right-hand side of (5.20), denoted by ¢s(t, 01,6, ..., 0y), is of the form

d)s(t/ 61/ 62/ cecy ek)

k
0; 1 1
= 1 — 2y,t) " Vil? 21—/, t e —
l_[( vit) exp[ 2 1—2vy;t It < 2max; | Vi |

i=1
(5.26)

Note that in (5.26), v; t must be less than % fori=1,2,...,k. This is satisfied
if | t]< m Equating the right-hand sides of (5.25) and (5.26), we get

0 1
_ 2512 N I I
1 -2t exp[ > <1 I _2t>i|
1

k
e.
_ o) Vi/2 _ ! e, *
= | |(1 2vyit) exp[ > <1 1 —2yit>]' |t < t7, (5.27)

i=1

where

. YA 1
F=min|—-, ——mm8M8M8M8 | .
2" 2max; | v |

Taking the natural logarithms of both sides of (5.27), we obtain

r 0 1
~og =2~ 2 (1 ——
71081 =20 2( 1—2t>
1

k
Vi ei i}
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Now, for | u |< 1, Maclaurin’s series expansions of the functions log(1l — u)
and 1 — ﬁ are given by

00 uj
log(1 —u) = — —, (5.29)
=
- ==Y u, (5.30)
j=1

respectively. Applying these expressions to the appropriate terms in (5.28),
we get

;Z(Zt) 42 Z(Zt)]_2|: Z(2Y1t) Z(zylt)]j| It < t*

i=1 j=1
(5.31)

Let us now equate the coefficients of (2)/ on both sides of (5.31). We obtain

k
r 0 vi 9 i
2_J+§_§i=1:<2_j+§)% i=12,... (5.32)

Formula (5.32) implies that | v; [< 1fori=1,2,...,k, otherwise, if | v; |> 1,
then by letting j go to infinity, the right-hand side of (5.32) will tend to infinity.
This leads to a contradiction since, as j — oo, the limit of the left-hand side
of (5.32) is equal to % < 00.

The next step is to show that | v; [=1fori=1,2,...,k. If | v; |< 1, then
by taking the sum over j of the terms on both sides of (5.32), we obtain

i(;ﬁg):ig(ﬂ) ;éw 65:3)

j=1 i=1 j=1
Using formulas (5.29) and (5.30) in (5.33), we get

k

00 k
r 0 Vi ‘ 1 o+ 1
;(2—j+5)=—Z§10g(1—y1)—§i§el<1 —1—v-)' (5.34)

i=1 !

The equality in (5.34) is not possible since the left-hand side is infinite (both
Z] 17 Land Z] 1 0 are divergent series), whereas the right-hand side is finite.
This contradiction leads to the conclusion that | y; |[=1fori=1,2,...,k.

We recall from Lemma 5.1 that k is the number of distinct nonzero eigen—
values of £/2AZ1/2 (or, equivalently, of the matrix AZ). The next objective is
to show thatk =1and y; = 1.
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Since | yi |[=1fori=1,2,...,k, there can only be three cases to consider,
namely,

(@ k=2 v1=1v2=-1
b) k=1, yv1 =-1.
(¢ k=1, v1=1
We now show that Case (c) is the only valid one.

Case (a). Choosing j to be an even integer in (5.32), we obtain

2
r 0 vi 0 .
2].+2 ?:1 (2].+ 2), j=2,4, (5.35)

Letting j go to infinity (as an even integer) in (5.35), we get 6 =
01 + 0,. Hence, (5.35) shows that r = v1 +v; = rank(Z2ALY?) =
rank(AL). Choosing now j to be an odd integer in (5.32) yields the
following result:

r S Vi 01 Vo 02 .

— = — 4 === =13... 5.36
Substituting 8 = 01 4 02, r = v1 4+ v in (5.36), we obtain

0 0
2o i3,
2] 2 2 2
This is not possible since v; > 0 and 8; > 0 for i = 1,2. Case (a) is
therefore invalid.

Case (b). This case is also invalid. Choosing here j to be an odd integer in
(5.32), we get

2; 2T 72 " 2
This equality is not possible since the left-hand side is positive
whereas the right-hand side is negative.

Having determined that Cases (a) and (b) are not valid, Case (c) must therefore
be the only valid one. In this case, (5.32) takes the form
0 0
AT A T
27 2 25 2
Letting j go to infinity, we find that 6; = 6, and hence v; = r. It follows
that the matrix Z/2AX'/? has only one nonzero eigenvalue equal to 1 of
multiplicity vi = 7, and is therefore of rank . Since this matrix is symmetric,
it is easy to show, using the Spectral Decomposition Theorem (Theorem 3.4),
that it must also be idempotent. This implies that AX is idempotent and of
rank r. O
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Corollary 5.2 (Good, 1969) Let A and X be the same as in Theorem 5.4.
A necessary and sufficient condition for X’AX to have the x?(0) distribution

is that tr (AX) = tr [(AZ)Z] =7, and rank (AX) =r.

Proof.

Necessity. If X'’AX ~ x2(0), then from the proof of the necessity part of
Theorem 5.4, the matrix $124512 must be idempotent of rank r. Hence,
rank(AX) = rank(Z'?AL/?) = r, and

tr [(zlﬂAzm)z} = tr (£1245172)

 rank (£124517)

=Tr.

But, tr(Z'/2AxY?) = tr(AZ), and H[(ZY?AZY?)?] = #[(AX)?]. Thus,
tr(AZ) = tr[(AX)?] = r.

Sufficiency. Suppose that the given condition is true. Then, tr(£/2AL1/2) =
tr[(ZV/2ALY?)?] = r and rank(Z/2ALY?) = r. This implies that £/2Ax1/2
has r nonzero eigenvalues A1, Ay, ..., Ay, and D i1 Ai = > iy 7\12 = r (Note:
A2,A2,...,A\? are the nonzero eigenvalues of the square of I2a51/2),
Therefore,

r r r
D=1 =Y"N -2 N+
i=1 i=1 i=1

r r
= N2> N+
i=1 i=1

=0.

Thus, Z}/2A£1/? has r nonzero eigenvalues equal to 1. It must therefore be
idempotent of rank r. Hence, AL is idempotent of rank r. Consequently,
X'AX ~ x2(0) by Theorem 5.4. O

The following corollaries can be easily proved.

Corollary 5.3 If X ~ N(0, L), then X’AX ~ x% if and only if AX is idempotent
of rank r.

Corollary 5.4 If X ~ N(u,X), then X’ ¥ X has the noncentral chi-squared
distribution with n degrees of freedom (n is the number of elements of X)

and a noncentrality parameter @'X !y

Corollary 5.5 If X ~ N(u, 02I,), then %X/ X has the noncentral chi-squared

distribution with n degrees of freedom and a noncentrality parameter %
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Example 5.1 Let Xj,Xp,...,X; be mutually independent and normally
distributed random variables such that X; ~ N(u,02), i = 1,2,...,n. In

Section 4.8, it was stated that =15 DS
given by

xﬁ_l, where s? is the sample variance

1 & ,
2 . 2
= 'El(Xl_X) ,
1=

and X = %Z?:l X;. This result can now be easily shown on the basis of
Theorem 5.4.
LetX = (X1,Xo,...,X,) . Then, X ~ N(ul,, 0°I,), and s? can be written as

sz—LX’(I —1] )X
T n—1 "ot

where ], is the matrix of ones of order n x n. Then, by Theorem 5.4,

n-1s> 1_, 1
T = ?X (In - E]n)X

2
~ Xn71/

AL = [% <1n - %]nﬂ (021n>

— in nn/

since

which is idempotent of rank n — 1. Furthermore, the noncentrality parameter
is zero since

0=pAp
1 1
= —p*1,d, - e IOL

= 0.
Example 5.2 Consider the balanced fixed-effects one-way model,
Yi]‘=u+(xi+€i]'/ i=12,...,4 j=1’2""’m’ (537)

where «; represents the effect of level i of a factor denoted by A (i = 1,2, ...,a)
and e is a random experimental error. It is assumed that p and «; are
fixed unknown parameters and that the €;;’s are independently distributed
as N(O, 026), i=12,...,a4 ] =12,...,m Model (5.37) can be written in
vector form as

Y=uw1l,®1l,) + T, ®1)x+e¢, (5.38)
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Where X = (O(l/ 0(2/ ceey Cxﬂ)// Y = (Ylll Y12/ RS Ylm/ ceey Yﬂl/ YLIZ/ sy Yﬂm)//
and € = (€11,€12,---,€1ms- - -, €al, €a2, - - -, €am)’. Under the aforementioned
assumptions, Y ~ N(u, X), where

u=EY)=u1,® 1) + T @ 1) (5.39)
and

L =Var(Y) = 02(I; ® L) = 0% L. (5.40)

The sums of squares associated with factor A and the error term are

SSa = ZYZ - —Y%

sse=Y3 ¥5- 0 300
i=1

i=1 j=1

respectively, where Y; = Z]"ll Yi, Y. = Y, Z]m:l Yjj. These sums of
squares can be expressed as quadratic forms, namely,

T1 1
SSa=Y [a (I,Z QJ ) — o (]E, ®]m)] Y, (5.41)
1
SSg=Y [Ia I, — P (Iu ® ]m)i| Y. (5.42)
Then, by Theorem 5.4,

SS
) (5.43)

€

SS
22~ i) (5.44)

Ge

The distribution in (5.43) is a noncentral chi-squared since

1
02

[ 0o Tn) = o o ®T) | £ = (L T) = o (o),

which is idempotent of rank a — 1. The corresponding noncentrality
parameter is

/ !/ / 1 1
= —[W1,®1,) + oI, ®1,)] [a (L®],) - %(Imlm)]

_2
x [, ®@ 1) + Ty @ 1) x]

1, , 1 1
= 0_—20( (Ia ®1m) |:a (Ia ®Im) — % (Ia ®Im)] I, ®1,) «

€
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m 1
= — I —_ =
O_zeo‘(ll a]u)“

m ? -2

=— § (i — o),
0% 4
i=1

where & = }72?:1 «;. Furthermore, the distribution in (5.44) is a central
chi-squared since

1 1 1
0__2|:Ia®1m_%(1a®1m)i|zzlu®1m_E(Iu@)jm)/

€

which is idempotent of rank a(m — 1). The noncentrality parameter is zero
since it can be easily verified that

[M(1,®1,) + o (l.®1,)] [Ia ® Iy — % (I ®Im)}

X Ly ® L) + (I ® 1) &] = 0.

5.3 Independence of Quadratic Forms

This section covers another important area in the distribution theory of
quadratic forms, namely, that of independence of two quadratic forms. The
development of this area has had a long history starting with the work of
Craig (1943), Aitken (1950), Ogawa (1950), and Laha (1956). Several other
authors have subsequently contributed to that development. Craig (1943)
established a theorem giving the necessary and sufficient condition for the
independence of two quadratic forms in normal variates. A historical account
concerning the development of Craig’s theorem was given in Section 1.6. See
also Driscoll and Gundberg (1986).

Theorem 5.5 Let A and B be symmetric matrices of order n x n, and let X
be normally distributed as N(u, Z). A necessary and sufficient condition for
X'AX and X'BX to be independent is that

AZB =0. (5.45)

Proof. As in Theorem 5.4, the sufficiency part of the present theorem is
relatively easy, but the necessity part is more involved.

Sufficiency. Suppose that condition (5.45) is true. To show that X’AX and
X'BX are independent.

Condition (5.45) is equivalent to

(Z12Az12)(z12Bz1/?) = o, (5.46)
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which implies that
(21/2A21/2> (Zl/szl/z) _ <21/2BZ1/2> <Z1/2AZ1/2) .

This indicates that the two symmetric matrices, y12451/2 and £1/2B51/?,
commute. By Theorem 3.9, there exists an orthogonal matrix P such that

T12A512 = pALP,
T12Bs1/2 — pA,P,
where A and A; are diagonal matrices. From (5.46) it follows that
AN, = 0. (5.47)

The columns of P can be arranged so that, in light of (5.47), A; and A; are
written as
_[Dy 0
Al - [0/ 0] 7

0 0
AZ - [0/ DZ} 7

where Dy and D; are diagonal matrices whose diagonal elements are not all
equal to zero.

Let Z = P Y2X. Then, Z ~ N(P’Z_l/zu, I,,). Note that the elements of
Z are mutually independent. Furthermore,

/ _ D1 0
XAX_Z[O, O}Z,

, _ |0 0
X'BX =Z [0/ Dz] Z.
If we partition Z as [Z] : Z}]’, where the number of rows of Z; is the same as
the number of columns of D; (i = 1,2), we get

X'AX = Z\D1Z,,
X'BX = Z,D,Z,.

We conclude that X’AX and X’BX must be independent because they depend
on Z; and Z;, respectively, which are independent since the elements of Z
are mutually independent. O

Necessity. This proof is adapted from an article by Reid and Driscoll
(1988).

Suppose that X’AX and X'BX are independently distributed. To show
that condition (5.45) is true.
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Let us consider the joint cumulant generating function (c.g.f.) of X’AX and
X’'BX, which is given by

Pap(s,t) =logE [exp (sX'AX +t X'BX)]
=logE {exp [X’(SA + tB)X]} .

Note that E{exp[X'(sA + t B)X]} can be derived using formula (5.6) after
replacing t A with s A 4t B. We then have

1 -1
Pap(s, ) = —5WE 2 {In — [In _51205A 42 tB)Zl/z] } 12y
1
— log [det [In 512054 42 tB)Zl/z]} : (5.48)

Using formulas (5.10) and (5.12) in (5.48), we obtain

|21y r
Yapsh = [ T wE 2 [21/2(5A~|—tB)21/2] s12y
— r
21 (r — 1) r
—l—#tr{[ll/z(sA n tB)zl/Z] }} . (5.49)

The infinite series in (5.49) is convergent provided that the point (s,f) falls
within a small region % around the origin (0, 0).

Now, X’AX and X'BX are independent if and only if {4 (s, t) is the sum
of the marginal c.g.f.s of X’AX and X'BX. The latter two are denoted by
Pa(s), Pa(t), respectively, and are obtained by putting t = 0 then s = 0,
respectively, in 4 g(s, t). We then have

Pag(s,t) =als) + g

_ Z {T WE12 ( >:1/2A>:1/2)’Z—1/2u
r=1

[2e-nt, [(s 21/2A21/2)r] }

7!
+ i { wE12 (+z'2BL12) £
e (GNP 550

Since s and t are arbitrary within the region 3, the rth terms of the infinite
series on the right-hand sides of (5.49) and (5.50) must be equal forr = 1,2, .. ..
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1 r—1)

Dividing these terms by 2 T, we get

.
P12 [21/2 (sA+tB) 21/2]’ 20 4t [ [zl/Z(sA n tB)zl/Z] }
— /L2 (s 21/2A21/2>’ 120 4t [(s zl/zAzl/z)r]

W s (B ) T s [ (12BER) ], r=12,e

(5.51)
For any fixed, but arbitrary, values of (s, ) within the region R, let us
consider the distinct nonzero eigenvalues of sX12A512 512512 and
those of Zl/z(sA + tB)Zl/z. Let T1,T2,...,T¢ denote the totality of all
of these eigenvalues. If, for example, T; is an eigenvalue of sx12A51/2,
let vi(s ZY/?2Ax1?) denote its multiplicity, and let P;(s T1/2451/2) be the
matrix whose columns are the corresponding orthonormal eigenvectors of
s Z1/2ALY2 in the spectral decomposition of s Z/2AL /2 If 1; is not an eigen-
value of s Z1/2AL12 v;(s Z1/2A51/?) is set equal to zero, and P;(s 1245172
is taken to be a zero matrix. We can then write

k
u/271/2 (S Z1/2AZ1/2)r 271/2u _ ZT;W (S 21/2A21/2> )
i=1
where

W (S 21/2A21/2> — Wz-12p, (S Zl/ZAZUZ) Pi/ (s Z1/2AZ1/2) 12,
and
tr [(s zl/zAzl/Z)r] - Xk:rr;vi (s 21/2A21/2) .
i=1

Similar definitions of v; and P; can be made with regard to tx1/2Bx1/2 and
Z1/2(s A + t B)Z/2. Formula (5.51) can then be expressed as

k . {w [21/2 (A +tB) 21/2] — v (S Z”ZAZ”Z) — v (tzl/Zle/Z)}
i=1

k
+Y r {Hi [21/2 (A +tB) 21/2] " (s 21/2Azl/2)
i=1
W <t21/2B21/2>} —0, r=1,2,... (5.52)
The first 2 k of these equations can be written in matrix form as

M6 =0, (5.53)
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where M = (m;;) is a matrix of order 2k x 2k whose (i j)th element is such

thatm;; = tand m;.; =it fori=1,2,...,2kandj=1,2,...,k and where
Y i K+] j ]

8 is a vector of order 2k x 1 with the following elements
8 = Vi [21/2 (sA+tB) 21/2] —vi (s z1/2Az1/2)
—vi (tZ2BE?), i=12,.. .k
and
Ok = Wi [21/2 (sA+tB) Zl/z] — W (s 21/2A21/2>

" (t 21/2321/2), i=1,2,... k.

The matrix M in (5.53) can be shown to be nonsingular (for details, see Reid
and Driscoll, 1988). From (5.53) we can then conclude that

vi [21/2 (A +{B) zl/z] — v (s 21/2A21/2> v (t 21/2321/2) )

i=1,2,...k (5.54)
Wi [21/2 (sA+tB) 21/2] __ (s zl/ZAzl/Z) .y <t21/2321/2>,
i=1,2,... k (5.55)

Multiplying the ith equation in (5.54) by T} (r = 1,2,...) and summing the
resulting k equations over i, we obtain

tr { [21/2 (sA +tB) 21/2“ =t [(s zl/ZAzl/Z)r]

+tr[(t£1/Zle/2)’], r=12,...

In particular, for r = 4, we get

tr { [£26A+ tB)Zl/ZT} —sttr [(zl/zAzl/z)j + it [(21/2321/2)4} ,
(5.56)

for all (s, t) in . Differentiating the two sides of (5.56) four times, twice with
respect to s and twice with respect to f, we finally obtain

tr{[(Zl/zAZm) <21/2B21/2> + <Z1/2B21/z> <Z1/2AZ1/2)]2}

2t [(ZWAZW) (zl/szW)z (21/2A21/2>] = 0. (5.57)
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Each of the trace terms in (5.57) is of the form t*(C'C), and is therefore non-
negative. We can then conclude from (5.57) that each term must be zero. In
particular,

tr [(zlﬂAzl/Z) (21/2321/2)2 (zl/2Azl/2)] =0. (5.58)

Formula (5.58) implies that the matrix C = (21/2 AZl/2)(>:1/2 BZl/2) must be
zero. Hence, ALB = 0. O

Example 5.3 Consider again Example 5.2, and in particular the sums of
squares, SS4 and SSg, given in (5.41) and (5.42), respectively. We recall that
Y ~ N(p, X), where p and X are described in (5.39) and (5.40), respectively.
The quadratic forms representing SS4 and SSg are independent since

[% (I ® ) — % (s ®]m)} (o21am) [Iu ® I — % (I ®]m)]
= [ (L) - 1 (10~ - (a8 S+ (a8 )| =0

Example 5.4 Thisis a counterexample to demonstrate that if X is not normally
distributed, then independence of X’AX and X'BX does not necessarily imply
that ALB = 0.

Let X = (X1,X2,...,Xys), where the X;’s are mutually independent and
identically distributed discrete random variables such that X; = —1, 1 with
probabilities equal to %(i =1,2,...,n). Thus E(X) =0and Var(X) = X =1,,.
Let A = B = I,. Then, X’AX = X'BX = Y I, X? = n with probability 1.
It follows that X’AX and X'BX are independent (the joint probability mass
function of X’AX and X'BX is the product of their marginal probability mass
functions since, in this example, each quadratic form assumes one single
value with probability 1). But, AXB = I, # 0.

5.4 Independence of Linear and Quadratic Forms

In this section, we consider the condition under which a quadratic form,
X'AX, is independent of a linear form, BX, when X is normally distributed.

Theorem 5.6 Let A be a symmetric matrix of order n x n, B be a matrix of
order m x n, and let X ~ N(u,X). A necessary and sufficient condition for
X'AX and BX to be independent is that

BZA = 0. (5.59)
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Proof.

Sufficiency. Suppose that condition (5.59) is true. To show that X’AX and
BX are independent.

Condition (5.59) is equivalent to

BXl/2zl2A512 — .
Using formula (5.22) in this equation, we obtain
BI!2pPrp =o,

where TI" is described in (5.23). Hence,

k
Bx!/? Zyjp]-p; =0, (5.60)
j=1

where, if we recall, v1,7v2,..., vk are the distinct nonzero eigenvalues of
2124512, and P; is the column portion of P corresponding to y; (i =
1,2,...,k). Multiplying the two sides of (5.60) on the rightby P; i = 1,2, ..., k)
and recalling that P;P; = I,,, P]/»Pi =0, i # j, we conclude that

Bz'?p;=0, i=1,2,...,k (5.61)
Now, from Lemma 5.1,
k
X' AX = Z YiZ/Z;, (5.62)

i=1
where Z; = P;Zfl/zX, i=1,2,...,k The covariance matrix of BX and Z; is
Zero since

Cov(BX, Pz~ Y/2X) = Bz~ 1/2p;

= Bz!/2p;

=0, i=1,2,...,k (5.63)
If B is of full row rank, then each of BX and Z; is a full row-rank linear
transformation of X, which is normally distributed. Furthermore, because

of (5.61), the rows of B are linearly independent of those of P,Z~1/2 (see
Exercise 5.21). Hence, the random vector

BX B ,
|:Zli|=|:P;21/2i|X’ l=1/2/'--/k1

is normally distributed. Since the covariance matrix of BX and Z; is zero, BX
and Z; must be independent by Corollary 4.2 (i = 1,2, ..., k). It follows that
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BX is independent of X’AX in light of (5.62). If, however, B is not of full row
rank, then B can be expressed as B = [B’1 : B’z]/ , Where B; is a matrix of order
71 x n and rank 1 (r1 is the rank of B), and B; is a matrix of order (m —r1) x n
such that By = C,Bj for some matrix Cy. Then, from (5.63) we conclude that
B1X and Z; have a zero covariance matrix. This implies independence of B1 X
and Z;, and hence of BX and Z;(i =1, 2, ... ,k) since

I,
BX =| | BiX.
Consequently, BX is independent of X'AX. O

Necessity. Suppose that BX and X’AX are independent. To show that
condition (5.59) is true. We shall consider two cases depending on whether
or not B is of full row rank.

If B is of full row rank, then independence of BX and X’AX implies that
X'B'BX and X'AX are also independent. Hence, by Theorem 5.5,

B'BZA =0. (5.64)
Multiplying the two sides of (5.64) on the left by B, we get
(BB')BZA = 0. (5.65)

Since BB’ is nonsingular, we conclude from (5.65) that BZA = 0.

If B is not of full row rank, then, as before in the proof of sufficiency, we
can write B = [B] : B,]’, where By is of full row rank and B, = C;B. Let us
now express B1X as

BiX = [I,, : 0,]BX,

where 01 is a zero matrix of order r; x (m — r1). Independence of BX and
X'AX implies the same for B1 X and X'AX. Hence, from the previous case, we
conclude that B XA = 0. Furthermore, BoZA = C;B1ZA = 0. Consequently,

=0. O

Example 5.5 Consider again Example 5.1. In Section 4.8, it was stated that
X and s? are independent. We are now in a position to prove this very easily
on the basis of Theorem 5.6. We have that

o1&
X:E;:Xi

1 /
= 1,X,

1 1
2 _ ! I
= ——= X'~ —],)X,
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where X ~ N(ul,, 0°I,). Letting B = 11/ and A = -1, - 1J,), and
noting that

1 1
BZA=——1,(*L)I, — —
no—1) (0 L)y l’l]n)
=0,
we conclude that X and s? are independent. O

5.5 Independence and Chi-Squaredness of Several
Quadratic Forms

Let X ~ N(u, 0°I,;). Suppose that X'X can be partitioned as

p
X'X =) XAX, (5.66)
i=1
thatis,
14
I,=) A, (5.67)
i=1

where A; is a symmetric matrix of order n x n and rank k; (i = 1,2, ...,p). The
following theorem, which is due to Cochran (1934), has useful applications
in the analysis of variance for fixed-effects models, as will be seen later.

Theorem 5.7 Let X ~ N(u, 02I,,) and A; be a symmetric matrix of order n x n
and rank k; (( = 1,2,...,p) such that I,, = Z’f:l A;. Then, any one of the
following three conditions implies the other two:

(a) n= Zle ki, that is, the ranks of A1, Ay, ..., Ap sum to the rank of I,,.
(b) éX’AjX ~ Xi{(ei), where 0; = ép’Am, i=1,2,...,p.
(c) X'A1X, X'A2X, ..., X'ApX are mutually independent.

Proof. The proof consists of the following parts:

I. (a) implies (b). If (a) holds, then by applying the result in property (d) of
Section 3.6, we can write A; = FD;G, where F and G are nonsingular matrices
and D; is a diagonal matrix with diagonal elements equal to zeros and ones
such that D;D; =0, i#j3G,j=1,2,...,p). Itfollows that Zle D;is a diagonal
matrix of order n x n whose diagonal elements are also equal to zeros and
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ones. But, because of (5.67), Z’le D; must be of rank n and therefore cannot
have zero diagonal elements. Hence, Zle D; = I,,. Using (5.67) we conclude
that FG = I,,, that is, G = F~!. We therefore have

Ai=FD;F!, i=12,...,p. (5.68)
Thus, A? = FD?F~! = FD;F~! = A;. This implies that A; is an idempotent
matrix. By Theorem 5.4, éX/ A X ~ X,%{(el-) since (%)(Gzln) = A; is idempo-
tent of rank k;, where 0; = %p’Aip, i=12,...,p.

II. (b) implies (c). If (bg is true, then A; is idempotent by Theorem 5.4
(i=1,2,...,p). By squaring the two sides of (5.67), we get

p
=) AT+ A

i=1 i
p
=D _Ai+ ) A
i=1 i#]
=1+ Y A,
i]
Hence,
> A =0,
i]
or,

Y AA? =0
i]

Taking the traces on both sides, we get

Y tr(AFAY) =0,
i

or,

> Hr(AjA)(AiA)] = 0. (5.69)
i

But, tr{(AjA;)(AjA))] is of the form tr(C'C), where C = A;A;, and tr(C'C) > 0.
From (5.69) it follows that tr[(A;Ai)(AiA)] = 0 and hence AjA; = 0, i # j. This
establishes pairwise independence of the quadratic forms by Theorem 5.5.
We now proceed to show that the quadratic forms are in fact mutually inde-
pendent. This can be achieved by using the moment generating function
approach.
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Since AjAj = 0, we have that AiAj = AjA;, i # j. By Theorem 3.9, there
exists an orthogonal matrix P such that
Ai=PAP, i=12,...,p, (5.70)

where A; is a diagonal matrix; its diagonal elements are equal to zeros and
ones since A; is idempotent. Furthermore, /\l-/\j = 0 for i # j. Thus, by
rearranging the columns of P, it is possible to express A1, A, ..., /\p as

= diag(Iy,,0,...,0)
Ay = diag(0, I,,0,...,0)

= diag(0,0, ... ,Ikp),

where, if we recall, k; = rank(A;), i=1,2,...,p.
Let us now consider the joint moment generating function of
X'ATX, X'A3X, .. .,X’A;X, where Af = éAi, i=1,2,...,p, namely,

bu(t) = E[exp (W X'ATX + HXASX + - + 4, X A3X)]

(o))

where t = (t1, b, ..., tp)’. Using (5.6) after replacing tA with Z?:l tiAf and

with 021, &, (t) can be written as

exp |~ L2l — Iy =202 L, tiAD) ]
[ det(I, — 202 Y HAH)]1/2

b(t) = (.71)

Note that

(In 20221&, )1_ [In 2P<12p1:t1/\1> }_1

. 2 -1
—1I, - [1,1 — 2Pdiag (tﬂkl, by, ..., tplkp> P ]
—1I, — Pdiag [(1 —2t) L, (A= 20) ,.,
a- 2t,,)—11kp] P

. 2t 2t 2tp ,
——Pd , Iy, ..., —L 1 |P
lag<1—2t1 Ry A T TR
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where Py, Py, ..., P, are the portions of P corresponding to I, Ix,, - - -/Ik,,,
respectively, such that P = [Py : P; : ... : Py]. Hence, the numerator of (5.71)
can be written as

-1
1, P
exp {—ﬁp |:In — (In —ZGZZtiA;‘) :| u}
i=1

P P
1 2t
= exp :ﬁ E w'P; <1 — £t> ng} = exp [2 0 ti(1— 2ti)_1:| , (5.72)
i=1 !

i=1

where 0; = p,’Pipgu/Gz, i = 1,2,...,p. Furthermore, the denominator of
(5.71) can be expressed as

p 1/2
|:det (In —2¢2 Z tiA;‘ﬂ
i=1

— [det [Pdiag [(1 —2f) Ikl’ (1-2¢%) Ikz, el (1 — th) Ikp] P’}]l/Z
4
=[]a-2nk2. (5.73)

i=1

From (5.71) through (5.73) we finally conclude that

p
bu(t) = [ itti, 00), (5.74)

i=1
where

i (1,07 = (1 — 24)~k/2 exp [ei t(1 — 2t1-)—1], i=12,...,p.

Note that ¢;(t;,0;) is the moment generating function of X’A*X, which,
according to (b), is distributed as X,%i(ei) (see formula (4.41) for the moment
generating function of a noncentral chi-squared distribution). From (5.74)
it follows that X'A}X, X'A3X, ..., X’A;X, and hence, X'A1X, X'A)X, ...,
X'ApX, are mutually independent.

IIL. (b) implies (a). If (b) holds, then A; is idempotent by Theorem 5.4
(i =12,...,p). Taking the trace of both sides of (5.67) and recalling that
tr(A;) = rank(A;) = ki, we getn = 21;1 ki, which establishes (a).

IV. (0) implies (b). If (c) is true, then by Theorem 5.5, AiAj =0, 1 #].
Using the same argument as before in II, A; (i = 1,2,...,p) can be written
as in (5.70), where A1 = diag(44,0,...,0), A2 = diag(0,4Ay,...,0),...,Ap =
diag(0,0,...,4Ap), and A, is a diagonal matrix of order k; x k; whose diagonal
elements are the nonzero eigenvalues of A; (i = 1,2,...,p). From (5.67) we
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conclude that

p
I, = Z/\i
i=1
= diag(Al,Az, . ,Ap).

This indicates that A; = Iy, i = 1,2,...,p. It follows that A; must be idempo-
tent. Hence, éX/AiX ~ xii(ei), i=12,...,p.

Having shown that (a) implies (b) and conversely in I and III, and that
(b) implies (c) and conversely in II and IV, we conclude that (a), (b), and (c)
are equivalent. O

Example 5.6 Consider the following ANOVA table (Table 5.1) from a fixed-
effects linear model,

Y=XB+e, (5.75)

where Y is a response vector of order n x 1 with a mean vector p = X3 and
a variance—covariance matrix £ = 02I,,, X is a known matrix, not necessarily
of full column rank, B is a vector of fixed unknown parameters, and € is a
random experimental error vector such that e ~ N(0, 02I,). In Table 5.1, q
is the number of effects in the model, Ty represents the null effect associated
with the grand mean in the model (or intercept for a regression model) with
ko = 1, and T, represents the experimental error (or residual) effect. Each
sum of squares can be written as a quadratic form, namely, SS; = Y'A;Y, i =
0,1,...,q, and SSty is the uncorrected (uncorrected for the mean) sum of
squares, Y'Y. Thus,

q
YY = Z SS;
i=0

q
= Z Y'AjY,
i=0

TABLE 5.1
ANOVA Table for a Fixed-Effects Model
Source DF SS MS E(MS) F
To ko SSo MS, ) + 02
2
T k 551 MSq ‘k’—lel + o2 ]\]\ﬁ_gé
. . . . - i s, |
Tq,1 kq,1 SSq,1 MSq,1 I(;T—_leq,1 + o Mg)g

T,(Error) k;  SS4(SSp) MSy(MSg) o>
Total n SSTotal
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that is,
q
I,=) A
i=0
and
q
n=>y k. (5.76)
i=0

Note that SS; is the residual (or error) sum of squares, which is denoted by
SSg. In addition, the number of degrees of freedom for the ith source (effect),
namely k;, is the same as therank of A; (i = 0,1, 2, ..., 9). This follows from the
fact that k; actually represents the number of linearly independent elements of
A} 2y (AI1 /2 is well defined here since A; isnonnegative definite because 5S; =
Y'A;Y is a sum of squares, which is also equal to the square of the Euclidean
norm of Ail/zY, that is, SS; =|| A}/ZY ||%, i =0,1,...,9). Furthermore, the
rank of Al-1 /? is the same as the rank of A;. Hence, from condition (5.76) and
Theorem 5.7 we conclude that 5SSy, 5SSy, ...,5S,; are mutually independent
and #SS{ ~ xi(ei), where 0; = %B/X’A,-XB, i =0,1,...,9. Note that for

i=gq, 8; =0, and therefore éSSq ~ xiq since (see Chapter 7)

SS, = SSk
=Y, - XX'X)"X']Y.

Hence,

1 / ! / —_ !
8y = — B'X'IIy — XX'X)"X'IXB
=0.

The expected value of the ith mean square, MS; = %SSZ', i=01,...,91is
therefore given by

o? 1
1
2
o
= B (0]
1
2
o
= k—i(ki +0)
o2

_ 2
—O'+ki

6;, i=01,...,9—1,
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E(MS;) = E(MSE)

o2 1

q E(qu)

= 0'2.

It follows that F; = 1]\\4451 is a test statistic for testing the null hypothesis,
Hp; : ;=0, against the alternative hypothesis, H;; : 8; # 0, i = 1,2,...,
g — 1. Under Hy;, F; has the F-distribution with k; and k; degrees of freedom
(i=1,2,...,9—1).Given the form of E(MS;), Hy; can be rejected at the x-level
of significance if F; > Fq, k,, Where Fy i,k denotes the upper a-quantile of
the F-distribution with k; and kg degrees of freedom (i =1,2,...,9 — 1).

A particular case of model (5.75) is the balanced fixed-effects one-
way model described in Example 5.2. In this case, g4 = 2, n = am, and
the corresponding ANOVA table is displayed as Table 5.2, where SS9 =

1 7Y J, ®J,)Y, SS4 and SSg are given in (5.41) and (5.42), respectively, and

1
8= — [n1; @1 + & (L ®T,)]

1
X [— (. ®Im)] L1 ® L) + (I, ® 1) ]
am

2
1 l m <&
== amu2+2mn<20q>+—(20ci> ,
o i=1 a i=1
m a
=5 (-7
i=1

where & = %Z?:l «;, as was shown in Example 5.2. All sums of squares
are mutually independent with éSSQ ~ X%(Go), éSSA ~ X§_1(61), and
LSSg ~ Xg(m—l)’ This confirms the results established in Examples 5.2 and 5.3

o2

TABLE 5.2
ANOVA Table for the One-Way Model
Source DF SS MS E(MS) F
Null effect 1 SSy  MSy ¢%0p+ o?

2
A a—1  SSq4 MSa Zg01+0° St
Error aim—1) SSg MSg  o?

Total am SSTotal
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with regard to the distribution and independence of S54 and SSg. Note that
the null hypothesis Hy : 61 = 0 is equivalent to Hpy : 61 = &g = - -+ = g, OF
that the means of the a levels of factor A are equal.

5.6 Computing the Distribution of Quadratic Forms

Quite often, it may be of interest to evaluate the cumulative distribution
function of X’AX, where A is a symmetric matrix of order n x n and
X ~ N(u, X), that s,

F(u) = P(X'AX < u), (5.77)

for a given value of u. Alternatively, one may compute the value of u corre-
sponding to a given value of p, where p = F(u). Such a value of u is called the
pth quantile of X’AX, which we denote by uy,.

To evaluate F(u) in (5.77), it is convenient to use the representation
(5.20) expressing X’AX as a linear combination of mutually independent
chi-squared variates. Formula (5.77) can then be written as

k
F(u) =P (Z YiW; < u) : (5.78)
i=1

where, if we recall, v1,v2,..., vk are the distinct nonzero eigenvalues of
s12451/2 (or, equivalently, the matrix AX) with multiplicities vi,va, ..., Vg,
and the W;’s are mutually independent such that W; ~ X%,l.(Gi), i=1,2,...,k
In this case, the value of F(u) can be easily calculated using a computer algo-
rithm given by Davies (1980), which is based on a method proposed by Davies
(1973). This algorithm is described in Davies (1980) as Algorithm AS 155, and
can be easily accessed through STATLIB, which is an e-mail and file transfer
protocol (FTP)-based retrieval system for statistical software.
For example, suppose that X ~ N(0,X), where

3 5 1
£=1|5 13 0]. (5.79)
1 0 1

Let A be the symmetric matrix
1 1 2
A=|1 2 3
2 31
The eigenvalues of z12A512 (or AZ) are —2.5473, 0.0338, 46.5135. Formula

(5.78) takes the form,
F(u) = P(—2.5473 W1 + 0.0338 Wy + 46.5135 W3 < u),
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TABLE 5.3

Quantiles of —2.5473 Wy + 0.0338 Wy + 46.5135 W3

p pth Quantile (uy)
0.25 2.680 (first quartile)

0.50 18.835 (median)

0.75 59.155 (third quartile)
0.90 123.490 (90th percentile)
0.95 176.198 (95th percentile)

where Wy, Wa, and W3 are mutually independent variates, each distributed
as X%- Using Davies’ (1980) algorithm, quantiles of —2.5473 W1 + 0.0338 W, +
46.5135 W3 can be obtained. Some of these quantiles are displayed in Table 5.3.

5.6.1 Distribution of a Ratio of Quadratic Forms

One interesting application of Davies’ algorithm is in providing a tabula-
tion of the values of the cumulative distribution function of a ratio of two
quadratic forms, namely,

X' A1X

"X = ax

(5.80)
where X ~ N(u,X), and A; and A, are symmetric matrices with A, assumed
to be positive semidefinite. Ratios such as h(X) are frequently encountered
in statistics, particularly in analysis of variance as well as in econometrics.
The exact distribution of h(X) is known only in some special cases, but is
mathematically intractable, in general. Several methods were proposed to
approximate this distribution. Gurland (1955) approximated the density func-
tion of h(X) using an infinite series of Laguerre polynomials. Lugannani and
Rice (1984) used numerical techniques to evaluate this density function. More
recently, Lieberman (1994) used the saddlepoint method, which was introduced
by Daniels (1954), to approximate the distribution of h(X).
Let G(u) denote the cumulative distribution function of #(X). Then,

X'A1X
Gu) =P (X/A2X < u) , (5.81)
which can be written as
Gu) = P(X'A, X < 0), (5.82)

where A, = A1 —u Ay. Expressing X'A, X as a linear combination of mutually
independent chi-squared variates, as was done earlier in (5.78), we get

1
Gu) =P (Z Yui Wi < 0) ’ (5.83)

i=1
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TABLE 5.4

Values of G(u) Using Formula (5.83)
u G(u)
1.0 0.0

1.25 0.01516
1.50 0.01848
2.0 0.69573
2.75 0.99414
3.0 1.0

where vu1,Vu2, .., Yu are the distinct nonzero eigenvalues of s124,51/2
with multiplicities vy1,Vy2, . .., vy, and the W,;’s are mutually independent
such that W,;; ~ Xim,(em-), i=1,2,...,1. Thus, for a given value of u, G(u) can
be easily computed on the basis of Davies” algorithm.

As an example, let us consider the distribution of

2 2 2
X2 +2x% +3x2

hX == 7
X) X2+ X5+ X3

where X = (X1, X, X3)’ ~ N(0,X) and X is the same as in (5.79). In this case,
A1 = diag(1,2,3)and A = I3.Hence, A, = A1—u Ay = diag(1—u,2—u,3—u).
For a given value of u, the eigenvalues of £1/24,512 are obtained and used
in formula (5.83). The corresponding values of G(u) can be computed using
Davies’ algorithm. Some of these values are shown in Table 5.4.

Appendix 5.A: Positive Definiteness of the Matrix
W;lin (5.2)

To show that there exists a positive number ty such that Wt_1 is positive
definite if |t| < tg, where

1

=, 5.A.1
2 max; | Aj | ( )

fo
and A; is the ith eigenvalue of the matrix 124512 G =1,2,...,n).

It is clear that W, Lin (5.2) is positive definite if and only if the matrix
(I, —2tX12A51?) is positive definite. The latter matrix is positive definite
if and only if its eigenvalues, namely, 1 — 2tA;, i = 1,2,...,n, are positive.
Note that

2tA <2 |t max |A;|, i=1,2,...,n.
1
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Hence, in order for 1 — 2t A; to be positive, it is sufficient to choose t such that

2 |t max | A;|< 1.
1

Thus, choosing |t| < tp, where ty is as shown in (5.A.1), guarantees that
1-2tA\; > 0fori=1,2,...,n. Note that the denominator in (5.A.1) cannot be
zero since if max; |A;| = 0, then A; = 0 for all 7, which implies that A =0. O

Appendix 5.B: AZ Is Idempotent If and Only If £¥/2Ax1/2
Is Idempotent

Suppose that AX is idempotent. Then,

AXAY = AL, (5.B.1)
Multiplying (5.B.1) on the left by £!/? and on the right by Z71/2, we get
TI2AZI2E12A51/2 = 512A51/2, (5.B.2)
This shows that £/2A21/2 is idempotent.
Vice versa, if Z}/2AL'/2 is idempotent, then by multiplying (5.B.2) on the

left by Z71/2 and on the right by £!/2, we obtain (5.B.1). Therefore, AZ is
idempotent. O

Exercises

5.1 Suppose that X = (X3, Xp, X3)' is distributed as N(y, X) such that

Q=X-wWr'X-p
=2X3+3X34+4X5+2X1Xo —2X1X3 — 4 X2 X3
—-6X; —6X>+10X3+ 8.
(a) Find pand X.
(b) Find the moment generating function of Q.

(c) Find the moment generating function for the conditional distribu-
tion of X1 given X, and X3.
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5.2

5.3

5.4

5.5

5.6

5.7

Linear Model Methodology

Let X = (X’1 : X/z)’ be normally distributed. The corresponding mean

vector u and variance—covariance matrix X are partitioned as u = (u] :
Y

uy)’, and

X1 X
Y = .
[Z’u I

The numbers of elements in X7 and X are 11 and ny, respectively. Let
A be a constant matrix of order ny x ny.

(a) Show that

E(X}AX5) = wjAu, + tr(AZ),).

(b) Find Var(X}AX>).
[Note: The expression X} AXj is called a bilinear form.]

Consider the quadratic forms X’AX, X'BX, where X ~ N(u, X). Show
that

Cov(X'AX,X'BX) = 2tr(AZBX) + 4 W/ALBp.
Let X = (X1, X3) ~ N(0, X), where
5 - [611 012} _
012 022
Find Cov(X}? +3X; —2, 2X3 +5X, 4 3).

Let Q1 = X'A1X and Q; = X'A2X be two quadratic forms, where
X ~ N(u, X) and A; and A, are nonnegative definite matrices. Show
that a quadratic form, X'BX, is distributed independently of Q1 + Q> if
and only if it is distributed independently of Q; and of Q.

[Hint: See Bhat (1962)].

Consider Exercise 5.5 again. Show that a linear form, CX, where C is a
matrix of full row rank, is distributed independently of Q1 + Q> if and
only if it is distributed independently of Q; and of Q5.

Let Q; = X'A;X, where X ~ N(u,X), and A; is nonnegative definite,
i=1,2,...,n.Show thata linear form, CX, is distributed independently
of ', Q; if and only if it is distributed independently of Q; for all
i=1,2,...,n

[Note: This is an extension of the result in Exercise 5.6, and can be
proved by mathematical induction.]
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5.8

5.9

5.10

5.11

5.12

5.13

5.14

Let X ~ N(u, X), and let X; be the ith element of X (i = 1,2,...,n) and
0jj be the (i, j)thelementof X (,j = 1,2,...,n). Show that X = % Z?:l X;
is distributed independently of Y"1 ;(X; — X)? if and only if 5; = ..
foralli =1,2,...,n, where 6, = %Z};l oj (i=1,2,...,m),and G =
% Z?:l 0i..

[Hint: Make use of the result in Exercise 5.7.]

Consider Exercise 5.8 again. Show that if X and X — X)? are
independent, then X is independent of the sample range, that is,
max;.y (Xi — Xy).

Let X ~ N(u,X). Show that the quadratic form X'AX has the chi-
squared distribution with 1 degrees of freedom if and only if A = Z~1.

Let X = (X1,Xo, ..., Xy) be distributed as N(u, £). Let X = 1 3% | X;.
Show that nX? and Y/, (X; — X)? are distributed independently as
c1 x%()\l) and ¢ xi_l (A2), respectively, where c; and ¢y are nonnegative
constants, if and only if

C1 — C
L =col, + L2

Jns

n

where I, is the identity matrix and J,, is the matrix of ones, both of order
nx n.

[Note: This result implies that, for a correlated data set from a normal
population, the square of the sample mean and the sample variance are
distributed independently as cx? variates if and only if the X;’s have a
common variance and a common covariance.]

Prove the sufficiency part of Theorem 5.4 by showing that if AX is
idempotent of rank r, then the moment generating function of X'AX is
the same as the one for X%(G).

Consider Example 5.2. Suppose here that o; ~ N(0,02) and that the
ai’s and €;;’s are independently distributed with €; ~ N(O, Gze), i =
1,2,...,4; j=1,2,...,m. Let S54 and SSg be the same sum of squares
associated with factor A and the error term, respectively.

SS SS
(a) Show that P G%xio_% ~ X§,1 and 0_25 ~ Xz(mfl)'

(b) Show that 5S4 and SSg are independent.

Consider again Exercise 5.13. Let G%X =1 [5% - a(;sfl)

m
of variance (ANOV A) estimator of o2 .

] be the analysis
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5.15

5.16

Linear Model Methodology

(a) Find Var(62

(b) Find the probability of a negative &% . Can the values of a and m be
chosen so that the value of this probability is reduced?

Consider the so-called unbalanced random one-way model,

Yijzu—}—(xi—i—eij, i=1,2,...,a;j=1,2,...,ni,

where o; ~ N(O, O'%X), eij ~ N(O, 0'25), and the o;’s and €j;’s are inde-
pendently distributed. Note that n1, 12, . . ., 1, are not necessarily equal.
Let SS4 and SSg be the sums of squares associated with «; and ey,
respectively, namely,

a 2 2
-1 1 .
Y2
)R
i=1 j=1 i=1

where Y; = 27 Y, Yo=30 27 Y, no= Y
(a) Show that SS4 and SSg are independent.

(b) Show that %‘ ~X2 .

(c) What distribution does SS4 have?

(d) Show that if O‘%X =0, then S(f—zf ~ ngl.

Let 62, be the ANOVA estimator of 02, in Exercise 5.15, which is given by

N 1] SS4 SSe
62 == —
“ " dla-1 n—-al|’

where

1 1 5
d:a_1<n,—Z¥ni>.
1=

(a) Skzlow that E(S54) =d(a— 1)(7%x +(a— 1)(7%, and verify that E(G%x) =

0%

(b) Find Var(&%x
(c) Show that for a fixed value of n,, Var(&%x) attains a minimum for

all 62, o2 if and only if the data set is balanced, that is, n; = np =
.. =T,
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5.17

5.18

5.19

5.20

5.21

5.22

5.23

5.24

Consider again Exercise 5.16. Show how to compute the exact probabil-
ity of a negative 2.

[Hint: Express 554 as a linear combination of independent central chi-
squared variates, then apply the methodology described in Section 5.6.]
Give an expression for the moment generating function of &2 in
Exercise 5.16.

[Hint: Use the same hint given in Exercise 5.17 with regard to 554.]

Consider the sums of squares, SS4 and SSg, described in Exercise 5.15.

Show that
E 1 —n.—a—Z %_1 ZG_%XI
d a—1 SSE 02

where d is the same as in Exercise 5.16.

Consider the quadratic forms, Q1 = X'AX, Q; = X'BX, where X ~
N(0, X) and A and B are nonnegative definite matrices of order n x n.

(a) Show that if Q; and Q> are uncorrelated, then they are also inde-
pendent.

(b) Let = = I,,. Show that Q; and Q; are independent if and only if
tr(AB) = 0.
[Note: Part (a) was proved by Matérn (1949).]

Consider the proof of sufficiency for Theorem 5.6. Show that condition

(5.61) implies that the rows of B are linearly independent of the rows of
Pz, i=1,2,... ,k

Let X ~ N(0,1I,,). Show that X’AX and X'BX are independent if and
only if det(I, —sA —t B) = [det(I, — s A)][det(I, — t B)] for all values of
sand t.

Consider Exercise 5.22. Show that if X’AX and X’BX are independent,
then the rank of A + B is the sum of the ranks of A and B.

[Hint: Choose s = t in Exercise 5.22.]
(Kawada, 1950) Let Q1 = X’AX, Q> = X’BX, where X ~ N(0,I,). Let
Tjj be defined as
Tj=E@Q Q) —EQDEQ), ij=12
Show that

(a) T11 = 2tr(AB).
(b) T1o = 8tr(AB?) + 4tr(AB) tr(B).
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(c) Ty1 = 8r(A%B) + 4tr(AB) tr(A).
(d) Ty = 32tr(A%B?)+16 tr[(AB)?]+16 tr(AB?) tr(A)+16 tr(A’B) tr(B)+
8 tr(AB) tr(A) tr(B) + 8 tr[(AB)?].
5.25 (Kawada, 1950) Deduce from Exercise 5.24 that if Tij=0 fori,j=1,2,
then Q1 and Q; are independent.

5.26 Let X = (X1, X») ~ N(u, X), where p = (1.25,1.75), and X is given by

1 05
== [0.5 1 } ‘
Let G(u) be defined as
G(u) =P ﬂ <ul.
2X3+ X3

Find the values of G(u) at u = %, %, % using Davies’ (1980) algorithm.

5.27 Consider the one-way model in Exercise 5.15 under the following
assumptions:
(i) The «’s are independently distributed as N(0, 62).

(ii) The eij’s are independently distributed as N(0, Glz),i =1,2,...,a
i=12,...,n.

(iii) The «;’s and €;;’s are independent.
(a) Under assumptions (i), (ii), and (iii), what distributions do 5S4

and SSg have, where S54 and SSg are the same sums of squares
as in Exercise 5.15?

(b) Are 5S4 and SSg independent under assumptions (i), (ii),
and (iii)?

(c) If 62 is the ANOVA estimator of 62 in Exercise 5.16, show that

1 1 < n; 1 .
~ 2 i 2 2: . 2
E(O‘ZJ)——O‘DC+E|:H E (1—;)0}—11. ai 1(”1_1)0i:|'

i=1

and hence 62 is a biased estimator of 02 under assumptions

(i), (ii), and (iii).

5.28 Consider again the same model and the same assumptions as in
Exercise 5.15.

(a) Show that F = 2= % is a test statistic for testing the null hypoth-
esis Hy : 02, = 0.

(b) Find the power of the test in (a) at the 5% level of significance, given
that % —15,and thata = 4, ny =8, ny = 10, 13 = 6, ng = 12.
[Hint: Use Davies’ (1980) algorithm.]
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Full-Rank Linear Models

One of the objectives of an experimental investigation is the empirical deter-
mination of the functional relationship that may exist between a response
variable, Y, and a set of control (or input) variables denoted by x1, x2, . . ., x¢.
The response Y is assumed to have a continuous distribution, and the x;’s
are nonstochastic variables whose settings can be controlled, or determined,
by the experimenter. These settings are measured on a continuous scale.
For example, the yield, Y, of peanuts, in pounds per acre, is influenced by
two control variables, x; and x», representing the amounts of two different
fertilizers.

In general, the relationship between Y and x1, x7, . . ., x is unknown. It is
therefore customary to start out the experimental investigation by postulating
a simple relationship of the form

k
Y= BO+ZBixi+€/ (6.1)

i=1

where € is an experimental error term associated with the measured, or
observed, response at a point x = (x1,X2,...,X)" in a region of interest,
M, and Bo, B1, ..., Bk are fixed unknown parameters. Model (6.1) is called a
multiple linear regression model. In particular, when k = 1, it is called a simple
linear regression model. A more general model than the one in (6.1) is given by

Y=Ff(xB+e, (6.2)

where B = (B1,B2,...,Bp)" is a vector of p unknown parameters and f(x) is
a p x 1 vector whose first element is equal to one and its remaining p — 1
elements are polynomial functions of x1, x, . .., x;. These functions are in the
form of powers and cross products of powers of the x;’s up to degree d (> 1).
Thus (6.2) represents a complete polynomial model of degree d. For example,
the model in (6.1) is of degree 1 with f(x) = (1, x1,x2,...,x;)’, and the model

k k
Y = (So+ZBiXi+ZBijxixj+ZBiixl-2+€
=1 i<j i=1
is of degree 2 with
=(1 2 .2 25/
f) = Q,x1,x2,..., X, X1 X2, X1 X3, + + ., X1 Xky X7, X5, - - -, Xp) -

127
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Model (6.2) is referred to as a linear model due to the fact that the elements
of B appear linearly in the model. All linear regression models can be rep-
resented by such a model. The error term € in (6.2) is assumed to have a
continuous distribution whose mean, or expected value, is E(e) = 0. Since
the elements of x are nonstochastic, the mean of Y at x, denoted by p(x) and
called the mean response at x, is

n) =f'() B. (63)

Model (6.2) is said to be inadequate, or to suffer from lack of fit, if the true
mean response ((x) is not equal to the expression on the right-hand side of
(6.3), that is, when E(e) in (6.2) is not equal to zero. This occurs when p(x)
depends on some unknown function of x1,xy,...,x besides f'(x)B, or on
other variables not accounted for by the model.

6.1 Least-Squares Estimation

In order to estimate 3 in model (6.2), a series of n experiments (n > p) are
carried out, in each of which the response Y is observed at different settings
of the control variables, x1,x7,...,x. Let Y;, denote the observed response
value at x,,, where x;, = (x,1, X2, . . ., X,) With x,; denoting the uth setting of
x; at the uth experimental run (i = 1,2,...,k; u = 1,2,...,n). From (6.2) we
then have

Yo=f@x)B+e, u=12...,n, (6.4)

where €, is the experimental error associated with Y, (u = 1,2,...,1n). Model
(6.4) can be expressed in matrix form as

Y=XB+e, (6.5)

where Y = (Y1,Y,...,Y,), Xisann x p matrix whose uth row is f'(x,) and
€ = (€1,€2,...,€,) . The matrix X is assumed to be of full column rank,
that is, rank(X) = p. In this case, model (6.5) is said to be of full rank.
In addition, it is assumed that E(e) = 0, and Var(e) = 021, where o2 is
unknown and I, is the identity matrix of order n x n. This implies that the
response values, Y1,Y>, ..., Yy, are uncorrelated and have variances equal to
o2. Thus the expected value of Y is E(Y) = X and its variance—covariance
matrix is Var(Y) = o2 1,,. We refer to E(Y) as the mean response vector and is
denoted by p.

Under the above assumptions, estimation of § in model (6.5) can be
achieved by using the method of ordinary least squares (OLS). By definition,

the OLS estimator of 3, denoted by B, is the vector that minimizes the square
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of the Euclidean norm of Y — X3, that is,

SB)=1Y-XB|?
= (Y - XB) (Y - XB)
=YY-2pXY+BXXB, (6.6)

with respect to . Since S(3) has first-order partial derivatives with respect
to the elements of 3, a necessary condition for S() to have a minimum at

B = [Aiisthata[z(% =0atp = B,thatis,
d
|:a— (Y’Y—ZB’X’Y+ B/X’XB)] =0 (6.7)
B p=p
Applying Theorems 3.21 and 3.22, we can write
8 1A 44 /
E(B XY =XY

0 Iy _ /
@(B X'XB) = 2X'XP.

Making the substitution in (6.7), we obtain
—2X'Y+2X'XB =0. (6.8)

Solving (6.8) for B, after noting that X’ X is a nonsingular matrix by the fact
that X is of full column rank (see property (c) in Section 3.6), we get

B=XX)XY. 6.9)

Note that S(p) achieves its absolute minimum over the parameter space of
B at [§ since (6.8) has a unique solution given by [AS, and the Hessian matrix
of second-order partial derivatives of S(3) with respect to the elements of 3,
namely the matrix,

o [d 0 / /
T [%s(ﬁ)} =3 [-2X'Y +2X'XB]
=2X'X,

is positive definite [see Theorem 3.3(c) in Chapter 3 and Corollary 7.7.1 in
Khuri (2003)]. Alternatively, S() can be shown to have an absolute minimum

at B by simply writing S(f) in (6.6) as

SB) =Y -XB >+ | Xp—XB |%. (6.10)
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Equality (6.10) follows from writing ¥ — X3 as ¥ — X [3 + X [AS — XpB and
noting that

(v - xB+Xp —XB)/<Y—X[§ + XB — Xp)
= (v~ Xé)’(y - XB) +2(¥ - st)’(xé, - Xp)
+ (XB - XB)/(XB - st) . 6.11)

The middle term on the right-hand side of (6.11) is zero because [:’» satisfies
Equation (6.8). From (6.10) we conclude that for all 3 in the parameter space,

I Y—XBIP=1 Y—XB .
Equality is achieved if and only if = f. This is true because
A~ A~ / A~
| XB-xB 2= (B-B) XX (B-B),

and the right-hand side is zero if and only if B — B = 0 since X'X is positive
definite, as was pointed out earlier. It follows that the absolute minimum of

5(B) is
S(B)=1v-xB
- (y - Xﬁ)/ (Y - X[S)
= [y-x(xx) " xv] [y -x(x%) 7 xV]
=Y [L-x(x%) "Xy, (6.12)

since I, — X(X'X) "1 X’ is an idempotent matrix. The right-hand side of (6.12) is
called the error (or residual) sum of squares, and is denoted by SSg. We thus have

SSE=Y [In —x(x'x)”" X/] Y, (6.13)

which has 1 — p degrees of freedom since I,, — X(X'X) "' X is of rank 1 — p.

6.1.1 Estimation of the Mean Response
An estimator of the mean response, p(x), in (6.3) is given by
i) = f @B
This is also called the predicted response at x, which is denoted by Y(x). Hence,

Yo =f@B
= (XX)7 XY (6.14)
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The 1 x 1 vector Y whose uth element is l?(xu), where x,, is the setting of x at
the uth experimental run (u = 1,2, ..., n), is the vector of predicted responses.
From (6.14) we then have

Y =X
=X (X'X)"' X'Y. (6.15)
The vector
Y- ¥=[1,-x(xX) " x|y (6.16)

is called the residual vector. Thus Y can be written as
y=Y+(v-1).
Note that ¥ is orthogonal to ¥ — ¥ since
V(v-v)=vx(xx)" X[, - X (xX) "' X] Y
=0.
We also note from (6.15) that ¥ belongs to the column space of X, which is the
linear span of the columns of X (see Definition 2.3). Let us denote this linear
span by C(X). Furthermore, the mean response vector, namely p = X3, also
belongs to C(X). Itis easy to see that Y — Y is orthogonal to all vectors in C(X).
The vector ¥ can therefore be regarded as the orthogonal projection of Y on
C(X) through the matrix X(X'X)~'X" in (6.15).

The square of the Euclidean norm of Y, namely ||X |§ 12, is called the regres-
sion sum of squares and is denoted by SSge;. We thus have

SSkeg = I| X I
—B'X'XB
=YX (X'X)"' XY, (6.17)
This sum of squares has p degrees of freedom since the matrix X(X'X)~1X’,

which is idempotent, is of rank p. Note that SSg,, and SSg [see (6.13)] provide
a partitioning of || Y [>= Y'Y since

YY=YX(XX) " XY+Y [, - X (XX) ' x]v. (6.18)

Such a partitioning is usually displayed in an analysis of variance (ANOVA)
table of the form (Table 6.1).

A historical note

The method of least squares was first published in 1805 by the French
mathematician Adrien-Marie Legendre (1752-1833). However, in 1809, Carl
Friedrich Gauss (1777-1855) claimed that he had been using the method since
1795, but ended up publishing it in 1809. More details concerning the origin
of this method were given in Section 1.1.
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TABLE 6.1

An ANOVA Table for a Regression Model
Source DF SS MS
Regression p SSReg SSReg/P
Error n—p SSE SSg/(n —p)
Total n Y'Y

6.2 Properties of Ordinary Least-Squares Estimation

Let us again consider model (6.5) under the assumption that E(e) = 0 and
Var(e) = 02I,. Thus, E(Y) = XB and Var(Y) = 02I,. The least-squares
estimator of f is given by B as in (6.9).

A number of results and properties associated with § will be discussed
in this section. Some of these results are easy to show, others are derived in
more detail.

6.2.1 Distributional Properties

(a) E (ﬁ) = B, that is, [3 is an unbiased estimator of f3.

This is true since

EB) = X'X)IX'E(Y)
= X'X)"'X'XB

(b) Var(B) = o2 (X'X)~1.
This follows from the fact that
Var ([5) (X'X) "' X'Var()X(X'X)"!
(X'X) " X (L)X (X'X)"!
o2 ( X)_1 .

(c) E(MSE) = 02, where MSr is the error (residual) mean square defined by

Msp = 22E (6.19)

and SSg is the error (residual) sum of squares in (6.13), which has
n—p degrees of freedom. This result follows directly from applying
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Theorem 5.2 to SSg:

1

-1 [Bx/[1, - x (xx) " x| xp

n—p

+otr[I - X (xX) ' x|}
=iy [P
_ o

Hence, MSr is an unbiased estimator of 2. We denote such an estima-
tor by 2.

(d) E(MSReg) = %[3/ X'XB + 02, where MS Reg 18 the regression mean square
defined by

1
MSReg = ;_7 SSReg/ (6.20)

and SSgeg is the regression sum of squares given in (6.17), which has p
degrees of freedom. This result also follows from applying Theorem 5.2
to SS Reg:

E(MSReg) = 1E(SSReg)
{Bx [x (xx) "' x| xB + o2 tr[x (x'%) ' x|}

(B’X’XB +p crz)

PRI, TI Ik,

=5 B'X'XB + 0.

6.2.1.1 Properties under the Normality Assumption

In addition to the aforementioned assumptions concerning €, let € be now
assumed to have the normal distribution N(0, 02I,,). This results in a number
of added properties concerning 3. In particular, we have

(e) B~ NIB,>(X'X)7"].
This follows from applying Corollary 4.1 to § = (X'X) XY, which is
a linear function of Y, and Y is distributed as N(X, 02I,,). Hence, by

using properties (a) and (b) in Section 6.2.1, we conclude that B~N
[B, 0> X'X) 1.



134 Linear Model Methodology

The next four results give additional properties concerning the distributions
of SSg and SSgeg, their independence, and the independence of 3 from MSg.
() L SSe~x2_,-
This can be shown by applying Theorem 5.4 to SSg in (6.13) and noting
that = [I,, — X(X'X)"'X'](0%I,) is idempotent of rank 1 — p. Further-
o
more, the corresponding noncentrality parameter is zero since

X1, - X (XX) ' X'| xB =0.

(g) %SSReg ~ X%(e)/ Where e = %ﬁ’X’XB
Here, application of Theorem 5.4 to SSgeg in (6.17) yields the desired

result since %[X(X’X)”X/ 1(6I,) is idempotent of rank p, and the
noncentrality parameter is

0 =p'X [%X (X’X)_lX’] XB
o
1 / /
= 5 B'X'Xp.
(h) SSgreg and SSg are independent.

This results from applying Theorem 5.5 to SSgee and SSg. More specifi-
cally, using condition (5.45), we get

[x (x%) "' x| (L) [1, - X (X'%) ' x'] = 0.

(i) [§ and MSE are independent.
The proof of this result is based on an application of Theorem 5.6 to
the linear form, [§ = (X’X)"1X'Y, and the quadratic form, MSg =
n%p Y'[I, — X (X'X)~1X']Y. In this case, using condition (5.59), we obtain

(xX) "' X' (o1 {anp (1. - X ( /X)_lX/]} =0.

6.2.2 The Gauss—Markov Theorem

This well-known theorem gives an optimal property concerning least-squares
estimation.

Theorem 6.1 Let ¢’ be a linear function of 3, where ¢ is a given nonzero
constant vector. If E(e) = 0 and Var(e) = 02I,,, where € is the experimental
error vector in (6.5), then ¢’ B = c(X’X)"1X'Y is the best linear unbiased esti-
mator (BLUE) of ¢’B. By best, it is meant that ¢’ [AS has the smallest variance
among all linear unbiased estimators of ¢'f3.
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Proof. It is clear that c’[:’» is a linear function of Y and that it is unbiased for
c'B [see property 6.2.1(a)]. Let us now show that ¢’ has the smallest variance
among all linear unbiased estimators of ¢'f3.

Let A'Y be any linear unbiased estimator of ¢'B, thatis, E(A'Y) = ¢/B. This
implies that

NXB =B (6.21)
for all B in R?, the p-dimensional Euclidean space. It follows that
NX =c. (6.22)
Now, the variance of A'Y is
Var (N'Y) = NAo?. (6.23)

Furthermore, from property 6.2.1(b), we have
Var (c’é) = o%c (X'X) e (6.24)
Using (6.22) in (6.24), we get
Var (¢8) = o NX (X'X) ' XA (6.25)
From (6.23) and (6.25) we can then write

Var (N'Y) = Var (¢8) = N [I - X (x'X) 7 X'| A
> 0. (6.26)

The inequality in (6.26) follows from the fact that the matrix I,, — X(X'X) ¢
is idempotent, hence positive semidefinite. This shows that

Var (d{s) < Var (\'Y). (6.27)

Equality in (6.27) is achieved if and only if ¢ B = A'Y. This follows from (6.26)
and noting that Var(A'Y) = Var(¢’ [AS) if and only if

I, - X(XX)"'X |A=0,
[ ]

or, equivalently, if and only if

Hence,
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Theorem 6.1 can be generalized so that it applies to a vector linear function
of B, Cp, where C is a given constant matrix of order g x p and rank g (< p).
This is given by the following corollary:

Corollary 6.1 Let C be a given matrix of order q x p and rank q (< p). Then,

Cp is the best linear unbiased estimator (BLUE) of CB. By best, it is meant
that the matrix,

B = Var(AY) — Var (Cfs)

is positive semidefinite, where AY is any vector linear function of Y that is
unbiased for Cf3.

Proof. The unbiasedness of AY for C3 implies that AX = C. The g x n matrix
A must therefore be of rank g since Cis of rank q. Now, the matrix B is positive
semidefinite if and only if

Bt >0, (6.28)

for all t € R7 with /Bt = 0 for some t # 0. But,
¥Bt = Var (FAY) — Var (£CB)
= Var (A}Y) — Var (c;ﬁ) , (6.29)
where A; = A and ¢} = #'C. Note that A}Y is a linear function of ¥, which is
unbiased for ¢;B. The latter assertion is true because

EAYY) = A XB
=tAXB
=tCB
= ¢;B. (6.30)

From Theorem 6.1 we conclude that Var(A;Y) > Var(c; [?‘)) forall t € R7, which
implies (6.28). It remains to show that ¢'Bt = 0 for some ¢ # 0.
Suppose that # Bt = 0. Then, from (6.29) we have

o2 [Ap\t — g (x'x)"! ct] =0. (6.31)

Since A} = t'A, ¢; = C = ¥ AX, (6.31) can be written as
AL - X (XX) ' X [Nt =0, (6.32)
From (6.32) we conclude that there is some nonzero vector u = A’t for which
the equality in (6.32) is true, since the matrix I,, — X(X'X)"'X’ is positive

semidefinite. For such a vector, t = (AA)"!Au # 0, which implies that
t'Bt = 0 for some nonzero t. O

A special case of Corollary 6.1 when C = I, shows that B is the BLUE of B.
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6.3 Generalized Least-Squares Estimation

In this section, we discuss again the estimation of 3 in model (6.5), but under
a more general setup concerning the variance—covariance matrix of e. Here,
we consider that Var(e) = 02V, where V is a known positive definite matrix.
Estimation of 3 in this case can be easily reduced to the case discussed in
Section 6.1. Multiplying both sides of (6.5) on the left by V=/2, we get

Yy = XoP + €0, (6.33)
where Y, = V712y, X, = V12X, and €, = V"Y2¢. Note that X, is of full
column rank and that E(e,) = 0, Var(ey) = V- V2(62V)V~1/2 = ¢2I,. The
OLS estimator of 3 in model (6.33) is therefore given by

B, = (X,X,) ' XY,
-1
— (X’V—lx) x'v-ly. (6.34)

We call [:’»U the generalized least-squares estimator (GLSE) of  for model (6.5).
This estimator is unbiased for 3 and its variance—covariance matrix is

~ -1 -1
Var ([37,) - ( ’V*lx) X'Vl (GZV) vlx (X’V*lx)
-1
=2 (X’V‘1X> . (6.35)
Applying the Gauss-Markov Theorem (Theorem 6.1) to model (6.33) we
conclude that ¢, = ¢(X’'V1X)"1X'V-1Y is the BLUE of ¢/, where c is

a given nonzero constant vector. In addition, using Corollary 6.1, if Cp is a
vector linear function of 3, where C is a given matrix of order 4 x p and rank

g (<p), thenC Bv is the BLUE of Cp. In particular, [ASU is the BLUE of f3.

6.4 Least-Squares Estimation under Linear
Restrictions on 3

The parameter vector 3 in model (6.5) may be subject to some linear restric-
tions of the form
AB =m, (6.36)

where
A is a known matrix of order r x p and rank 7 (< p)
m is a known vector
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For example, in a simple linear regression model, Y = o + B1x + €,
estimation of the slope 31 may be needed when 3¢ = 0, that is, for a model
with a zero Y-intercept. Also, in a multiple linear regression model, such as
Y = Bo + B1x1 + P2x2 + €, the mean response, p(x) = Bo + B1x1 + B2x2, may
be set equal to zero when x; = 1, xo = 3. In this case, 39, 1, B2 are subject
to the linear restriction, g + f1 + 3p2 = 0.

In this section, we consider least-squares estimation of 3 when f3 is subject
to linear restrictions of the form given in (6.36). We make the same assump-
tions on € as in Section 6.1, namely, E(e) = 0 and Var(e) = 021,

This particular type of estimation can be derived by minimizing S(f3)
in (6.6) under the equality restrictions (6.36). A convenient way to do this
is to use the method of Lagrange multipliers (see, for example, Khuri, 2003,
Section 7.8). Consider the function,

T(B, k) = S(B) + K'(AB —m), (6.37)

where k is a vector of r Lagrange multipliers. Differentiating T(3, k) with
respect to 3 and equating the derivative to zero, we obtain

—2X'Y+2X'XB+A'k=0. (6.38)
Solving (6.38) with respect to B and denoting this solution by B,, we get
o _ 1
B, =(XX)" [X’Y - EA/Ki| : (6.39)
Substituting Br for B in (6.36), we obtain
1~ "L | v 1.
A (X'X) |:XY— EA K:| = m.
Solving this equation for k, we get
-1
k=2[axx)"'Aa] [AXX) XY -m]. (6.40)

From (6.39) and (6.40) we then have the solution
n -1
B=(x%) "Xy - (xx)T A [axx) A [AXX) XY - m]
P et S . R P
=Bp-(xx)"afaxx)a] (4B -m), (6.41)
where f is the OLS estimator givenin (6.9). This solution is called the restricted
least-squares estimator of B. It is easy to see that B, satisfies the equality
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restrictions in (6.36). Furthermore, S(f3) attains its minimum value, S([gr),
over the parameter space constrained by (6.36) when 3 = f3,. It can also be
verified that

(1)~ (r-33) (v-x0) (33 x5
=556+ (B - Br)’X’X (B-5.). (6.42)

Hence, S([g,) > SSg since equality is attained if and only if [:’» = [3,, which is
not possible. Using (6.41), formula (6.42) can also be written as

~ ~ / _ -1 A
S ((3,) — S+ (AB - m) [A (X'X) 1A/] (Aﬁ — m) .
The assertion that S(3) attains its minimum value at ﬁr in the constrained
parameter space can be verified as follows: Let 3 be any vector in the con-
strained parameter space. Then, AB = m = Af,. Hence, A([g, - pB) =0.

Therefore,

S(B) = (Y —XB)' (Y — XP)
= (Y~ XB, + XB, ~ XB) (Y- XB, + XB, - Xp)

= (v- X[?;,)/ (v-xB,)+2 (Y- X[:’»,)/ (x#, - xB)
+ (xB, - XB) (XB, - XB).
But, from (6.41) we have
(Y _ str)/ (str _ XB) - {Y —XB+X(xXx)7 A [A (x'x)™" A’]_l
< (4B —m)| x (8, s)
= (4B - m) [axx)a] LAXX) T XX

x (B, - 8)

=0, sinceA (|A3r — B) =0.
It follows that
s =5(,)+ (B —8) XX (B,-B).

Hence, S(B) > S (Eyr), and equality is attained if and only if p = ér.



140 Linear Model Methodology

6.5 Maximum Likelihood Estimation

This type of estimation requires that particular assumptions be made con-
cerning the distribution of the error term in model (6.5). In this section, we
assume that e is normally distributed as N(0, 02I,). Hence, Y ~ N(XB, 621,,).
Then, the corresponding likelihood function, which, for a given value, y, of
Y, is the same as the density function of Y, but is treated as a function of
B and 02 and is therefore given by

1
LB, 0%y = P [—m(y - XB) (y — XB)} . (6.43)

v 7.[0-2)71/2 ex

By definition, the maximum likelihood estimates (MLE) of B and o2 are those
values of B and ¢? that maximize the likelihood function, or equivalently, the
natural logarithm of £, namely

I ((3, 62,y> - —g log(2 ) — g log (crz) - 21?(3, — XB)(y — XP).

To find the MLE of B and o2, we proceed as follows: We first find the sta-
tionary values of B and o2 for which the partial derivatives of (B, 02, y) with
respect to B and o2 are equal to zero. The next step is to verify that these
values maximize (B, 02, y). Setting the partial derivatives of I(8, 02, y) with
respect to 3 and o? to zero, we get

al (B, o2, 1 , ,
% = —5o (F2X'y +2X'X)

—0 (6.44)
al (B, o2, n 1 .
%=—ﬁ+ﬁ@_xﬁ) (y —XB)

= 0. (6.45)

Let 3 and &2 denote the solution of equations 6.44 and 6.45 for  and o2,
respectively. From (6.44) we find that

B =XX)"'XY, (6.46)

which is the same as {3, the OLS estimator of B in (6.9). Note that Y was used
in place of y in (6.46) since the latter originated from the likelihood function
in (6.43) where it was treated as a mathematical variable. In formula (6.46),
however, Y is treated as a random vector since it is data dependent. From
(6.45) we get

2= (Y — XB) (y - XB) . (6.47)

n
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We recall that 2 = MSg is an unbiased estimator of o2 [see property 6.2.1(c)].
The estimator &2, however, is not unbiased for o2

Let us now verify that § and G2 are indeed maximal values for I(B, 02, Y)
with respect to  and o2. For this purpose, we consider the matrix of second-
order partial derivatives of I(j3, O‘Z,y) with respect to 3 and o2. This is the

Hessian matrix and is given by
5 al(ﬁ,oz,y) 3 81<B,62,y)
5 8I(B,Gz,y) 3 81<B,62,y)
3_[3/ 902 902 902

Evaluating the matrix M at § = 3, and 02 = 2, we get

M =

e - LxX . (—2 X'y + 2X’X[§) 618)
a %@(—Zy’X—i-ZB/X/X) %—%(y—Xfi)/(y—XB) '

Making use of (6.44) and (6.47) in (6.48), we obtain

iy
M=|: G _"L], (649)

254
which is clearly negative definite. Hence, I(#, 02,y) has a local maximum at
B = B, 0?2 = §? (see, for example, Khuri, 2003, Corollary 7.7.1). Since this is
the only local maximum, it must also be the absolute maximum. Hence, [3 and

2 are the MLE of B and 02, respectively. The maximum value of £($, 02, y)
in (6.43) is

2 _ ; —n/2
rél/'?; (B,cr ,y) = ) e (6.50)

6.5.1 Properties of Maximum Likelihood Estimators

We have that § = 3 and 62 = % = _EMSg. On the basis of the properties
given in Section 6.2.1.1, B ~N(@B,o2(X'’X)" 1), 52 ~ %zxfl_p, and B and 52 are

independent. In addition,  and &2 have two more properties, namely, suffi-
ciency and completeness. In order to understand these properties, the following
definitions are needed:

Definition 6.1 Let Y be a random vector whose distribution depends on a
parameter vector, ¢ € ), where () is some parameter space. A statistic U(Y)
is a sufficient statistic for ¢ if the conditional distribution of Y given the value
of U(Y) does not depend on ¢.
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In practice, the determination of sufficiency is more easily accom-
plished by using the following well-known theorem in statistical inference,
namely, the Factorization Theorem (see, for example, Casella and Berger, 2002,
Theorem 6.2.6).

Theorem 6.2 (Factorization Theorem) Let g(y, ¢) denote the density function
of the random vector Y. A statistic U(Y) is a sufficient statistic for ¢ € Q if
and only if g(y, ¢) can be written as

S, d) =g1(y) 2uy), d)

for all € Q, where g is a function of y only and g is a function of u(y)

and ¢.

Definition 6.2 Let Y be a random vector with the density function g(y, ®),
which depends on a parameter vector, ¢ € Q. Let F denote the family of
distributions {g(y, ®), & € Q}. This family is said to be complete if for every
function k(YY) for which

E[h(Y)]=0, forall p € Q,

then h(Y) = 0 with probability equal to 1 for all ¢ € Q.
Note that completeness is a property of a family of distributions, not of a
particular distribution. For example, let Y ~ N(y, 1), then

Sy, w = \/%t exp [—%(y — u)2i| , —00 <Yy <09, (6.51)

where —o0 < p < o00. Let h(Y) be a function such that E[h(Y)] = 0 for all p.
Then,

1 ¢ 1
T j h(y)exp |:_§(]/ - H)2:| dy=0, —o0<p<oo,
—00

which implies that

oo
f h(y)e*yz/zey Hdy =0, —o0o < p < 00. (6.52)
—0o0
The left-hand side of (6.52) is the two-sided Laplace transformation of the

function h(y)e_yz/ 2 [see Chapter Il in Zemanian (1987)]. Since the two-sided
Laplace transformation of the zero function is also equal to zero, we con-
clude that

h(y)e™¥'12 =, (6.53)

and hence h(y) = 0 almost everywhere (with respect to Lebesgue measure).
This assertion is based on the uniqueness property of the two-sided Laplace
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transformation [see Theorem 3.5.2 in Zemanian (1987, p. 69)]. We thus have
P[h(Y) = 0] = 1, which indicates that the family of normal distributions,
N(u, 1), is complete.

We can clearly see that we would not have been able to conclude from
(6.52) that h(y) = 0 if p had just a fixed value. This explains our earlier
remark that completeness is a property of a family of distributions, but not
of a particular distribution. For example, if #/(Y) = Y and Y ~ N(0, 1), then
having E[h(Y)] = E(Y) = 0 does not imply that #(Y) = 0.

Definition 6.3 Let U(Y) be a statistic whose distribution belongs to a family
of distributions that is complete. Then, U(Y) is said to be a complete statistic.

For example, if Y is the sample mean of a sample of size n from a normal
distribution N(i,1), —oo < p < oo, then ¥ ~ N(j, 111). Since this family of
distributions is complete, as was seen earlier, we conclude that Y is a complete
statistic.

The completeness of the family of normal distributions N(u,1) can be
derived as a special case using a more general family of distributions called
the exponential family.

Definition 6.4 Let 7 = {g(y, &), d € Q} be a family of density functions (or
probability mass functions) such that

k
S, d) = o(y) c(db) exp {Z (Ui(d))ti(y):| , (6.54)

i=1

where @(y) > 0 and t1(y), t2(y), . . ., tx(y) are real-valued functions of y only,
and c(¢) > 0 and wi(P), wr(P),..., wr(Pp) are real-valued functions of ¢
only. Then, F is called an exponential family.

Several well-known distributions belong to the exponential family. These
include the normal, gamma, and beta distributions, among the continuous
distributions; and the binomial, Poisson, and negative binomial, among the
discrete distributions. For example, for the family of normal distributions,
N(u, 0%), we have

1 1 5
gy, d) = NTT R [—ﬁ(y— 1Y) } —00 < p < 00,0 >0, (6.55)
_ 1 w Vo wy
= mexp <—202> exp <_202 + 2 )
Comparing this with the expressionin (6.54), we see that o = (, o2y, e =1,

() = s exp (-5 ), wid) = 5L, he) = P, wa(d) = &, and
t(y) =y.
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The exponential family has several nice properties. One of these
properties is given by the following well-known theorem (see, for exam-
ple, Arnold, 1981, Theorem 1.2, p. 2; Graybill, 1976, Theorem 2.7.8, p. 79;
Wasan, 1970, Theorem 2, p. 64):

Theorem 6.3 Consider the exponential family defined in formula (6.54).
Let w(d) = [wi(P), wa(d),..., wr(P)] and ty) = [L1(y), L2y), ..., )]
Then, #(Y) is a complete and sufficient statistic provided that the set
{w(d), d € O} contains a nondegenerate k-dimensional rectangle (i.e., has a
nonempty interior).

After this series of definitions and theorems, we are now ready to show

that the maximum likelihood estimators, § and &2, have the properties of
sufficiency and completeness.

Theorem 6.4 LetY ~ N(X, 02I,,). Then, the maximum likelihood estimators
of B and o2, namely, B = (X’X)"1X'Y, and
1 _
& =Y [ - x (xx) " XY, (6.56)

are complete and sufficient statistics for § and 2.

Proof. The density function, g(y, ®), of Y is the same as the likelihood func-
tion in (6.43), where ¢ = (B’, 0%)’. We can then write

1 1 ,
gy, P) = Wexp [—ﬁ(y - XB) (y—XB)}

| [ ()
+(B-8) xx(p- B)“

_ m exp{—;? |:n62+ (B—B>/X’X (B—B)] } (6.57)

We note that the right-hand side of (6.57) is a function of &2, B, and the ele-
ments of ¢. Hence, by the Factorization Theorem (Theorem 6.2), the statistic

([~3/, 52) is sufficient for ¢ [the function g1 in Theorem 6.2, in this case, is
identically equal to one, and the function g, is equal to the right-hand side
of (6.57)].

Now, to show completeness, let us rewrite (6.57) as

1 1 o,
g(y,d)):Wexp(—m XXB)

% exp {—21? (16 + Bx'xB] + %B’X’Xﬁ} L 659)
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By comparing (6.58) with (6.54) we find that g(y, ¢) belongs to the exponential
family withk=p +1,

oy =1,
]' 1A 44
co(Pp) = W exp (—mﬁ XX[3> p
1

wi(Pp) = _ﬁ'

h(y) = n&? + B X'XB, (6.59)

1

w)(d) = =B,

t(y) = X'XB. (6.60)

Furthermore, the set

w(d) = [wi(d), wy(d)]
11\
=22 2?)-
is a subset of a (p + 1)-dimensional Euclidean space with a negative first
coordinate, and this subset has a nonempty interior. Hence, by Theorem 6.3,

t(Y) = [t1(Y), £, (Y)] is a complete statistic. But, from (6.59) and (6.60) we can
solve for B and 2 in terms of #1(Y) and #,(Y), and we obtain,

B=(XX)" ty),
1 ~ _
P = [t1(Y) — () (X'X) 7 (X'X) (X'X) tz(Y)]
1 , o
= (60 - M (XX) " ).

It follows that (B, &%)’ is a complete statistic (any invertible function of a
statistic with a complete family has a complete family; see Arnold, 1981,

Lemma 1.3, p. 3). We finally conclude that (B/, 52) isa complete and sufficient
statistic for (p/, 02)’. O

Corollary 6.2 LetY ~ N(XB, 02I,), where X is of order 1 x pandrankp (< n).
Then, B = (X'X)"'1X'Y, and

_ 1 / v\ 1 v/
MSg= Y L -x(xx) "Xy,

are complete and sufficient statistics for  and o2.

The completeness and sufficiency of B and MSg in Corollary 6.2, combined
with their being unbiased for  and o2, give these estimators a certain optimal
property, which is described in the next theorem.
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Theorem 6.5 Let Y = XB + €, where € ~ N(0, 02I,,). Then, B and MSE are
the unique unbiased estimators of  and o2 with the smallest variance in the
class of all unbiased estimators of § and ¢, that is, for all  and 0?2,

var (B) < Var (8") (6.61)
Var(MSg) < Var (0*2) ) (6.62)

where B* and ¢*? are estimators that belong to the class of all unbiased
estimators of B and o2, respectively, and the inequality in (6.61) means that
the matrix Var(p*) — Var([g) is positive semidefinite.

This theorem is based on the so-called Lehmann—Scheffé Theorem (see, for
example, Casella and Berger, 2002, p. 369). It gives  and MSE the distinction
of being uniformly minimum variance unbiased estimators (UMVUE) of § and o2
(see also Graybill, 1976, Theorem 6.2.2, p. 176).

It should be noted that the earlier optimal property concerning B, given
by the Gauss-Markov Theorem in Section 6.2.2, states that 3 has the smallest
variance among all linear unbiased estimators, that s, [.3) is the best estimator in
the class of all linear unbiased estimators of 3. Theorem 6.5, however, gives a
stronger result, namely, that B is the best estimator in the class of all unbiased
estimators, including those estimators that are linear. This stronger result is
due to the normality assumption made earlier concerning e in Theorem 6.5.
The Gauss-Markov Theorem does not require such an assumption.

I
6.6 Inference Concerning f3

Consider model (6.5) where it is assumed that € ~ N(0, 62I,,). In this section,
a test statistic is derived concerning the general linear hypothesis,

Ho: Ap =m, (6.63)
against the alternative hypothesis,
H, : AB # m, (6.64)

where A is a known matrix of order r x p and rank r (< p), and m is a known
vector of r elements.
It is easy to see that under Hy,

Ap~N[m,?a(xx) " 4],

where B is the OLS estimator of B given in (6.9). Hence, under Hy,

% (Afs - m>/ [A (X/X)‘lATl (A(s - m) ~ 2.
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Furthermore, f is independent of MSg according to property (i) in
Section 6.2.1.1, and nc;fMSE ~ X)217p by property (f) in Section 6.2.1.1. It
follows that under Hj, the statistic,

(Aé. - m>/ [A (X/X)‘lAT1 (A(a - m)

F == 7
TMSE

(6.65)

has the F-distribution with r and n — p degrees of freedom. Under the alter-
native hypothesis H,,

| (48 - m) [a x4 (48 - m)]
= (mo —m) [A(XX) A g —m)
+tr { [a(xx)™ A’]_l [a(xx)"a'] 02}
= (my —m)' [ (X'X) ! A/]f1 (mg —m) +ro?, (6.66)

as can be seen from applying Theorem 5.2, where m, is an alternative value
of AB under H, (m, # m). Note that

(m —m) [A(XX) T A] g —m) > 0,

since A(X'X) 1A’ isa positive definite matrix. Consequently, a large value of
the test statistic F in (6.65) leads to a rejection of Hy. Thus, Hy is rejected at
the o-level if F > Forn—p-

Under the alternative value, A = m,, the test statistic F in (6.65) has
the noncentral F-distribution with r and n — p degrees of freedom and a
noncentrality parameter given by

0= % (my — m)’ [A (X/X)_1 A’]_1 (Mg —m).
Hence, the corresponding power of the test is
Power = P[F > Foyn—p | F ~ Fru_p(0)].
A special case of the hypothesis in (6.63) is

HOZB:BO/
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where A = I, and m = . In this case, the statistic F in (6.65) reduces to

(B~ Bo) XX (B - Bo)
pMSE ’

F_ (6.67)

which has the F-distribution with p and # — p degrees of freedom under Hy.

6.6.1 Confidence Regions and Confidence Intervals

Given that € ~ N(0, 6°I,,), it is easy to derive a confidence region on a vector
linear function of B such as A = A3, where A is the same matrix as in (6.63).
A (1 — )100% confidence region on A is given by

N / ron—1 ., -1 N
(A[S - A) [A (X'X) A] (Aﬁ - 7\) < PMSE Fagrnp- (6.68)
In the event A = 4’3, where 4’ is a known vector of p elements, it would be

more convenient to use the f-distribution to derive a (1 — «)100% confidence
interval on a’f of the form

aBFls ., [a/ (x'x)™" aMSE]l/ ‘. (6.69)
This is based on the fact that
a’[:’» —ap
[a’ ( /X)_1 aMSE]

172

has the t-distribution with n — p degrees of freedom.

6.6.1.1 Simultaneous Confidence Intervals

The confidence interval in (6.69) provides a coverage probability of 1 — « for
a particular linear function, a’B, of . In some cases, it may be desired to have
confidence intervals on all linear functions of § of the form I'B, where I € R?,
the p- dimensional Euclidean space, with a joint coverage probability of 1 — «.
More specifically, if C; denotes such a confidence interval on I'B, then

P [IBec]i=1-«
leRP

or, equivalently,

P[IBeC,VIeR]=1-«
Such intervals are referred to as simultaneous confidence intervals. To construct
these intervals, the following lemma is needed.

Lemma 6.1 The inequality, | b'x |< c(b'b)!/?, holds for all b if and only if
¥x<c%(c>0).
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Proof. If ¥'x < ¢, then by the Cauchy-Schwarz inequality,

12 (6.70)

|b'x| < c (b'b)
Vice versa, if (6.70) is true for all b, then, in particular for b = x, we have

1/2

| x'x | < ¢ (¥x) (6.71)

Whenever x # 0, we conclude from (6.71) that x¥'x < ¢2. If x = 0, then x'x < ¢?

is already satisfied. O

Theorem 6.6 (1 — ®)100% simultaneous confidence intervals on all linear
functions of B of the form I'B, I € R, are given by

! H / — 1/2
I F [pMSg Fapupl (XX) 1]

Proof. Using formula (6.68), a (1 — «)100% confidence region on 3 can be
written as

(h- B)/X/X (B~ B) < pMSk Fapu 6.72)

Letx = (X’X)l/Z(ﬁ —B), 2 =pMSg Fapn—p- Using Lemma 6.1, inequality
(6.72) is equivalent to

10/ (XX)"? (B~ 8) |= (0)"2 pMSe Fapnp)'? YDER'.  (673)

Let now I' = b'(X’X)'/2. Thus, b’ = I'(X’X) /2. Substituting in (6.73), we get

I (é B B) = [l/ (X/X)_l 1]1/2 (P MSg ch,p,nfp)l/z , (6.74)

for all I € R? with a joint probability of 1 — «. From (6.74) we conclude that
/ 16 ' (v =1 712
P{lBequ:[pMSEFM,,n_pl xx) 1) ", VleRP}zl—oc. (6.75)

The intervals in (6.75) are called Scheffé’s simultaneous confidence intervals on
all linear functions of 3. O

6.6.2 The Likelihood Ratio Approach to Hypothesis Testing

An alternative method for deriving the test statistic for the null hypothesis Hg
in (6.63) is based on the likelihood ratio principle (see, for example, Casella and
Berger, 2002, Section 8.2.1). This is related to the maximum likelihood estimation
discussed in Section 6.5. By definition, the likelihood ratio test statistic, A, for
testing Hy is given by

_ maxy, £ (B, 0% y)
~ maxg o2 £ (B,02%y)

(6.76)
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where maxg ;2 L£(B, 02, y) is the maximum of the likelihood function in (6.43)
maximized over the entire parameter space of € R and 02 (0 < 02 < 00),
and maxp, L(f, 0?2, y) denotes the maximum value of the likelihood function
maximized over a restricted parameter space of 3 defined by AB = m. Note
that A < 1 and small values of A lead to the rejection of Hp.
Recall that maxg ;2 L£(B, 02,y) is given by the right-hand side of (6.50). It
can also be shown (see Exercise 6.7) that
27 Y N\ T?
2 _|1=" _ _ —n/2
max £ (B,0%y) = [ . (v-x8,) (v XB,):| e 2, 6.77)

where B, is the restricted least-squares estimator of f3,
~ ~ -1 ~
B=8-(xx)"alaxx) ] (aB-m), (6.78)

as was seen earlier in Section 6.4. Using formulas (6.50) and (6.77), the expres-
sion in (6.76) can be written as

(v 8) (s~ x9)
(v x5) (v~ x0)

n/2

A=

(6.79)

But,

(v—xB) (v—XB) =S5,

as can be seen from (6.13) for a realized value, y, of Y. In addition, from (6.41)
and (6.42), we have

(]/ - Xé’r)/ (]/ - Xé’r) =SS + (é - Br>/X/X (é’ - é’r)
=55+ (4B - m)/ [a(xx)™ A’]% (4B —m).
We then have,
SSE n/2

where
~ / 1 -1 ~
Q= (Afs _ m) [A (X'X) A’] (A[S _ m) .
Thus, the ratio A is a monotone decreasing function of % Since a small value

of A leads to the rejection of Hy, a large value of %, or equivalently, of %,

where MSg = %, will have the same effect. But, % is equal to the test

statistic F in (6.65). We conclude that the likelihood ratio principle results
in the same test statistic as the one based on the distributional properties

associated with B under the assumption of normality.
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6.7 Examples and Applications

In this section, several applications of the methodology described in the
present chapter will be discussed. In addition, a number of numerical exam-
ples will be presented to illustrate the implementation of this methodology.

6.7.1 Confidence Region for the Location of the Optimum

One of the objectives of response surface methodology is the adequate estima-
tion of the optimum mean response within a certain region of interest. The
precision of the estimated optimum is often indicated via a confidence region
on the optimum. Such an optimum is usually considered within a certain
constrained region.

Let p(x) denote the mean response at a point x = (x1,x2,...,%) in a
region of interest, i}. Suppose that p(x) is represented by a second-degree
model of the form

wx) = Bo +x'p* + x'Bx, (6.81)

where B* = (B1,B2,...,Bx)’, Bisasymmetric matrix of order k x k whose
ith diagonal element is 3;; and (i, j)th off-diagonal element is %Bij (i #j); Bo
and the elements of B* and B are fixed unknown parameters. Suppose that
the region M is constrained by the functions g1 (x), g2(x), . . ., gm (x) such that

gix)=c, i=12,...,m, (6.82)

where ¢, ¢, ..., iy are given constants and g;(x) is a quadratic function in x
of the form

i) =voi +xv; +xTix, i=12,...,m, (6.83)
where y¢; and the elements of v; and I'; are known parameters. We need to

optimize p(x) subject to the constraints given in (6.82). This can be accom-
plished by applying the method of Lagrange multipliers to the function

m
M) = p@) — Y Ai[gi®) —ci], (6.84)
i=1
where A1, A, ..., Ay are Lagrange multipliers. Taking the partial derivative
of M(x) with respect to x for fixed A;, we get

M _, (B - Nﬂ) X+ B =D Nvie (6.85)

ox
=1 i=1

Let & be the location of the true constrained optimum. If the model in (6.81)
is correct, then & must satisfy the equation

2 (B - inri) £+ (B* -y Am> =0. (6.86)
i=1 i=1
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Let & denote the estimator of the quantity on the left-hand side of (6.86),
which is formed by replacing the unknown parameters of the model in (6.81)
with their unbiased least-squares estimators, that is,

m m
§=2 (B -3 A,ﬂ-) E4+p - > v (6.87)
i=1 i=1

Assuming that the response variable Y(x) at x € 3 is normally distributed
with mean p(x) and variance o2, and the response data are uncorrelated,
the least-squares estimators in (6.87) are normally distributed. Hence, 5 ~
N(0, V), where the elements of V are obtained from appropriate functions of
the elements of the variance—covariance matrix of the parameter estimators
in (6.87). Consequently, a (1 — «)100% confidence region on & for fixed A; (i =
1,2,...,m) is defined by the inequality

VTS < x4 (6.88)

where X%xk is the upper x-quantile of the chi-squared distribution with k
degrees of freedom.

In a typical response surface investigation, the unconstrained optimum
may fall outside the region where the data are collected. Such an optimum is
undesirable because it can only be extrapolated and is therefore unreliable.
In this case, certain constraints are considered in order to restrict optimiza-
tion within the experimental region to a fixed distance from the region’s
center.

Example 6.1 In some biomedical studies, the fitted model may not be
linear as in (6.81), but can be expressed as an exponential function of
n(x) = Bo+x’'B*+a'Bx, which is monotone increasing. Hence, any constrained
optimization of this function is equivalent to a constrained optimization of
u(x). Stablein, Carter, and Wampler (1983) used such a model in their deter-
mination of the optimum combination and its confidence bounds in a murine
cancer chemotherapy experiment. Different combinations of the levels of two
drugs, namely, 5-Fluorouracil (5FU) and Teniposide (VM26) were used. In
this experiment, leukemia cells were injected intraperitoneally into each of
127 mice on Day 0 and the treatment, consisting of an injection of the combi-
nation of the two drugs, was administered on Day 7. The data set consisting
of the treatment combination levels and resulting survival times, in days, is
given in Stablein, Carter, and Wampler (1983, Table 1). The same data set
is reproduced in Table 6.2. A proportional-hazards analysis was performed
using the model

L*(t) = Lo(t) exp (x'B* + x'Bx), (6.89)
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TABLE 6.2
Data from the Murine Cancer Chemotherapy Experiment

Treatment Levels

5FU (mg/kg) VM26 (mg/kg) Days of Survival
0.00 0.00 8,9(2), 10(5)
0.00 9.71 10, 13(5), 14(2)
0.00 19.40 8,10, 13, 14(4), 15
0.00 25.90 9, 14(4), 15(3)
35.60 9.71 13, 14(3), 15(3), 17
48.50 4.85 9,13(2), 14(3), 15(2)
48.50 19.40 14(2), 15(2), 16(4)
97.10 0.00 8(2), 10, 11, 12(2), 14, 16
97.10 3.56 8,9(2), 11(2), 13(2), 16
97.10 9.71 8,10, 11, 16(2), 17(2), 18
97.10 25.90 16(3), 17, 18(3), 19
194.00 0.00 10, 13(6), 14
194.00 4.85 11(2), 14(3), 16,17
194.00 19.40 8,14, 16,20(4), 21
259.00 0.00 9,11, 12(3), 13(3)
259.00 9.71 16(2), 17, 18(2), 19(2), 20
Source: Reprinted from Stablein, D.M. et al., Biometrics, 39, 759, 1983. With

permission.
Note: The number in parentheses indicates the number of animals failing on
the day in question.

where % is the hazard at time ¢ of the treatment group relative to that of

the untreated control group, and x = (x1,x2)’ is the vector of coded dosage
levels for the two drugs given by

_ 5FUdose (mg/kg) — 130

1 130
VM26 dose (mg/kg) — 13
Xy = 13 .

Of interest here is the minimization of the natural logarithm of the relative
hazard function, that is, minimizing x’'* + x'Bx within a circle of radius r
centered at (0,0).

Estimates of the parameters in model (6.89) were obtained on the basis of
maximum likelihood using the data in Table 6.2. These estimates are shown
in Table 6.3. Note that the asymptotic properties of the maximum likelihood
estimates, including the estimated asymptotic variance—covariance matrix of
the estimates, were used here.

A constrained minimum within a distance, 7, of the experimental region’s
center can be determined by requiring x’x < r? and minimizing the function
¥ B* +x'Bx — A(x'x — 12). To determine the treatment with minimum value of
the logarithm of the relative hazard on a circle of radius 7, the value of A must
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TABLE 6.3

Parameter Estimates for Model (6.89)

Parameter Estimate p-Value
B1 -1.2312 <0.001
B2 —1.5084 <0.001
B11 0.5467 0.046
B2 0.8850 <0.001
B12 0.7186 0.026

Source: Reprinted from Stablein, D.M. et al., Biometrics, 39, 759, 1983.
With permission.

be chosen smaller than the smallest eigenvalue of B (see Khuri and Cornell,
1996, p. 192), where from Table 6.3, B is the 2 x 2 matrix

B— 0.5467 0.3593
~10.3593 0.8850|"

Its eigenvalues are 1.1130 and 0.3187. Hence, A should be chosen less than
0.3187 in order to achieve a minimum. For example, for A = —0.6, the con-
strained minimum is estimated to be on a circle of radius 1 with dosages
of 5FU = 227.9mg/kg, and of VM26 = 22.0mg/kg (see Stablein, Carter,
and Wampler, 1983, p. 762). An estimated asymptotic confidence region
was placed around the location of the true minimum by using asymptot-
ically unbiased maximum likelihood estimates of the parameters and set-
ting A= — 0.6. This region was obtained by identifying all the points in
the two-dimensional experimental region that satisfy the inequality in (6.88)
(see Figure 6.1). The experimental region excluded dosage values that were
believed from clinical knowledge to be toxic. This includes the location of the
unconstrained minimum. More details about this can be found in Stablein,
Carter, and Wampler (1983).

6.7.2 Confidence Interval on the True Optimum

In this section, a confidence interval on the value of the true optimum of
the mean response is developed. For simplicity reasons, an unconstrained
optimum is considered here.

Consider again model (6.81). The stationary point of (x), that is, the point

at which 4% is equal to the zero vector, is given by

1
xo=-5B7'B" (6.90)
Then, at xg, p(x) has a minimum value if B is positive definite, and a
maximum value if B is negative definite. If B is neither positive definite
nor negative definite, then xy is a saddle point.
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FIGURE 6.1

Constrained and unconstrained confidence regions for the 5FU-VM26 exper-
iment. (Reprinted from Stablein, D.M. et al., Biometrics, 39, 759, 1983. With

permission.)

Let 3 denote the vector consisting of all the unknown parameters in model
(6.81). If Y is the vector of observed response values at 1 design settings of x,
then Y is represented by model (6.5). Assuming that the random error vector
€ in this model is distributed as N (0, 62I,,), the (1 — x)100% confidence region

on B is given by
c= {v (B =) XX (B ~v) <pMs: Fa,p,n_p} , (6.91)

where ﬁ = (X’X)"1X'Y and MSg is the error mean square. The objective here
is to use the confidence region in (6.91) in order to obtain a confidence interval

on the mean response at xg in (6.90).
It is known that if g(B) is any continuous function of 3, then

p {min [g(v)] = g(B) < max [g(v)]} >1—a (6.92)
yeC yeC

This inequality follows from the fact that if B € C, then g(B) € g(C) and
therefore

P[g(B) € g(C)] = PIB € C]
=1-a

Note that because of the continuity of the function g,

g(0) = {min [§(v)], max [g(y)]} . (6.93)
yeC yeC



156 Linear Model Methodology

Thus the interval {minycc [g(Y)], maxycc [¢(Y)]} represents a conservative
confidence interval on g() with a confidence coefficient greater than or
equaltol — o

From (6.81), the value of u(x) at x = x, as given by (6.90), is

1 .
H(x) = Po — 7 B” B71p*. (6.94)

The right-hand side of (6.94) represents a particular function of 3. We can
then write p(xp) = g(B) and apply (6.92) to obtain a conservative confidence
interval on the true optimum of the mean response (assuming that B is either
positive definite or negative definite). Such an interval is therefore of the form

|:m1n {Bo — —p* B_lﬁ } , ma(;( {(50 - %B*/B_lﬁ*” , (6.95)

which has a coverage probability greater than or equal to 1 — o. This confi-
dence interval was used by Carter et al. (1984) in their analysis of survival
data from a preclinical cancer chemotherapy experiment involving the com-
bination of two drugs.

The computation of the bounds of the confidence interval in (6.95) requires
first the identification of points in the confidence region C in (6.91). To accom-
plish this, Carter et al. (1984) used the following linear transformation in
order to reduce C to a hypersphere: Let P be an orthogonal matrix such that
X'X = PAP', where A is a diagonal matrix whose diagonal elements are the
eigenvalues of X'X, which are positive. Then,

( —Y>/X/X (B-v)=(B- Y)/P/\P/ (B-v).
Letz =AY 2P’([AS — V). The inequality in (6.91) can be written as

Zz =< pMSE Foc,p,n—p/

which represents a hypersphere centered at the origin of radius =
(p MSEg F (x,p,n,p)l/ 2, Polar coordinates can then be easily used to select points
z in this hypersphere and hence points y in C of the form

Y= [§ — PAT1/2z,

On this basis, a large number of points can be chosen in C, and the corre-
sponding values of 39 — }1[5*,8_1 B* can be computed and used to determine
the bounds in (6.95).

Carter et al. (1984) used the proportional-hazards model (6.89) in their
analysis of survival data from a cancer chemotherapy experiment, as was
mentioned earlier. In this case,

__ -1 _1 ¥ p—1pn*
[min (~36°5718°), max (35576 )|
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gives a conservative confidence interval on log [%] at the location of the

optimum. Note that the confidence region C used by Carter et al. (1984) was in
fact not the same as in (6.91), but was rather constructed using the asymptotic
properties of the maximum likelihood estimates of the model parameters in
(6.89). For more details, see Carter et al. (1984, p. 1128).

6.7.3 Confidence Interval for a Ratio

In some situations, it may be of interest to obtain a confidence interval on
a ratio of linear combinations of the parameters in model (6.5), where it is
assumed that € ~N(0, 02I,). Let us therefore consider finding confidence

.. . a
limits for the ratio{ = ﬁ, where a; and a, are vectors of known constants.
2

Let A be defined as A = a} —  a,p. An unbiased estimate of A is A=
a’lfAS - a’z[AS. Hence,

E@) =0,
Var(A) = 4, (X/X)_1 a10” -2V a) (X/X)_1 a0° +p? dj ( /X)_1 a0
= <d11 — 2 dpp +P? dzz) o2
where dy; = u’l(X’X)’lal, dip = u’l(X’X)’luz, and dyy, = a’z(X’X)’luz. It

follows that

A~

AZ
(d11 — 2d1p + Y2dxn) MSE

~ Fin—p-
Consequently,

P ( /6 ! H 2 2 _
aiB —wapB) — (dun — 20diz + W2 ) MSEF g1, = 0| =1

(6.96)
The probability statement in (6.96) can be rewritten as

P[Atbz—ZBtb—i-CSO]:l—oc, (6.97)
where,

A

(ﬂélg)Z — dnMSEF & ,1,n—p
B = (a/lfAS) (ﬂ/zfg) — d1oMSEF &,1,n—p
C= (4[3)2 — d1MSEF 10y

In order to obtain confidence limits on 1 from (6.97), the equation, AY? —
2By + C = 0, must have two distinct real roots, {1 and {, (V1 < U»), and
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the inequality AY? — 2 By + C < 0 must be satisfied by all those values of
such that 7 <1 < 5. This occurs whenever B2 — AC > 0 and A > 0. Under
these conditions, the probability statement in (6.97) is equivalent to

Plyr = <= dp]=1-«, (6.98)
where
B — (B> — AO)!/2
4y = 2= A0 (6.99)
2 1/2
by = 2+ B K A9 (6.100)

Hence, a confidence interval [{1, 2] on P exists provided that BZ—AC>0
and A > 0. If these conditions are not satisfied, then the probability statement
in (6.97) can only provide a so-called confidence set on 1\, which consists of all
values of ) that satisfy A2 — 2By +C <0.

Example 6.2 An experiment was conducted in order to determine if there
is a relationship between arterial oxygen tension, x (millimeters of mercury)
and cerebral blood flow, Y, in human beings. Fifteen patients were used in
the study and the resulting data are given in Table 6.4.

The data set in Table 6.4 was used to fit the quadratic model

Y = Bo 4 B1x + Pox? + €. (6.101)
TABLE 6.4
Data for Example 6.2
Arterial Oxygen Cerebral Blood
Tension, x Flow, Y
603.4 80.33
582.5 79.80
556.2 77.20
594.6 79.21
558.9 77.44
575.2 78.01
580.1 79.53
451.2 74.46
404.0 75.22
484.0 74.58
452.4 75.90
448.4 75.80
334.8 80.67
320.3 82.60
350.3 78.20

Note: The background information concerning
this data set is described in Walpole and
Myers (1985, p. 364).
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TABLE 6.5
Parameter Estimates for Model (6.101)

Parameter [Estimate Standard Error #-Value p-Value

Bo 144.3982 5.7380 2517  <0.0001
B1 —0.2971 0.0254 —-11.70  <0.0001
B2 0.00032 0.000027 11.72  <0.0001
TABLE 6.6
ANOVA Table for Model (6.101)
Source DF SS MS F  p-Value
Regression 2 76.2360 38.1180 68.75 <0.0001
Error 12 6.6534 0.5544
Total 14  82.8894

The least-squares estimates of the model parameters are shown in Table 6.5,
and the corresponding ANOVA table is given in Table 6.6.

We note that model (6.101) provides a good fit to the data, and all the
t-statistic values for the parameters are highly significant.

Let xp denote the location of the stationary point of the mean response
u(x). If the quadratic model in (6.101) is correct, then xp must satisfy the

equation 31 + 232xp = 0. Hence, xp = — —26[512 , which can be written as
ap
1
X0 = ——, 6.102
0 B ( )

where B = (Bo,B1,B2), a7 = (0,-1,0), a;, = (0,0,2). In this case, A =
3.89 x 1077 > 0 and B?> — AC = 7.25 x 1072 > 0. We have an absolute
(unconstrained) minimum at xq if 32 > 0. Replacing 31 and p, with their
least-squares estimates from Table 6.5, we get the following estimate of x:

A

S = — P1
232
= 464.219,

which falls within the experimental region. Using formulas (6.99) and (6.100),
the 95% confidence bounds on ¢ = xg = —zf% are P17 = 461.372, {p =

475.234. Thus, with a 0.95 probability, the interval [461.372, 475.234] contains
the arterial oxygen tension value that minimizes the mean cerebral blood flow.

6.7.4 Demonstrating the Gauss—Markov Theorem

The Gauss-Markov Theorem (Theorem 6.1) guarantees optimality of the
least-squares estimator, |§ = (X'X)"1X'Y, for model (6.5) under the conditions
E(e) =0, Var(e) = ¢2I,,.In particular, any element of [§ has a variance smaller
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than or equal to that of any other linear unbiased estimator of the correspond-
ing element of 3. In this section, the Gauss—-Markov Theorem is demonstrated
by presenting an example of such alternative unbiased linear estimators and
verifying that they are less efficient than the corresponding least-squares
estimators. The following example was described in Jeske (1994):
Consider the simple linear regression model,

Yu=Bo+Prxy+es, u=12,...,n (6.103)
where the €,’s are mutually independent with zero mean and variance o2.
The best linear unbiased estimators (BLUE) of 39 and 31 are

.S
=22 (6.104)
Sxx

Bo=Y - pix, (6.105)

where Y = 15 v, x = 15" x, Soy = Y (tw — DYy — V), and
Sxx = Y r_;(xy — X)2. The variances of 3¢ and (31 are
2

Var(py) = — (6.106)

Sxx

2§ .2
Var(Bo) = & 2u=1%i (6.107)
1 Sxx
Jeske (1994) introduced the following estimators of 39 and f31:
- S

=2 (6.108)

Six-1
Bo=Yw — B1Xy, (6.109)

where x;, = (% ZZ:l x%) is the harmonic mean of x1,xy,...,x, (assum-

- -1
ing that x, > 0 foru = 1,2,...,n), Yo, = (Zzzl x%,) S Y s the

X
weighted sample mean of Y1, Y>,..., Y, with % (u=1,2,...,n) as weights,
Sy1y = Yonq (xlu - %) Yu—=Y), Sy =X 01y — %) (% - %) It is clear
that Po and B are linear estimators that are also unbiased for By and B1,
respectively, since

E (Bl) = ! Zn: (l - —l> [B1 (xu —X)]

Sxxfl I Xy Xp
= B,
. "1\ L1
E(Bo) = (Z x—) > — (Bo+ Brxw) — Ba
u=1 u u=1 u

= o + B1xy — B1Xy
= Po.
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Furthermore, the variance of Bl is given by

ORIl
u=1

xx~1
Si-1,-1
= o2, (6.110)
S
xx~1
2
where S;-1,-1 = >0 (% - %) . Formula (6.110) can be written as
. Var (fi”l)
Var ([31) -, 6.111)
Lo
XX
where
SZ
P = (6.112)
xx! Sxx Sx—lx—l

is the square of the sample correlation coefficient between x, and -, u =

’
Xu

1,2,...,n. Since 0 < rirl < 1, it is clear from (6.111) that Var(Bl) > Var([gl),

and hence B is less efficient than f1. In addition, using (6.109), the variance
of Bg is obtained as follows:

Var ([30) = Var (Y,) — 2%, Cov (Yw, Bl) +# Var (Bl) . (6.113)

Note that

_ ol |

= 5 0%, (6.114)
n
and
Cov(Yew, B1) = Cov il _1iyu ! i(l 1>Y
s P1) = - 7 A~ - — -
@ = xu = xu St =\ Xy "
_ x (l _ l) o2
1S, -1 * X \Xu X
_ Fn Sxiet o (6.115)
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Using (6.110), (6.114), and (6.115) in (6.113), we get

~ 02 0-2 _
Var(o) = (7 + ) x% S,

n xx—1
2 = 2
o X
= — 4 02%S 1,1 -
n + h2x el icthxA
2 —25 L
L =t (6.116)
n Si o

It can be verified that formula (6.116) can be expressed as (see Exercise 6.10)

~ Var [30 1—12 _
Var ([50> - 2< ) -l (6.117)
% nre__,
XX XX
Note that
Var (é’o) 1-7> ) R
5 — ——5>—0" > Var ((:’,0) ,
” nre__,
XX XX
since
« 1—7%_ 1—7r%_
Var ([30) Sl -l g2, (6.118)
P BT -1

Inequality (6.118) is true because Var(fso) > %, which results from using

formula (6. 107) and the fact that >_,_,; x2 > Sy It follows that Ro is less
efficient than [30 It can also be seen from (6.118) that the smaller 72 o
is, the larger the term on the left-hand side of (6.118). Thus, the loss of
efficiency in using [30, as measured by the size of the difference Var(ﬁo)

Var( [ASO), is a strictly decreasing function of rix_]. The same remark can be

made regarding using 1 [see formula (6.111)].

6.7.5 Comparison of Two Linear Models

In this section, a comparison is made of the parameter vectors for two linear
models. The need for such a comparison arises in situations where the mod-
eling of a response of interest is carried out under two different experimental
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conditions. In this case, it would be of interest to determine whether or not
the parameters of the associated models are different.
Consider the two models

Yi = X181 + € (6.119)
Y, = XoB, + €2, (6120)

where
X1 and X are of orders n; x p and ny x p, both of rank p
€1 and e, are normally distributed as N(0, G%Inl) and N(O, O'%Inz), respec-
tively

Suppose that it is of interest to test the hypothesis

Ho: B1 =B (6.121)

against the alternative hypothesis

Hy : B1 # Ba.

The hypothesis (6.121) is called the hypothesis of concurrence. Other hypotheses
can also be considered, for example, equalities involving only portions of 34
and 3.

Two cases will be considered, depending on whether or not €; and e; are
independent.

Case 1. €1 and e; are independently distributed.
Models (6.119) and (6.120) can be combined into a single linear model of

the form

Y=XB +e¢, (6.122)
where Y = (Y] : Y}), X = diag(X1,X3), B = (B} : B3), and € = (€] : €})".
Since €1 and e; are independent and normally distributed, e is also normally
distributed as N(0, A), where A = diag(cr%lnl, O‘%Inz). The hypothesis (6.121)
can then be written as

Hy:AB =0, (6.123)

where A = [I, : —I,]. Hence, under Hy,
(AB)' [A (X’A‘1X>_l A’]1 AB~ X2, (6.124)
where
B = (X’A‘lX)_l X'Aly
= [61:85]
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and [Aii = (X;-Xi)_ngYi (i = 1,2). The chi-squared random variable in (6.124)
can be written as
-1

(Bi— ) [ xix) "+ 3 (X)) ] (Bi- o) v (6129)

Furthermore,

L)QASE" ~ x%,l._p independently for i = 1,2, where

1

1
MSg = — YL, - Xi X} X)) ' X[y, i=12,
;-
is the residual mean square for the ith model (i = 1,2). Since MSg; (i = 1,2)

is independent of both ﬁl and [32, and hence of the chi-squared distribution
in (6.125), the F-ratio,

~ ~ \/ _ 111 /A ~
. (”1—!—112—2;7) (A1~ B2) [0 (xix1) " + 03 (x5X) '] (B - o)
- P (n1 — p) MSg, /03 + (n2 — p) MSE, /03

has the F-distribution with p and n1 + ny — 2p degrees of freedom under
Hpy. It can be noted that this F-ratio depends on the unknown value of Z—g
and cannot therefore be used as a test statistic for testing Hy. If, however,
Z—z = ¢, where c is a known positive constant, then

p_(mtn—2p ([31 - B2>/ [c (x1x1) "' + (X/zXz)il]_1 ([%1 - lgz)
B ( p ) (m1 — p) MSg, /c + (n2 — p) MSE,

is the test statistic, which, under Hy, has the F-distribution with p and n; +
ny —2p degrees of freedom. The hypothesis Hy can be rejected at the o-level if

2
2 2 .07
F > Fu,p, n+n,—2p- In general, when o7 and o5 are unknown and the ratio E

is also unknown, o7 and 03 in the formula for F can be replaced by MS, and
MSg,, respectively. In this case, Fy, y; 11,2y is considered an approximation
to the distribution of the resulting F-statistic under Hy (see Ali and Silver,
1985).

Case 2. €1 and e are correlated.

This case arises when, for example, the data used to fit the two models
are obtained from the same experimental units at two different treatment
conditions.

Consider again the models in (6.119) and (6.120). Assume that X; and X,
have the same number of rows, n. The models can be written as

Y1 =violn +Z1v1 + €1 (6.126)
Y2 =v20ln + Zyy, + €2, (6.127)
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where Z; is a matrix of order n x (p — 1) such that [1, : Z;] = X;, and
(vio : Y} = B, i = 1,2. Suppose that Cov(eq, €2) = poy02I,, where p is an
unknown correlation coefficient. Two hypotheses can be tested, namely,

Hop :v1=7v2, (6.128)

which is called the hypothesis of parallelism, and

Hoc 1 v10 = Y20, Y1 = Y2, (6.129)

which is called the hypothesis of concurrence. If we were to use the same
approach as in Case 1, which utilized weighted least squares, we would
obtain an F-ratio that depends on the variance-covariance matrix I' for the
combined error vector €, that is,

r— O'%In po102l,
porool, o3, |

Since I' is unknown, it would be necessary to estimate it and use the estimate
in the F-ratio. This, however, would result in an approximate asymptotic test
(see Zellner, 1962). The approach considered in this section uses instead an
exact test which was developed by Smith and Choi (1982). This test does not
require estimating I'. The following is a description of this approach.

Let d = Y1 — Y». Then, from models (6.126) and (6.127), we get

d=C181+m, (6.130)

where C1 = [1, : Z1 : —Z2], &1 = (yio — Y20 : V] : Yp), and n = €1 — €.
Hence, n ~ N(0, 031,,), where 03 = 67 + 03 — 2 po10.

The tests for parallelism and concurrence consider 3 cases according to
the number, g, of the p — 1 covariates in the models that have been measured
at the same levels for both treatment conditions. These cases are (i) g = 0,
(i) 0 < g < p —1, (iii) § = p — 1, where p is the number of parameters in each
model, including the intercept.

Case (i). 4 =0.
If the columns of C; in (6.130) are linearly independent, then C; is of full

column rank, which is equal to 2 p — 1. The hypothesis of parallelism in (6.128)
can be written as

HOp 1 Apd1 =0,
where A, = [0: I, 1 : —I, 1]isof order (p — 1) x (2p —1) and rank p — 1. The

corresponding test statistic is

A\ , -1 /_1 5
- (Ap61) [Ap(i)C_lil/IS;p] (A’“sl), (6.131)
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where 81 =(C] c)) ! Cid and

1

MSP = — —
E n—2p+1

d L -ci(cic) ' ¢a

Under Hgp, Fp has the F-distribution with p — 1 and n — 2p + 1 degrees of
freedom.
The hypothesis of concurrence, Hy, in (6.129) can be expressed as

Hpe : Acd1 =0,

where

1 0 0
Ac_[o Iy _Ip—l]

is a matrix of order p x (2p — 1) and rank p. The corresponding test statistic is

(Acél)/ 4. (C/1C1)_1A’C]_1 (acd1)

F, =
‘ pMS)

Under Hy,, F. has the F-distribution with p and n—2 p+1 degrees of freedom.

Case (ii). 0 <g<p—1.
In this case, the matrices Z1 and Z; in (6.126) and (6.127) can be written as

7y =2y : Z11]
Z, =2y : Zp),

where Z is of order n x g whose rows represent the settings of the covariates
in both models that have been measured at the same levels for both treatment
conditions (assuming that these covariates were written first in the models).
The matrices, Z11 and Z», in Z1 and Z; are different. In this case, the model
ford=Y1—Ypis

d=C62+m,

where

Co=[1y:2Zy:Z11: —Z2]
0/ 0/ 1r l//
52=[Y10—Y203Y(1) —Yé) 31’;) IYé)] ,

where yl(o) , ygl) are the portions of y; that correspond to Zy and Z;;, respec-
tively (i = 1,2). In this case, C; is of full column rank, which is equal to
2p—gq—1.

The hypothesis of parallelism takes the form

HOp : Bp52 =0,
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where

B, = diag(M1, M>)
is a matrix of order (p — 1) x 2p—g—1)andrankp -1, M1 =[0: I5]isa

g x (q+1) matrix,and M = [I,—1—4 : —I,_14lisa(p—1—-q) x 2p—2-2¢q)
matrix. The corresponding test statistic is

o (By82) [B, (Cy¢0) ™ B;,]_1 (B,5:)
- (p — HMS? ’

where 8, = (C/ZCZ)_lCzd and

1

MSP = —————
E n—-2p+q+1

d L - G () 6 a

Under Hyy, Fj has the F-distribution withp —1and n—2p + g+ 1 degrees of
freedom.
As for the hypothesis of concurrence, it can be written as

Hoc : B;dy =0,

1 0
Be= [0 BJ
isap x (2p — g) matrix of rank p. The relevant test statistic is given by

(BCSZ)/ [BC (C,Co) Bg]_l (BCSZ)
pMS%z)

where

F. =

4

which has the F-distribution with p and n — 2p + g + 1 degrees of freedom
under Hy.

Case (iii). g =p — 1.

In this case, Z1 = Z, that is, all p — 1 covariates are measured at the same
levels for both treatment conditions. The model for d = Y7 — Y5 can then be
written as

d=C383+m,

where
Cs =[1,:Z4]
83 =[v10—v20: Y] — Y/z]/-

The matrix Cj3 is of full column rank, which is equal to p.
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The hypothesis of parallelism is
HOp :Dpd3 =0,

where D, = [0: I,,_1] is of order (p — 1) x p and rank p — 1. The relevant test
statistic is

. (0,85) [Dy (505" Dy (Dy85)
. (p — DMSE '

where 83 = (CéC3)_1Céd and

1y 1. - G (ci6) ).

MsY =

Under Hgy, Fp has the F-distribution with p — 1 and n — p degrees of freedom.
Finally, for the hypothesis of concurrence, we have

HOc : 53 =0,
and the corresponding test statistic is
_ 83C4Csb5
T opMsY
which has the F-distribution with p and n — p degrees of freedom under Hy,.

Example 6.3 This example, which was given by Smith and Choi (1982), is
concerned with the effect of body weight, x, on glucose tolerance, Y, for an
individual. Twenty six healthy males ingested a standard glucose solution
and the plasma glucose level of each individual was measured at 1 and 3 h
after ingestion. The resulting data are given in Table 6.7.

First-degree models were fitted to the glucose values at 1 and 3 h, respec-
tively. These were found to be

A

Y1 =-9.07+0.72x
¥, =103.29 — 0.18 x.

In this case, p = 2and q = 1. The hypothesis of parallelism has the test statistic
value F, = 12.8164 with 1 and 24 degrees of freedom. The corresponding
p-value is 0.0015, which gives little support for the hypothesis. Thus, the rates
of change of glucose level with respect to weight at 1 and 3 h are not the same.
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TABLE 6.7
Weight (in Ib) and Glucose Values (mg/100ml)
Glucose Value Glucose Value
Weight 1h 3h Weight 1h 3h
175 103 76 185 110 50
140 108 50 160 118 91
165 98 76 150 70 66
187 123 50 185 90 116
202 158 48 165 98 108
140 93 106 177 116 64
212 150 61 140 108 68
206 139 44 128 98 48
169 110 62 165 92 89
155 76 96 180 134 86
178 148 79 215 157 85
185 135 49 225 136 66
205 141 45 181 134 102
Source: Reprinted from Smith, P.J. and Choi, S.C., Technometrics, 24,
123, 1982. With permission.
]
Exercises
6.1 Let X1, X5, ..., X, be random variables with mean p and variance o2,

but are not necessarily mutually independent. Let s> be the sample

variance.

(a) Show that

E?) < 2%
“n-1

2

(b) Can the upper bound in (a) be attained?

6.2 LetY = X3 + €, where X is of order n x p and rank p(<#n). Suppose that
E(e) = 0 and Var(e) = £ = (0j). Let

(a) Show that

MSE = an Y[, - XX'X)"1X1Y.

E(MSg) < ——
n—p

n
E Ojj.

i=1

(b) Can the upper bound in (a) be attained?
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6.3

6.4

6.5

6.6

Linear Model Methodology

(c) Deduce from (a) that if 0;; = 0 fori =1,2,...,n, then

| E(MSE) — (72|< szax{l LP}

The quantity E(MSEg) — o? represents the bias of MSE.
[Note: For more details about this exercise, see Dufour (1986)].
Consider the linear model,

Y=XB+e,
where X is n x p of rank p (< n), and e ~ N(0, o2I,).
(a) Show that

(i) = 75

E = ,

MSE oZ(n—p—2)

provided that n > p 4 2, where MSk is the error mean square.

(b) Find the uniformly minimum variance unbiased estimator of “G—fz"’,
where a is a constant vector.

Consider the simple linear regression model,
YuZBO‘I‘leu‘f‘eur u:l,Z,...,n,

where €1,€,...,€, are mutually independent and distributed as
N(0,0?) (n > 2).

(a) Show that m is an unbiased estimator of 2, where MSg is
the error mean square.

(b) Find the uniformly minimum variance unbiased estimator
(UMVUE) of 2 0% 4 5 B1.

(c) Find the UMVUE of £.
(o}

(d) Show that Var([ASO) achieves its minimum value if x1,x0,...,x, are
chosen such that >")_; x, = 0, where (3¢ is the least-squares estima-
tor of (3.

Consider again the simple linear regression model in Exercise 6.4. Let
wx) = Po + P1x denote the mean response at a point x in the exper-
imental region. Let xo be the value of x at which p = 0. Under what
conditions is it possible to obtain a 95% confidence interval on xg?

Consider the same linear model as in Exercise 6.3. Make use of the
confidence region on f, given by the inequality in (6.72), to obtain
simultaneous confidence intervals on the elements of  with a joint
confidence coefficient greater than or equal to 1 — «.
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6.7 Prove formula (6.77).

6.8 Consider the full-rank model

6.9

6.10
6.11

6.12

Y=XB+e¢e,

where X is an n x p matrix of rank p. Suppose that the mean and
variance—covariance matrix of Y are given by

E(Y) = XB + Zv,
Var(Y) = o2I,,,

where Z is an n x g matrix such that W = [X: Z] is of full column rank,
and vy is a vector of unknown parameters.

(a) Show that B = (X’X)"1X'Y is a biased estimator of B.

(b) Show that, in general, MSE, is a biased estimator of o2, where
1
MSg = n—pY’[In —XX'X)"1Xy,

and that E(MSE) > o2.

(c) Under what conditions can MSg be unbiased for 0%?

(d) Show that SSg < SSE, where SSg = (11 — p)MSE and SSg = Y'[I,, —
WW'W)"Iw'y.

Lete = Y — Y be the vector of residuals given in formula (6.16). Show
that Var(e;) < o2, i = 1,2,...,n, where ¢; is the ith element of e (i =
1,2,...,n), and o2 is the error variance.

Prove formula (6.117).
Consider the full-rank model
Y=XB+e¢€,

where E(e) = 0 and Var(e) = X. Show that the BLUE of (3, namely,
X'Z71X)"1X'£71Y, is equal to the ordinary least-squares estimator,
(X’X)_lX/ Y, if and only if there exists a nonsingular matrix, F, such
that XX = XF.

[Hint: See Theorem 6.8.1 in Graybill (1976)].

Consider again the same model as in Exercise 6.11. Show that the ordi-
nary least-squares estimator of 3 is BLUE if and only if

Xz 'a1,-w)y=o,

where W = X(X'X)"1X'.
[Hint: See Milliken and Albohali (1984)].
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6.13

6.14
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Consider fitting the second-degree model,
k k
Y=Bo+ Y Bixi+ Y Bixixj+e (6.132)
i=1 i<j

to a given data set. Let z1, 2y, ...,z denote the coded variables corre-
sponding to x1, X, . .., Xk, respectively, such that

Xi—a; .
zi=——, 1i=1,2,...,k
b;

where 4; and b; are known constants. Applying this transformation to
model (6.132), we obtain

k k
Y =vyo+ Z%’Zi + Zyijziz]' +e, (6.133)
i=1 i<j

where the v;’s and v;;’s are unknown parameters. Using the given data,
models (6.132) and (6.133) can be expressed as

Y=XB+e (6.134)
Y=Zy+e (6.135)
(a) Show that the column spaces of X and Z are identical [in this case,
models (6.134) and (6.135) are said to be equivalent].
(b) Show that Xp = Z¥, where p = (X'X)"1X'Y,¥ = (ZZ)"1Z'Y.
(c) Show that the regression sum of squares and the error sum of

squares are the same for models (6.134) and (6.135).

Let Y = XB + € be partitioned as Y = X131 + X2B, + €, where X is
n x p of rank p and e ~ N(0, o2I,). Let R(B>]B1) be defined as

R(BIB1) = VX (X'X) " XY — VX (X1X1) 7 X Y.

This represents the increase in the regression sum of squares due to the
addition of X5[3, to a model that contains only X1 31.

(a) Show that #R(Bﬂ 1) has the noncentral chi-squared distribution.

(b) Show that R(p,|B1) is independent of both R(B1) and SSg, where
R(B1) =Y'Xq (X/le)’lX/lY and SSk is the error sum of squares for
the full model, thatis, Y = X3 + €.

(c) Find the expected value of R(35|B1).
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6.15

6.16

(d) Deduce from (b) and (c) the hypothesis that can be tested by the

F-ratio,
_ R(B2IB1)
poMSE
where p; is the number of columns of X, and MSg = %.

Consider the model,

k

Y, = B0+Zﬁixui+eu, u=12,...,n,
i=1

which can be written as ¥ = X3 + e. The matrix X is partitioned as
X = [1, : D], where D is n x k of rank k whose uth row consists of the
settings xy1, Xu2, ..., Xy, U =1,2,...,1.

(a) Show that di > dlﬁ, where dj; is the ith diagonal element of D'D and
di is the ith diagonal element of (D’ D)~ 1.
(b) Under what conditions can the equality in (a) be attained?

(c) What is the advantage of having a design (i.e., the matrix D) that
satisfies the conditions in (b)?

Consider the model,

Yx) =f' (B +e,

where e ~ N(0, 6%),f (x)B represents a polynomial of degree d in the
elements of x. The response Y is observed at n settings of x, namely,
X1,%2,...,Xy. The resulting data set is used to fit the model and obtain
B, the ordinary least-squares estimate of 3. The usual assumption of
independence of the error terms is considered valid.

Suppose that Y is to be predicted at k “new” points, x,41, X442, ..,
Xpak Let Y* = [Y(xp41), Yxn42), - - ., Y(x,40)]1, and let X* be the cor-
responding matrix of order k x p whose uth row is f(xy), u =
n+1,n+2,...,n+k where p is the number of elements of 3.

A

(a) Find the variance—covariance matrix of Y* — X*.

(b) Use (a) to obtain a region that contains Y* with probability 1 — «.
[Note: Such a region is called a prediction region on Y*. In particular,
if k = 1, we get the well-known prediction interval on a “new”
response value.]

(c) Use (b) to obtain simultaneous prediction intervals on the elements
of Y* with a joint coverage probability greater than or equal to 1 —cx.
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6.17 Consider models (6.119) and (6.120) and the null hypothesis Hy : 1 =

6.18

6.19

B> (see Section 6.7.5). Suppose that €1 and e, are independently dis-
tributed. Using the likelihood ratio test, show that a test statistic for
testing Hp, when the error variances are equal, is given by the ratio
_ _ (S5 =SSk — SSg,)/p
(SSE, + SSk,)/(n1 + 12 — 2p)’
where SSg, = Yi[I, — X;(X/X;))"'X}]Y;, i = 1,2, and SSg = Y'[I, —
Xo(XyX0)~1X{1Y, where Y = (Y] : Y))' and Xo = [X] : X}’

Suppose that the full-rank model, Y = X + ¢, is partitioned as Y =
X1B1+ X2B, + €, where X isn x p1, X2 is n x pp, and € ~ N(0, o2I,).

(a) Show that the least-squares estimate of 3, can be written as By =
C'Y, where C = X1C17 4+ X>Cy, C12 and Cy, are matrices of orders
p1 x p2 and pa X po, respectively, that depend on X7 and X», and C»;
is positive definite.

(b) Let SSg, be the residual sum of squares for the regression of ¥ on
X alone. Show that SSg, and B, are not independent.

(c) Show that [I,, — X1(X}X1)"'X}1C is of rank p».

An experiment was conducted to investigate the effect of five control
variables on the selective H>SO4 hydrolysis of waxy maize starch gran-
ules. These variables were x; = temperature, x, = acid concentration,
x3 = starch concentration, x4 = hydrolysis duration (time), and x5 =
stirring speed. The measured response, Y =hydrolysis yield (wt%), was
calculated as the ratio between the weight of freeze-dried hydrolyzed
particles and the initial weight of native granules for an aliquot of 50 mL
taken in the 250 mL of hydrolyzed suspensions. The original and coded
settings of x1, x2, x3, x4, x5 are given in the following table:

Low Level Medium Level High Level

Variable Unit x;j=-1) (x;=0) (xi=1)

X1 °C 35 375 40

X7 mol/L 2.2 2.8 34

X3 g/100mL 5 10 15

X4 day 1 5 9

X5 rpm 0 50 100

Source: Reprinted from Angellier., H. et al., Biomacromolecules, 5, 1545, 2004. With
permission.

Note that the coded settings of the three equally-spaced levels of each
variable are —1, 0, and 1. A central composite design (see Chapter 4 in
Khuri and Cornell, 1996) consisting of a one-half fraction of a 25 factorial
design (runs 1-16), 10 axial points (runs 17-26), and five center-point
replications (runs 27-31) was used to measure the response Y at the
specified combinations of the levels of the five factors. This particular
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design is also known as a face-centered cube because the axial points are
at a distance equal to 1 from the origin. The resulting data set (using
the coded settings of the control variables) was given by Angellier et al.

(2004) and is reproduced in Table 6.8.

(a) Use the data in Table 6.8 to fit the model,

5

Y =PBo+ Y Bixi+ Bas¥axs + Basxy + €,

i=1

where € ~ N(0, 02).

TABLE 6.8

Design Settings and Hydrolysis Yield Data

Experimental Run x4

1 -1

2 1

3 -1

4 1

5 -1

6 1

7 -1

8 1

9 -1
10 1
11 -1
12 1
13 -1
14 1
15 -1
16 1
17 -1
18 1
19 0
20 0
21 0
22 0
23 0
24 0
25 0
26 0
27 0
28 0
29 0
30 0
31 0

X2
-1
-1
1
1
-1
-1
1
1
-1
-1

SOOI OO OO, PRPROO R

X3
-1
-1
-1
-1
1
1
1
1
-1
-1
-1

|
—_

QOO OO OO OORRFRPROOOORE

o

X4

OO OO OO R RPROOOOOORRFRRFRRRFRRFERFRE

1
1
1
1
1
1
1
1

X5

—_

[eNeNeNeNeR i He N N N Ne N Ne Ne i

1
1
1
1
1
1
1
1
1
1
1
1
1
1

Y (%)

76.3
68.1
47.6
26.3
70.7
54.8
57.8
35.9
43.9
20.3

54

2.8
44.8
29.3
16.7

2.1
423
26.5
30.4
21.3
241
34.9
56.4
20.6
36.0
20.3
37.6
31.8
28.3
29.7
28.9

Source: Reprinted from Angellier, H. et al., Biomacromolecules, 5,

1545, 2004. With permission.
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(b) Give values of the least-squares estimates of the model’s parameters
and their standard errors.

(c) Find the values of SSge and SSg, then determine whether or not
the model provides a good fit to the data by examining the value of

SS .. . .
R? = SSR%SE' the so-called coefficient of determination.
eg

(d) Obtain individual confidence intervals on the model’s parameters
using a 95% confidence coefficient for each interval.

(e) Obtain Scheffé’s simultaneous 95% confidence intervals on the
model’s parameters.

(f) Test the hypothesis

Ho:B1+B2+P4+=0
Bo+3Pu=2

against the alternative hypothesis, H;:Hy is not true, and state your
conclusion at the o« = 0.05 level.

(g) For the hypothesis in part (f), compute the power of the test under
the alternative hypothesis,

Hy:B1+p2+Ps=1,
Po+3Pu=4

given that 0 = 1.

A study was conducted to predict optimum conditions for microwave-
assisted extraction of saponin components from ginseng roots. A central
composite design consisting of a 22 factorial design, four axial points,
and two center-point replications was used to monitor the effects of x; =
ethanol concentration and x, = extraction time on Y = total extract
yield. The original and coded settings of x; and x; are given in the
following table:

Coded Values of Concentration and Time

Variable Unit x;=-2 xi=-1 x=0 x=1 «x;=2
Concentration % 30 45 60 75 90
Time S 30 90 150 210 270

The data set was given by Kwon et al. (2003) using the coded settings
of concentration and time and is reproduced in Table 6.9.

(a) Use the data to fit the model
Y = Bo + B1x1 + Baxa + P11x] + Booxs + Broxixa + €,

where € ~ N(0, 62).
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TABLE 6.9
Design Settings and Extract Yield Data

Experimental Run X1 X2 Y (%)
1 1 1 21.8
2 1 -1 20.8
3 -1 1 26.3
4 -1 -1 25.2
5 2 0 14.6
6 -2 0 222
7 0 2 27.1
8 0 -2 23.6
9 0 0 26.8

10 0 0 26.8

Source: Reprinted from Kwon, J.H. et al., J. Agric. Food Chem.,
51,1807, 2003. With permission.

(b) Find the uniformly minimum variance unbiased estimates of the
model’s parameters.

(c) Find the uniformly minimum variance unbiased estimate of

B1t+PB2+B12
o2 :

(d) Obtain a 95% confidence interval on the mean response at (1, 1.5).
(e) Obtain a 95% confidence region on B = (o, B1, B2, P11, B22, B12)'-

(f) Find the principal axes of the ellipsoid representing the confidence
region in part (e).

6.21 Enamines are useful intermediates in organic synthesis. They are usu-
ally prepared by condensing the corresponding carbonyl compound
(aldehyde or ketone) with a secondary amine under elimination of
water. The effects of x; = amount of TiCL4/ketone (mol/mol) and x, =
amount of morpholine/ketone (mol/mol) on Y, the yield of enamine was
investigated. A central composite design consisting of a 2% factorial
design, four axial points, and five center-point replications was used.
The original and coded settings of x; and x, are given in the follow-

ing table:
Coded Settings
Variable xi=-1414 x;=-1 x,=0 x; =1 x; =1.414
TiCL4/ketone 0.50 057 075 093 1.00
Morpholine /ketone 3.00 370 550 7.30 8.00

The corresponding data set was given by Carlson and Carlson (2005)
using the coded settings of x; and x2 and is reproduced in Table 6.10.
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TABLE 6.10
Design Settings and the Yields of Enamine
Experimental Run X1 x2 Yield (%)
1 -1 -1 734
2 1 -1 69.7
3 -1 1 88.7
4 1 1 98.7
5 -1414 0 76.8
6 1414 0 84.9
7 0 —1.414 56.6
8 0 1.414 81.3
9 0 0 96.8
10 0 0 96.4
11 0 0 87.5
12 0 0 96.1
13 0 0 90.5

Source: Reprinted from Carlson, R. and Carlson, J.E., Organ.
Process Res. Dev., 9, 321, 2005. With permission.

Fit the model
Y = Bo + B1x1 + Poxo + Bllx% + Bsz% + Brax1x2 + €,

where € ~ N(0, 02).

Find the prediction variance Var[f/(x)], where f/(x) is the predicted
response at a point x = (x1, x2)" in the experimental region.

Show that Var[Y(x)]is constant atall points that are equidistant from
the design center. Thus contours of constant prediction variance are
concentric circles centered at the origin within the experimental
region.

Find the value of the maximum yield within the experimental
region.

Obtain a 95% confidence region on the location of the true maximum
yield in part (d).

[Note: A central composite design having the property described
in part (c) is said to be rotatable. See Khuri and Cornell (1996,
Chapter 4).]
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Less-Than-Full-Rank Linear Models

In this chapter, the matrix X in the model,
Y=XB +e¢, 7.1

does not have a full column rank, as was the case in Chapter 6. Accordingly,
(7.1) is labeled as a less-than-full-rank model. The analysis of this model in terms
of parameter estimation and hypothesis testing is now revisited under the
present label.

As in Chapter 6, X is a known matrix of order #n x p. Its rank, however, is
r, where r < p. Consequently, the matrix X'X is no longer nonsingular and
formula (6.9) is therefore invalid here. Hence, it cannot be used to estimate f3.
This result should not be surprising since the number of linearly independent
equations in (6.8) is only r whereas the number of unknown parameters is
p, which exceeds r. It is therefore not possible to uniquely estimate all of the
elements of 3.

Typical examples of models that are not of full rank include ANOVA
(analysis of variance) models, such as crossed (or nested) classification mod-
els. For example, the one-way model,

Yijzu—l—oq—i-e,-j, i=1,2,...,k j=1,2,...,ni,

is not of full rank since, in this case, the matrix X is [1,1 : @Lllni], which is

of order n, x (k+1) and rank k (n, = Z;‘:l nj),and B = (W, oq, xo, ..., o) .

7.1 Parameter Estimation

Consider model (7.1), where the error term e is assumed to have a zero mean
vector and a variance—covariance matrix 2I,. Using the method of least
squares, as was seen earlier in Section 6.1, we obtain the equation

X'Xp =X. (7.2)

Since X'X is a singular matrix, this equation does not have a unique solution
for B. In this case, B is considered to be just a solution to (7.2), but not

179
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an estimator of 3 because of its nonuniqueness. A solution to (7.2) can be
expressed as

B=XX) XY, (7.3)

where (X'X)~ is a generalized inverse of X'X. Hence, for a given Y, (7.3) gives
infinitely many solutions for (7.2) depending on the choice of (X’X)~. For a

particular (X'X)~, the mean vector and variance—covariance matrix of ﬁ are
given by

E@) = (X'X)"X'XB, (7.4)

Var(B) = 2(X'X)" X' X(X'X)". (7.5)

It should be noted that even though (X'X)~ is not unique, the least-
squares estimate of the mean response vector, namely, E(Y) = X3, which is

X [3 = X(X'X)~X'Y, does not depend on the choice of the generalized inverse
of X'X. The same is true with regard to the error (residual) sum of squares,

SSE = Y'[I, — X(X'X)"X'1Y, (7.6)
and the regression sum of squares,
SSreg = YXX'X)~X'Y. (7.7)

This is true because the matrix X(X'X)~X’, which is idempotent of rank 7, is
invariant to the choice of (X'X)~ (see property (b) in Section 3.7.1).

7.2 Some Distributional Properties

The following properties concerning the distributions of SSg and SSge, are
similar to those in Section 6.2.1:

(a) If € in model (7.1) has a zero mean vector and a variance—covariance
matrix 02I,, then E(MSg) = o2, where MSg = % is the error mean
square, and 7 is the rank of X. This follows from the fact that

E(SSp) = B'X'[I, - X(X'X)"X'1XB
+tr |[I,1 —X(X'X)"X'] (021,1)}
=n-— r)(rz.
(b) If € ~ N(0, 6°I,,), then

(i) L5SSE ~ 2L,
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(i) 23SSreg ~ X2(6), where 8 = L B'X'XB.

o2

(iii) SSg and SSgeq are independent.

Properties (i) and (ii) follow from applying Theorem 5.4 and noting that the
matrices I, — X(X’X)~ X’ and X(X'X)~ X' are idempotent of ranks n — r and
r, respectively. Furthermore, the noncentrality parameter for %SSE is zero,

whereas for %SS Reg it is equal to

1
0 = —B'X[XX'X) X'|Xp
o
1
= —B'X'XB.
o
Property (iii) is true on the basis of Theorem 5.5 and the fact that
[XX'X)"X'1(0*L)[I, — X(X'X)"X'] = 0.

7.3 Reparameterized Model

The model in (7.1) can be replaced by another equivalent model that has a
full rank. This can be shown as follows:

Using the Spectral Decomposition Theorem (Theorem 3.4), the matrix X'X
can be decomposed as

X'X = Pdiag(A,0) P, (7.8)

where
A is a diagonal matrix of order r x r whose diagonal elements are the
nonzero eigenvalues of X'X
0 is a zero matrix of order (p — ) X (p — )
P is an orthogonal matrix of orthonormal eigenvectors of X'X

Let P be partitioned as P = [P; : P;], where P is of order p x r whose
columns are orthonormal eigenvectors of X'X corresponding to the diagonal
elements of A, and P; is of order p x (p — r) whose columns are orthonor-
mal eigenvectors of X’X corresponding to the zero eigenvalue, which is of
multiplicity p — r. From (7.8) we get

/
[1;1} X'X[P; : P,] = diag(A, 0).
2

Hence,
P’lX’XP1 = A, (7.9)
/ZX’XPZ =0. (7.10)
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From (7.9) and (7.10) we conclude that XP;, which is of order n x r, is of rank
r [rank(XP1) = rank (P{X'XP;) = r|, and that XP, = 0. Now, model (7.1) can
be written as

Y =XPPB +e
/

= [XP; : XP5] I:iéjl B+e

FB]
=[XP;:0]| 10 | +
[XPq ][Pzﬁ €

= XP,P,B +e.
LetX = XP; and B = P 3. We then have
Y =X +e. (7.11)

We note that (7.11) is a full-rank model since X is of full column rank. In
addition, we have the following results which are given by the next three
theorems.

Theorem 7.1 The column spaces of X and X are the same.

Proof. From X = XP;, every column of X is a linear combination of the
columns of X. Vice versa, X = XP) (why?). Hence, every column of X is a
linear combination of the columns of X. O

Since the column spaces of X and X are identical, models (7.1) and (7.11)
are said to be equivalent.

Theorem 7.2 The row space of X is identical to the row space of P;.
Proof. Formula (7.8) can be written as
X'X = P1AP;. (7.12)
Multiplying (7.12) on the left by P} and noting that P} Py = I, we get
P\X'X = AP},

which implies that P; = A7'P;X'X. Hence, every row of P} is a linear
combination of the rows of X. Vice versa, since
X = X(X'X)"X'X
= X(X/X)_Pll\lp/l,

we conclude that every row of X is a linear combination of the rows of P}.
Hence, the row spaces of X and P] are identical. O
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As a consequence of the equivalence of models (7.1) and (7.11), we have
the following results given by the following theorem.

Theorem 7.3

(@) The regression and residual sums of squares for models (7.1) and (7.11)
are identical.

(b) The least-squares estimates of the mean response vector E(Y) from
models (7.1) and (7.11) are identical.

Proof.

(a) For model (7.1), SSgeg = Y'X(X'X)"X'Y, and for model (7.11), the
regression sum of squares is

SSkeg = YXX X)X Y. (7.13)
Since X = XP;, then by using (7.9),
XXX X = xp, (P\X'XP;) "' P}X’
= XP;A7IPX

But, P; /\_1P’1 is a generalized inverse of X'X because by (7.12) and the
fact that PPy =1I,,

X'X <P1/\‘1P’1) X'X = PiAP, (Pl/\‘lP’1> PIAP,
= P|AP,
- X'X.
Hence,
XXX X = xxX'X)X. (7.14)

Therefore, SSgeq = SS Reg- We can also conclude that the residual sums
of squares for models (7.1) and (7.11) are equal since SSg = Y'Y — SSgeg-

(b) Let u = E(Y). Then, from (7.1) and (7.11), u = XB = XB. The corre-
sponding least-squares estimators are
XB = X(X'X)~ XY,
X3 = XXX XY,
respectively. These estimators are equal by (7.14). Note that 3 can be
expressed as
b= &%) XY
- A Xy, (7.15)
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since by (7.9),

X'X = Pjx'xpP,
—A. (7.16)

7.4 Estimable Linear Functions

It was stated earlier in this chapter that the parameter vector  in model (7.1),
which has p elements, cannot be estimated in its entirety. Hence, not every
linear function of  of the form a’f can be estimated. There are, however,
certain conditions on a under which a’f3 can be estimated.

Definition 7.1 The linear function, a’3, where a is a constant vector, is said
to be estimable if there exists a linear function of Y, the vector of observations
in (7.1), of the form b'Y such that EG’Y) = a'B.

The next theorem gives a necessary and sufficient condition for the estima-
bility of a’B.

Theorem 7.4 The linear function a'f is estimable if and only if a’ belongs to
the row space of X in (7.1), that is, a’ = b’X for some vector b.

Proof. If a’f is estimable, then by Definition 7.1 there exists a vector b such
that E(b'Y) = a’B. Consequently,

b'’Xp =apB, (7.17)
which must be true for all $ € RP. It follows that
a =b'X. (7.18)

Hence, @' is a linear combination of the rows of X and therefore belongs to the
row space of X. Vice versa, if a’ = b'X, for some b, then E(b'Y) = b’Xp = a'B,
which makes 4’3 estimable. O

The following corollary provides a practical method for checking
estimability.

Corollary 7.1 The linear function a’f is estimable if and only if the matrix

-}

has the same rank as that of X, or equivalently, if and only if the numbers of
nonzero eigenvalues of X'X and Xa,Xa are the same.
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Since X is of rank 7, then from Theorem 7.4 we can conclude that the
number of linearly independent estimable functions of  is equal to r. Fur-
thermore, since the row spaces of X and P’1 are the same, as was seen in
Theorem 7.2, a’f is estimable if and only if 4’ belongs to the row space of P},
thatis,

a =P, (7.19)

for some vector ¢. Recall that P; is the matrix used in (7.9) whose columns are
orthonormal eigenvectors of X’X corresponding to the nonzero eigenvalues
of X'X. We conclude that the elements of the vector P} form a basis for the
vector space of all estimable linear functions of 3.

7.4.1 Properties of Estimable Functions

Estimable linear functions have several interesting features in the sense that
their estimation and tests of significance are carried out in much the same
way as in the case of full-rank models in Chapter 6. Their properties are given
by the following theorems.

Theorem 7.5 If a'p is estimable, then a’, where p = (X'X)~X'Y, is invariant
to the choice of (X’X)~.

Proof. If a'B is estimable, then by Theorem 7.4, a’ = b'X for some vector b.
Hence,

adp=dXX)"XY
= b'XX'X)"X'Y.

Invariance of a’ [3 follows from the fact that X(X’'X)~X is invariant to the
choice of the generalized inverse of X'X (see property (b) in Section 3.7.1). [

The uniqueness of a’ B for a given Y, when a’B is estimable, makes a’ Ba
full-fledged estimator of 4’3, which was not the case with |§ Furthermore,
a'B and a'p can be expressed as

ap=17p, (7.20)
ap=7aB, (7.21)

where
B is the parameter vector in (7.11)

B is the least-squares estimator of B given by (7.15)
¢ is the vector used in (7.19)
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Formula (7.20) is true because from (7.19), a’'p = {'Pip = CB. As for
(7.21), we have
aB=IP(X'X)" XY
= JATIPX'X(X'X)"XY,
since from the proof of Theorem 7.2, P} = A_lP/lX/ X. Hence,
ap=JAPXY
— UAIXY, since X = XPy,
= B, by using (7.15).

Theorem 7.6 (The Gauss-Markov Theorem) Suppose that € in model (7.1)
has a zero mean vector and a variance-covariance matrix given by ¢2I,,. If a’

is estimable, then a’ [AS = a/(X’X)~X'Y is the best linear unbiased estimator
(BLUE) of a'.

Proof. This follows directly from using (7.20) and (7.21) and by applying the
Gauss-Markov Theorem (Theorem 6.1) to model (7.11). More specifically,
we have that a’ [3 = {'B and B is the BLUE of ¢’B, which is equal to a'
by (7.20). O

Theorem 7.7 Suppose that e in model (7.1) is distributed as N(0, 02I,), and
that a3 is estimable. Then,

() a'B is normally distributed with mean a’@ and variance a'(X'X)~a o2,
where $ is given by (7.3).

(b) @' and MSE are independently distributed, where MSE is the error
mean square,

1
MSg = ——Y'lI, - X(X'X)"X']Y (7.22)

(0 a’[g and MSEg are uniformly minimum variance unbiased estimators
(UMVUE) of ' and o?.

Proof.
(@) aPf = d(X’X)"X'Y = b'X(X'X)"X'Y for some vector b. Since Y is
normally distributed, then so is a’. Its mean is
E@B) = bXX'X)"X'XPB
=b'Xp
=a'p,
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and its variance is
Var(a'p) = b'X(X'X)" X' (*I,)X(X'X)"X'b
=bXX'X)"X'bo?
=a (X'X)"ac>
(b) @B and MSg are independent by applying Theorem 5.6 and the

fact that
ad (X' X)X (L[, — X(X'X)"X']=0.

(c) By applying Corollary 6.2 to model (7.11), we can assert that [:3 in
(7.15) and
—~ 1 , S o —1%
MSg = ——Y [In _ XXX X]Y
n—vr
are complete and sufficient statistics for B and o2. But, by (7.21),
ap = B, and by (7.14), MSg = MSE. Furthermore, ' is unbiased

for C’B, and hence for a'p by (7.20), and ]\//EE is unbiased for o2. By
the Lehmann-Scheffé Theorem (see Casella and Berger, 2002, p. 369), it

follows that a’' and MSg are UMVUE of a’p and 2. O

7.4.2 Testable Hypotheses

The properties described in Section 7.4.1 are now applied to derive tests and
confidence intervals concerning estimable linear functions.

Definition 7.2 The hypothesis Hy : A = m is said to be testable if the
elements of AP are estimable, where A is a matrix of order s x p and rank s
(< r, the rank of X in model (7.1)), and m is a constant vector.

Lemma 7.1 The hypothesis Hy : A = m is testable if and only if there exists
a matrix S of order s x p such that A = SX'X.

Proof. If A is testable, then the rows of A must belong to the row space of X.
Thus, there exists a matrix T such that A = TX. Hence, A = TX(X'X) " X'X =
SX'X, where § = TX(X’X)™. Vice versa, if A = SX’X for some matrix S, then
any row of A is a linear combination of the rows of X implying estimability
of A3 and hence testability of Hp. O

Let us now suppose that Ap is estimable, wk}ere Aiss x pofranks (<7r).
The best linear unbiased estimator of AB is AR = A(X'X)~X'Y, assuming
that € in (7.1) has a zero mean apd a variance—covariance matrix o2I,,. The
variance—covariance matrix of A is

Var(AB) = AX'X) " X' X(X'X) A’ o2
= SX'X(X'X)" X' X(X'X)~X'XS' o2
= SX'X(X'X)"X'XS o2
= SX'XS' o2, (7.23)
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where S is the matrix described in Lemma 7.1. Note that Var(AB) can also be
expressed as

Var(AB) = TX(X'X)" X' X(X'X)"X'T o2
=TXX'X)"X'T ¢°
=AX'X)"A 6%, (7.24)

where T is a matrix such that A = TX. Itis easy to see that Var(A[:’w) isinvariant
to the choice of (X’X)~ and is a nonsingular matrix. The latter assertion is
true because A is of full row rank s and

s = rank(A) < rank(SX') < rank(S) <s,

since S has s rows. It follows that mnkQSX’ ) = s. Hence, the matrix SX'XS’ is
of full rank, which implies that Var(Ap) is nonsingular by (7.23).

A test statistic concerning Hy : AB = m versus H,; : A # m can now be
obtained, assuming that A is estimable and e in model (7.1) is distributed
as N(0, 02I,,)). We have that

AR ~ N[AB, AX'X)~A’ 62]
Hence, under H,

_ (4B - m)IAX'X)"A (AR —m)

F
SMSE

(7.25)

has the F-distribution with s and n — r degrees of freedom, where MSE is the
error mean square in (7.22). This follows from the fact that A is independent
of MSg by Theorem 7.7 and %SS E ~ X2_,. The null hypothesis can be rejected
at the «-level if F > Fy,—r. The power of this test under the alternative
hypothesis H, : Ap = m,, where m, is a given constant vector different from
m, is
Power = P[F > Fusn—r|Ha : AR = my].

Under H,, F has the noncentral F-distribution F; ,—-(0) with the noncentrality
parameter

1
0= ;(ma —m)/[AX'X)" AT (m, — m). (7.26)
Hence, the power is given by

Power = P[Fs,—(0) > Fosn—rl-

A confidence region on AP can also be obtained on the basis of the aforemen-
tioned F-distribution. In this case,
(AB — AB)IAX'X)"A']"'(AB — AB)
sMSg
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has the F-distribution with s and n — r degrees of freedom. Hence, the
(1 — 0)100% confidence region on A is given by

(AB — AB)IAX'X)" A1 (AB - AB) _, (7.27)
SMSE = x,S,n—r- °

In the special case when A = 4/, a test statistic concerning Hy : a'f = m
versus H, : a'3 # m s
f o ap—m
[a/(X'X)~a MSg]V/2’

(7.28)

which, under Hy, has the t-distribution with n —r degrees of freedom. Accord-
ingly, the (1 — x)100% confidence interval on 4’ is given by

a'B £ [a (X' X)"aMSg]Y? Ty (7.29)
Example 7.1 Consider the one-way model,
Y,'j =u+ o+ €ij, i=1,2,...,k j= 1,2,...,n;,

where
; is a fixed unknown parameter
the €;;’s are independently distributed as N(0, 0?2)

This model can be written as in (7.1) with B = (W, &1, &, ..., &) and
— .k
X = [171. : @izllni] ’

where n, = Zle n; and 1, is a vector of ones of order n; x 1 (i =1,2,...,k).
The matrix X is of rank k and its row space is spanned by the k vectors,

1,1,0,...,0), (1,0,1,...,0),...,(1,0,0,...,0,1),

which are linearly independent. On this basis we have the following results:

Result1l. u+ «; (i =1,2,...,k) form a basis for all estimable linear functions
of B. Hence, o;; — o, is estimable for iy # ip.

Result 2. 1 is nonestimable.

To show this result, let us write w as a’3, where a’ = (1,0,0,...,0). If u
is estimable, then a’ must belong to the row space of X, that is, a’ = b'X, for
some vector b. In this case, we have

b1, =1, (7.30)
Vet 1,=0. (7.31)
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Equality (7.31) indicates that b is orthogonal to the columns of &%_; 1,,. Hence,
it must be orthogonal to 1,,, which is the sum of the columns of @if:l 1,,;. This
contradicts equality (7.30). We therefore conclude that p is nonestimable.
Result 3. The best linear unbiased estimator (BLUE) of o;, — «,, i1 # ip, is
Yiy. = Yip,, where Yi = - 371, Yy, i = 1,2, k.

To show this, let us first write u+ «; as a;B, where a; is a vector with k+1
elements; its first element is 1 and the element corresponding to «; is also 1.
Since p + «; is estimable, its BLUE is a;B, where

B=XX XY

Y.
Y1,
0 0o .
— [o D} aE (7.32)
Y.

where Y = Zle Z]”;l Yij, Yi. = n;Y;, and D = diag(n;l,ngl,...,nk*l).

From (7.32) it follows that it = 0, &; =_Yi_, i=12... ,k. Hence, a;-[g =Y.
Consequently, the BLUE of o;; — o, is Yj,. — Yi,., i1 # ip. Its variance is

- - 1 1
Var(Yiy, = Yip) = (— + —) o>
ny N
The (1 — «)100% confidence interval on o;, — «;, is then given by
. ) 1 1 1/2
Yi =Y, + [(— + —) MSEi| Eojom —k
niy, N
Example 7.2 Consider the following two-way crossed classification without
interaction model
Yijk = n+ o6 + Bj + €ijk,
where «; and {; are fixed unknown parameters. The response values are
given in the following table:

B

1 2 3
A 1 17 15 20

20
2 12 — 11
14
3 6 — 17
4 9 19

o
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Writing this model as in (7.1), we have B = (1, o1, &2, &3, 01, 1, B2, B3)’, and
the X matrix is of order 13 x 8 and rank r = 6. The error mean square is
MSEg = 10.0736 with 7 degrees of freedom.

Suppose that it is desired to test the hypothesis

Hp: B1=B2= B3,

which is testable since 31 — 2 and 31 — 3 are estimable. This can be shown
in two ways:

M

@

The first row of the data contains no missing cells. Hence,

E(Yij) = n+ «i + B
isestimablefori =1,j = 1,2,3. Hence, 31— 32 and 31 — 33 are estimable.
The hypothesis Hy can be written as Hp : A = 0, where

000001 -1 0
Az[000001 0 —1]' (7.33)

Let X4 be the matrix X augmented vertically with A, that is,

X
X4 = |: Ai| .
It can be verified that the nonzero eigenvalues of X, X 4 are 1.945,2.425,

3.742, 5.885, 7.941, 21.063. Hence, the rank of X;qXA , and therefore
the rank of X4, is 6, which is the same as the rank of X. By Corollary
7.1, the elements of A3 are estimable. The BLUE of Af is then given by
Aﬁ = (4.6294, —5.1980)’. Using formula (7.25) withm = (0,0)’ and s = 2,
we find that the value of the corresponding test statistic is F = 7.229
with 2 and 7 degrees of freedom. The corresponding p-value is 0.0198.
The power of the test for the alternative hypothesis,

Hy,:AB =(0,3),
given that 62 = 1 and the level of significance is « = 0.05, is given by
Power = P[F2,7(0) > Fo.05,2,7]
= P[F7(0) = 4.74],

where from (7.26) with 62 = 1 and m, = (0,3)’, 6 = 24. Hence, the
power value is 0.9422. Note that this value can be easily obtained using
the PROBF function in SAS’s (2000) PROC IML.

Using now (7.29), the 95% confidence intervals on 1 — 32 and 1 — 33
are, respectively,

@, B + [a} (X' X)"a1MSE]Y?to 0057, (7.34)
ayB + [ab(X'X) " axMSE]?t0.025,7, (7.35)



192 Linear Model Methodology

where a4 is the ith row of the matrix A in (7.33), i = 1,2. Making the
proper substitutions in (7.34) and (7.35), we get 4.6294 4 2.5584(2.365)
or (—1.4212, 10.680); —5.1980 £ 2.0725(2.365) or (—10.0995, —0.2965).

7.5 Simultaneous Confidence Intervals on Estimable
Linear Functions

Simultaneous confidence intervals on estimable linear functions of  can be
derived as follows:

Let AP be an estimable linear function of 3, where Aiss x p of rank s (< r, ris
the rank of X). Thus, the rows of A belong to the row space of X. Furthermore,

PUA(B — BITAX'X)" AT A — B)] < SMSgFoen—r} =1— .  (7.36)

Let ¢ = sMSgF o,y and x = [AX'X)~A'1"Y2[A(B — B)]. Formula (7.36)
can be written as

Plx¥x<c?l=1-a. (7.37)
Using Lemma 6.1, (7.37) is equivalent to
P[|vx|< c@v)/? VoeR]=1-«,
which can be expressed as
Pl dIAB — B | < c{d[AX'X)"A1d}Y?, VdeR]l=1-—« (7.38)
where v'[A(X'X)"A'171/2 = d'. Letting ¢ = d'A in (7.38), we get
PI1€B—B)|< cllXX) > V& crowspaceof A]=1—«. (7.39)

Formula (7.39) defines simultaneous (1 — ) 100% confidence intervals on all
estimable linear functions £, where £’ belongs to the row space of A, which
are given by

OB £ [sMSEF 60— £ (X'X)~0]Y2, (7.40)

These intervals are known as Scheffé’s simultaneous confidence intervals. In
particular, if s = 7, then the elements of AP form a basis for all estimable
linear functions of 3, and (7.40) becomes

OB £ [rMSEF o rpr € (X' X) 0112, (7.41)

where ¢’ belongs to the row space of X. In this case, the row space of A is
identical to the row space of X, and (7.41) provides simultaneous (1 — ) 100%
confidence intervals on all estimable linear functions of 3.
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Example 7.3 Consider the one-way model,
Yij = },L—I-O(i—l-ei]', i=1,2,...,k j= 1,2,...,n;,

where
«; is a fixed unknown parameter
the ejj’s are independently distributed as N(0, 6%)

As before in Example 7.1, the associated X matrix is
X =1, 8,1,

where
k
no=7) i qni
B=(wo,a... o)

Let Abe a (k—1) x (k+ 1) matrix of rank k — 1 of the form A = [0 :
1x_1 : —Ix_1], where I;_; is the identity matrix of order (k — 1) x (k — 1). If
B= (1, 0,..., o), then AB is given by

AB = (0] — g, 001 — &3, ..., 01 — o). (7.42)

The vector A is estimable, as was seen in Example 7.1. Hence, the rows of
A must belong to the row space of X. If £’ represents any vector in the row
space of A, then by (7.40), simultaneous (1 — «)100% confidence intervals on
all estimable linear functions of the form £'f3 are given by

OB £ [(k— DMSEF g k10— £ X'X) ]2, (7.43)

Writing € as (€g,{1,...,4), we get E/[AB = Zle ¢;Y;, and it is easy to
show that

k 22
UX'X) L= L.
XX)"e=) -
i=1
Substituting in (7.43), we get
r ‘ 1/2
- gZZ
Y o4Yi £ | (k= DMSEFaj_im—k ) — | - (7.44)
i=1 i—1 M

Note that the elements of AR in (7.42) are differences between two «;’s,
and hence between two treatment means. We now show that the row space
of A generates all contrasts among the «;’s (or the k treatment means). By
definition, a contrast among x1, &y, . .., & is a linear combination of the form

Z?:l Aio; such that Zi-c:l A; = 0. This can also be written as a contrast among
the means of the k treatments, namely, u; = p+ «; (i = 1,2,...,k) since

Zi‘(:1 Ao = Zi‘(:l Ail.
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Lemma 7.2 The linear combination Zle Aix; is a contrast among 1, ap, . . .,
o if and only if £ = (0,A1, Ay, ..., Ax) belongs to the row space of A in (7.42).

Proof. If £ belongs to the row space of A, then £ = u'A for some vector
u = (u1,uy,...,u_1) . Then,

Oy = 0'AL
=0. (7.45)
From (7.45) it follows that Zi-;l A =0.
Vice versa, if Zle Aio is a contrast among the «;’s, then
A, A, .., N1 = 0. (7.46)

Let A1 be a matrix of order (k — 1) x k obtained by removing the first column
of A. Then, A11; = 0. Since the rows of A; are linearly independent, they
must form a basis for the orthogonal complement of 1 in a k-dimensional
Euclidean space. From (7.46) we conclude that (A1, A2, . .., Ax) must be in such
an orthogonal complement, that is,

M, A2, .., ) = WA,
for some vector h. Hence,
£ =0, N, ..., )
=HA,
which indicates that £’ belongs to the row space of A. O

Corollary 7.2 Any contrast, Zle Aiot;, among the «;’s is estimable.

Proof. Zi‘{=1 Aici = €'B, where €' = (0,A1,A,...,Ar). By Lemma 7.2, ¢
belongs to the row space of A, and hence to the row space of X. Thus, £'$ is
estimable. O

Using (7.44), Scheffé’s simultaneous (1 — «)100% confidence intervals on
all contrasts among the «;’s are then given by

1/2

k k 42

- A2
> AYi £ | (k= DMSeFoap1m—k Y — | - (7.47)
i=1 io

7.5.1 The Relationship between Scheffé’s Simultaneous Confidence
Intervals and the F-Test Concerning Hp : AR =0

There is an interesting relationship between Scheffé’s simultaneous confi-
dence intervals in (7.40) and the F-test concerning the null hypothesis

Hy:AB =0, (7.48)
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where Ais s x p of rank s (< r, the rank of X in model (7.1)) whose rows belong
to the row space of X. This relationship is given by the following lemma.

Lemma 7.3 The test statistic,

_ AR AX'X)"A'AB

F ,
sMSg

concerning the hypothesis Hy : A = 0, is significant at the «-level if and
only if there exists an estimable linear function % B, where % belongs to the
row space of A, for which the confidence interval in (7.40) does not cover the
value zero, that is,

| €)B | > [s MSEF o sn—r8y(X'X) €012, (7.49)

Proof. This follows directly from the fact that formula (7.36) under Hj is
equivalent to

Pl| (’[AS | < [sMSEFM,M_T(’/(X’X)_(]l/z, V¢ erowspaceof Al=1- g,
(7.50)

which results from using (7.39) with AP replaced by the zero vector. In other
words,

_(ABAX'X)"A'TAB
a sMSg

F < Fuosp—r, (7.51)

if and only if
| €8 | < [sMSEFasnrt (X'X)~€]"/2, (7.52)

for all €' in the row space of A. Equivalently, the F-test statistic in (7.51) is
significant at the x-level, that is,
(AB)[AX'X)"A'1"1AB
sMSg

> Foc,s,n—r/ (7.53)

if and only if
| €)B | > [s MSEF o sn—ry(X'X) " £0]'/2 (7.54)

for some £, in the row space of A. In this case, %[3 is said to be significantly
different from zero at the o-level. O

Corollary 7.3 Consider the one-way model in Example 7.3. The F-test con-
cerning the hypothesis, Hy : &1 = ap = --- = o, is significant at the x-level
if and only if there exists at least one contrast among the o;’s for which the
confidence interval in (7.47) does not contain zero.
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Proof. Using (7.42), the null hypothesis is equivalent to Hy : AR = 0, where
A is the same matrix used in Example 7.3. By Lemma 7.2, for any £’ in the
row space of A, £'p represents a contrast among the «;’s. Hence, by Lemma
7.3, the F-test concerning Hy is significant at the «-level if and only if there

exists a contrast, Zle Ao, for which the confidence interval in (7.47) does
not contain zero, that is,

r P BVG:
. X
D NYil > | k= DMSEFak1n i)~ (7.55)
i=1 i=1
In this case, Z?:l AY; is said to be significantly different from zero. O

7.5.2 Determination of an Influential Set of Estimable
Linear Functions

The existence of a significant estimable linear function, whenever the F-test
concerning the hypothesis in (7.48) is significant, was established in Section
7.5.1. In the present section, we show how such a linear function can be found.
This was initially demonstrated by Khuri (1993).

Consider again the inequality in (7.49). Since £(, belongs to the row space of
A, £, can be written as t,A 3, where £ is some vector in R?, the s-dimensional
Euclidean space. It is easy to see that inequality (7.49) is equivalent to

w | £AB |
rere peo | FACXX)- AT

} > (SMSgFusnr)'/2. (7.56)

Note that | #*AB |= (t/ABﬁ/A’t)l/ 2, Hence, (7.56) can be expressed as

t'Git }
sup { —— 1 > SMSgFusn—r, (7.57)
ters, 120 | £ Gat *

where .
Gi=ABBA
Gy = A(X'X)~A’

Since G is positive definite, then by Theorem 3.11,
t'Gqt

= G;'Gy), 7.58
tels?g}t)#O{t/GZt} emax( 2 1) 759

where emax (GE 1G1> is the largest eigenvalue of G, 1G,. By a cyclic

permutation of the matrices in G, 1Gy, this eigenvalue is equal to
A/

BATAX'X)"A'] _1A[§ (see property (f) in Section 3.8), which is the numerator
sum of squares of the F-test statistic in (7.53) for testing Hp : A = 0.
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Now, let t* be an eigenvector of G, 1G1 corresponding to emax (GE 1Gl).
Then,

t* G t* _
E - €max (G2 1G1> ’ (7.59)

which follows from the fact that ¢* satisfies the equation

[G1 — emax (G7G1) G2 | #* =0

From (7.58) and (7.59) we conclude that Zg;: attains its supremum when

t = t*. The vector t* can be chosen equal to G, 1AB since
— — 5 — A A/ — 5
G3'G1(G;'AB) = G;'(aBp'A) (G5 4B)
— (ﬁ’A’G;lAé) G;'AB
= €max (Ggl Gl) GglAér

which indicates that G, 1AB is an eigenvector of G, 1G, for the eigenvalue
emax (G51G1).

From (7.56) it can be concluded that if the F-test is significant at the
«-level, then

| AR | > (SMSEF o snn) /[t AX'X)"A'+]'/2.

This shows that Z*/[.A’) = t*/Al?‘) is significantly different from zero. We have

therefore identified an estimable linear function, £* 3, that satisfies inequal-
ity (7.49).
Let us now determine the elements of A which contribute sizably to the

significance of the F-test. For this purpose, let us express t* A B as
, S
tAB =) i (7.60)
i=1

where tf and v; are the ith elements of t* and ¥ = A[AS, respectively (i =
1,2,...,s). Dividing v; by its estimated standard error K;, which is equal to
the square root of the ith diagonal element of A(X'X)~A’MSE, formula (7.60)
can be written as

S
AR =) wi, (7.61)
i=1
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where
Ti = Yi/Ki
w; =1k, i=12,...,s

Large values of | w; | identify those elements of Ap that are influential
contributors to the significance of the F-test.

Example 7.4 Consider once more the one-way model of Example 7.3. By
Corollary 7.3, if the F-test concerning the hypothesis AR = 0, where A is
given in (7.42), is significant at the x-level, then there exists a contrast among
Y1,Ya,..., Y thatis significantly different from zero [see inequality (7.55)].
Using the procedure described earlier in Section 7.5.2, it is now possible to
find such a contrast. It can be verified that in this example,

Gy = AX'X)"A'
= [0 tLo =L XX 70 Tyg - —Tq]
1 1 1
—]k 1+d1ag(— — ,—)

ny’ 3’ 03

Hence,
-1 . 1 ,
G2 = dlag(”Z/ nz,..., nk) - n_(nZI nz,..., nk) (nZ/ nz,..., nk)/

where n. = Z;‘:l ni. In addition, we have that ¥ = Ap = (Y1 — Y2,
Y1.—Y3,...,Y1. = Yi)'. Hence, the ith element, £}, of t* = G5 1AB is given by

£ =nipq(Yq, — z+1)_—Zn](1/1—1f), i=1,2,... k-1
e

The variance-covariance matrix of ¥ is estimated by

Var(y) = AX'X)~ A’ MSk
= G, MSk

1 1 1
+ dia (— —,...,—)]MS.
[ Jien 8 np nj N F

Hence, the estimated standard error, k;, of the ith element of ¥ is of the form

11 172
n N4l

Thus, by (7.61), large values of | w; 1= gk @=12,. — 1) identify

those elementsof ¥ = (Y1.— Y2, Y1 —Y3,..., Y1 —Y,) that contrlbute sizably
to the rejection of Hy : o1 = &g = -+ = o when the F-test is significant. In
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particular, if the data set is balanced, thatis, n; = mfori =1,2,...,k, thenit
can be shown that

| wi |= @mMSE)? | Yipq, =Y. |, i=1,2,... k-1,
L -
where Y = ¢ di1Yi.

Note that the elements of ¥ = A in this example are pairwise differences
among the Y;’s. None of these differences may be significantly different
from zero, even if the F-test is significant. However, a combination of such
differences, particularly those that correspond to large values of | w; |, will
have a significant effect, if the F-test results in the rejection of Hp : ¢ = otz =
e e = “k'

7.5.3 Bonferroni’s Intervals

So far, emphasis has been placed on getting simultaneous confidence intervals
on all contrasts (or linear functions) involving the treatment means in the case
of the one-way model. In some situations, however, simultaneous confidence
intervals on only a fixed number, v, of contrasts may be of interest. Let

¢ = Zi-;l Aijii (j =1,2,...,v) be such contrasts. An unbiased estimator of
¢j is (13]' = Zi-‘:l Aijl_/i. whose variance is

R k A2
Var(¢)) = 022—7, j=12,...,v.
i=1

n;

The (1 — «) 100% confidence interval on ¢; is then given by
1/2

k a2

n 1 .

ES MSEE:# ton b j=1,2...,7.
i=1 "

Let A; denote the event that occurs when this interval contains ¢; (j =
1,2,...,v). The so-called Bonferroni inequality can be used to obtain a lower

bound on the probability P (ﬂ;’zl A]->, namely,

v
P ﬂAJ- >1—va
j=1
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This inequality results from noting that

v v
P ﬂAJ- =1-P UA;
=1 j=1

N
> 1—;13(14;)
=1—-va

Thus, the aforementioned intervals provide simultaneous coverage of
b1, §2, . .., d with ajoint coverage probability greater than or equal to 1 — &,
where & = v . Such intervals are called Bonferroni’s intervals. It should be
noted that the consideration of too many contrasts causes the corresponding
intervals to be long and therefore not very desirable.

7.5.4 Sidak’s Intervals

An alternative set of intervals for a fixed number, v, of contrasts for thevone—
way model case can be obtained on the basis of the following result by Sidak
(1967, Corollary 2):

Theorem 7.8 Let Z = (Z1,Z5,...,Z) have a multivariate normal distribu-
tion with a zero mean vector and a variance—covariance matrix, X. Let 1) be a
positive random variable independent of Z. Then, for any positive constants,
61/ 62/ cecy 6K/

| Z1 | | Z5 | | Zy | } . [|z]-| ]
P 561/ 562,..., Sé > P _56 .
[ b v ¥ ) H P I

Consider now the contrasts, ¢; = 21;1 Aijii, j =1,2,...,v. We assume that
these contrasts are linearly independent in the sense that the matrix,

/\cp:[?\l:?\z:...:?\v]/

is of full row rank, where Ai = (A1), Agj, - ..,?\k]-)’, j=1,2,...,v. Then, the
random vector Ag,Y, where Y = (Y1,Y2,...,Y) is normally distributed
with a variance—covariance matrix, 02 Ay diag(%, nl—z, e, nlk)/\’d). Let us now
proceed to apply Theorem 7.8 to

Z=A"PA(Y —p),

where
w= (1, 12, ..., 1)
A = diag(A11,Ap, ..., Avvy)

Ajj is the jth diagonal element of A 4 diag (nll, nl—z, el l) /cb’] =1,2,...,v

03
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Note that Z is normally distributed with a zero mean vector and a
variance—covariance matrix,

11 1
L = ? A V2A diag (—, —,..., —) Ay A2,
ny mnp Ny

Choosing = +/MSEg, where MSk is the error (residual) mean square with
n. — k degrees of freedom, we find that

7. N, .

= bj = &) i=1,2,...,v,

VI A2 /m MSET 2

has the t-distribution with n. — k degrees of freedom, where cf)j = Z?:l )\ini.-
Thus, by choosing 8; = ty 2,1 —k, We get

P(—'Zj|<6‘ =1-a j=1,2,...,v
Sy =l =12

Hence, on the basis of Theorem 7.8, we can write

v v

Consequently, the intervals,

Z Z Z
PP 1'<6L'uf'sézuq' ”'<6v}z<l—aﬂ.

k)2 172

. i‘ .
bj & Z n_ZMSE tajrn—kr J=12,...,v,
i—1

provide a joint coverage of ¢1, ¢z, ..., d+ with a probability greater than or
equal to 1 — &5, where o is such that 1 — &5 = (1 — )" These are called Sidak’s
intervals. We note that these intervals are of the same form as Bonferroni’s
intervals, except that in the Bonferroni case, the joint probability of coverage
is greater than or equal to 1 — & (& = v «) instead of (1 — &)Y in the Sidék case.
Since when & = «,, and for 0 < & < 1 and v > 1, we must have

R R

<1-a-av,

we conclude that
fi-a-sovvizn—k = ta g

Thus, when the lower bound on the joint coverage probability using Bonfer-
roni’s inequality (thatis, 1 — &) is the same as in the Siddk case, Sidik’s intervals
are shorter than Bonferroni’s intervals. A comparison of Scheffé’s intervals

with Bonferroni’s and Sidak’s intervals was made by Fuchs and Sampson
(1987).
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7.6 Simultaneous Confidence Intervals on All Contrasts
among the Means with Heterogeneous Group Variances

Consider again the one-way model,
Y,'j = U+ o+ €, i=12,...,k i=12,...,n; (7.62)

used earlier in Example 7.3. Here, the €;i’s are assumed to be independently

distributed as N (0, 012), i=1,2,...,k Note that the error variances are not
necessarily equal for all the k groups. The purpose of this section is to develop
simultaneous confidence intervals on all contrasts of the form Zile Ailti,
where Z;‘:l Ai=0and u; = p+ o, i =1,2,...,k Scheffé’s intervals given
in (7.47) are not applicable here because they were developed under the
assumption that the error variances were equal. Several methods are now
given for the derivation of simultaneous confidence intervals on all contrasts
under the assumption of heterogeneous error variances.

7.6.1 The Brown-Forsythe Intervals

According to Brown and Forsythe (1974a), approximate (1 — «)100% simul-
taneous confidence intervals on all contrasts, Zle Ail, are given by

1/2

L 12 £ A28
11
Z NiYi £ [k = DF g j—1n] Z 7’1_1 , (7.63)
=1 i=1
where Y; = nl] ]”;1 Yij, siz is the sample variance for the sample data from
the ith group (treatment), i =1,2,...,k, and
2 -1
k k
AP Aist
= —L —_— . 7.64
" ; n; ; nl.z(ni -1 ( )

Formula (7.63) was also given in Tamhane (1979, p. 473). Note that the
Brown-Forsythe procedure gives the following approximate conservative
and simultaneous (1 — «)100% confidence intervals for all pairwise differ-
ences, [ — Hj (G,j=12,...,ki<j):

) o\ 1/2
Y v 172 [ Si 5j
Yi =Y £ [(k—DFyk_1n;] —+ = ’
/ ni nj
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where 1;; is given by
(s7/mi + sz/np2

4/11 ;l/n

_|_

nij = (7.65)

(See Tamhane, 1979, p. 473.)

7.6.2  Spjoetvoll’s Intervals

Spjevoll (1972) proposed simultaneous confidence intervals on all linear func-

tions, Zi-;l cili, of the means. The derivation of these intervals is based on
the following lemma.

Lemma 7.4 Let A be a positive constant. Then,

k -
Y: — N24,.
Z( i 2”1) n; < A2 (7.66)
i—1 Si
if and only if
1/2
Y. —
Z willi = WO | _ 4 )12, W e RE, (7.67)
i=1 i
where v = (v1,02,...,0) .
Proof. This can be easily proved by letting x = (x1,x2,...,x)', where

Y
X = (Y"_+)"l, i =1,2,...,k and then using Lemma 6.1 with c? replaced
by AZ. O

12
Letting v’”’ =¢;,i=1,2,...,k inequality (7.67) can be written as

ko K 20 1/2
doalWi—w| <A[Y L], veeR, (7.68)
i—1 i

where ¢ = (c1,¢3,...,c) . Note that Zle clzsl2 /n; is an unbiased estimate of
Zi-(zl c?07/n;, which gives the variance of Zle ciYi, the unbiased estimator
of Zle cil;. It can also be noted that since M has the t-distribution
with n; — 1 degrees of freedom, F; = M has the F-distribution with 1

and n; — 1 degrees of freedom, i = 1,2,..., k. Furthermore, these F variates
are independently distributed. Hence, the left hand side of (7.66) is the sum
of k mutually independent F-distributed random variables, the ith of which
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has one degree of freedom for the numerator and 7; — 1 degrees of freedom
for the denominator (i = 1,2,...,k). If A is chosen as the upper a-quantile

of the distribution of Z;{:l F;, then by Lemma 7.4,

P ijpi < A2) =1-q, (7.69)
i=1
if and only if
P Xk:C'(Y' w)| < A Zk:ClZle " vcee RF [ =1—«
1 . 1 — - 7 - - .
n;

=1 i=1

It follows that simultaneous (1 — x)100% confidence intervals on all linear
functions, Zle ciMi, of ug, Yo, . . ., g are given by

1/2

k k C’ZS'Z

Y i
Z aYi A Z " . (7.70)

i=1 i=1

The constant A depends on « and the degrees of freedom, n;—1 (i = 1,2,...,k),
but not on any unknown parameters. Spjetvoll approximated the distribution
of Zle Fi by that of a scaled F-variate of the form v{Fy ,, where v1 and v,
are determined by equating the mean and variance of Z;‘:l F; to those of
V1F ~,. Since the F;’s are independent, the mean and variance of Zi-{:l F; are

k k
E (Z Fj) => EF)
i=1 i=1
K ni—1
=203

i=1

k k
Var (Z FZ‘) = Zvar(Fi)
i=1 i=1
_ifmrdﬂm—m
B (ni —3)2(n; = 5)

i=1

These formulas are valid provided that n; > 5fori =1,2,...,k. Also, the
mean and variance of v1F -, are

V1V2

E(v1Fy,~,) = —1

B 2v%(k + vy — 2)\/%
T k(va—2)2(va—4)

Var(quk, yz)
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By equating the corresponding means and variances and solving the resulting
equations, we get

2 2
kK ni—=1 k  (mi=1)~ni=2)
N (k—2) (Zi:l ni_3) 4K i1 (3 5) 7.71)
2= 2 :
ko i=12n;—2) k  ni—1
kZizl (21—3)2(21'—5) - (Zi:l Z,‘—?))
k
2 ni—1

—(1-Z= . 7.72
v ( Vz)zm_3 (7.72)

i=1

Hence, an approximate value of A is given by
AR [ViF g, (7.73)

The performance of the Brown-Forsythe and Spjetvoll intervals was
evaluated by Tamhane (1979) and Kaiser and Bowden (1983) using com-
puter simulation. It was found that Spjevoll’s intervals are conservative. The
Brown-Forsythe intervals, on the other hand, are liberal, that is, the coverage
probability of the intervals is less than the nominal value.

7.6.2.1 The Special Case of Contrasts

Suppose that Z;(:l cili is a contrast among treatment means, that is,
l-‘: ¢; = 0. In this case, the vector ¢ = (c1, ¢, . . ., ¢x) must belong to a subset,
i=1 g

S, of Rk, namely, the orthogonal complement of 1 in Rk, and is therefore of
dimension k — 1. It is easy to see that

k k 029 1/2
PIY aVi—w| =AY TX VeeS, | =
‘ 1 1. 1 — ‘ nl 7 C -
i=1 i=1
12
k k 29 k < 2
y CiSi (Vi —u)n
P ci(Yi—u)|<A 2l ,veeRF[ =P S AL S
Z i(Yi—uw)| < Z " Z 512 =
i=1 i=1 i=1
=1—«.

Hence, in this special case, Spjetvoll’s intervals in (7.70) become more conser-
vative with a joint coverage probability greater than or equal to 1 — o This
was noted in the simulation study by Kaiser and Bowden (1983, p. 81).
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7.6.3 Exact Conservative Intervals

Let Zle cip; be any linear function of the means. An exact (1 — «)100%
confidence interval on y; is (U, Up;), where

o\ 172
_ %
U;=Y; — (n—l) bos2,ni—1, i=1,2,...,k (7.74)

1

o\ 172

— S

Uy =Y + (n—l) tajp,mi-1, 1i=12,...,k (7.75)
1

where s? is the sample variance for the ith group (i = 1,2,...,k). These

intervals are independent. Hence, their Cartesian product, namely,

C =, [ Uy, (7.76)

gives an exact rectangular confidence region on p = (p1, y, ..., 1)’ with a
confidence coefficient = (1 — ) =1 — o*, where «* =1 — (1 — a)k.

Let f(.) be any continuous function defined on Rf.If p € C, then flp) €
f(C) and hence

minf(x) < f(n) < maxf(x). (7.77)
xeC xeC
It follows that

P(mirc1f(x) < f(w < maéf(x), Vcontinuousf> >Pu e O
X e xe
=1-«*

Thus, the double inequality in (7.77) provides simultaneous confidence inter-
vals on the values of f(u) for all continuous functions on RF with a joint
confidence coefficient greater than or equal to 1 — o*. Recall that a simi-
lar argument was used in Section 6.7.2 (see the double inequality in (6.92)).
Note that since f(.) is continuous, it must attain its maximum and minimum
values at points in C. In particular, if f(u) = Zi-;l cil; is a linear function
of ui, wo, ..., then simultaneous confidence intervals on all such linear
functions are given by

k

k k
min cix; < cil; < max CiXi 7.78
mun L iXi ; 1K pobuins ; iXi, ( )

where x = (x1,x2,...,xx) . The joint coverage probability is therefore greater

than or equal to 1 — «*. Since f(x) = Z;‘:l cix; is a linear function and the
region C is bounded by a finite number of hyperplanes (convex polyhedron),
the optimization of f (x) over C can be easily carried out by using the following



Less-Than-Full-Rank Linear Models 207

result from linear programming: There exists at least one vertex of C at which
f(x) attains an absolute maximum, and at least one vertex at which f(x)
attains an absolute minimum (see Theorem 1.4 in Simonnard, 1966, p. 19).
Furthermore, since C is a rectangular region, the absolute minimum and
maximum of f(x) can actually be obtained as follows: Let Ty be a subset of
{1,2,...,k} such that ¢; # 0 for i € Ty, and let Ty, and T}, be two disjoint
subsets of Ty such that Ty = Ty, |J Ty, with¢; > 0 fori € Ty, and ¢; < O for
i € T,. Then,

k
Yo=Y e
i=1

iETk
= Z CiXi + Z CiXj.
iETkl iETkZ

Hence,

michixi = 'Z cilly; + ‘Z cilly;, (7.79)

xe i=1 1eTk1 zeTk2
k
max Cixj = Z cilly; + Z cilly;, (7.80)
xeC 4 . .
i=1 i€ Tkl i€ Tkz

where Ujy; and Uj are defined in (7.74) and (7.75), respectively. Formulas
(7.79) and (7.80) can then be used to obtain simultaneous confidence intervals
on all linear functions Zf»‘zl c;i; with a joint probability of coverage greater
than or equal to 1 — «*. In particular, if these linear functions are contrasts
among the means, then formulas (7.79) and (7.80) can still be used to obtain
conservative confidence intervals on all contrasts.

Example 7.5 An experiment was conducted to study the effect of tempera-
ture on the shear strength of an adhesive. Four different temperature settings
were applied using a completely randomized design. The data are shown in
Table 7.1. Testing equality of the population variances for the four temper-
atures by using Levene’s (1960) test gives a significant result with a p-value
= 0.0216. We can therefore conclude that the population variances are not
all equal (for a description of Levene’s test, which is known to be robust to
possible nonnormality, see, for example, Ott and Longnecker, 2004, p. 314).
This test can be easily carried out in PROC GLM of SAS (2000) by using the
statement, MEANS TEMPERATURE/HOVTEST = LEVENE, after the model
statement, MODEL Y = TEMPERATURE.

Since temperature is a quantitative factor with four equally-spaced levels,
itwould be of interest to consider its linear, quadratic, and cubic effects, which
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TABLE 7.1
Shear Strength Values

Temperature (°F)

200 220 240 260

799 11.03 9.18 859
835 1087 955 7.97
873 1163 994 8.13
887 1031 954 851
855 11.04 9.02 8.03
9.04 1113 917 7.88
9.86 1130 9.11 8.01
9.63 1051 953 823
986 10.72 8.63 845
890 1065 899 830

Y 8978 10919 9.266 8.210
s> 0.402 0153 0.140 0.061

can be represented by the contrasts, ¢1, ¢2, 3, respectively, of the form

b1 = —3u1 — 2 + 3 + 3y,
G2 = 1 — 2 — M3 + a4,
b3 = —p1 + 3p2 — 3us + Hy,

where y; is the shear strength mean for the ith level of temperature. These
contrasts are said to be orthogonal because, since the data set is balanced
and the temperature levels are equally-spaced, the sum of the cross prod-
ucts of the coefficients of the corresponding means in any two contrasts is
equal to zero. In this case, ¢1, ¢2, 3 provide a partitioning of the tempera-
ture effect, which has 3 degrees of freedom. Note that the coefficients of the
means in ¢1, $2, $3 can be obtained from standard experimental design books
(see, for example, Montgomery, 2005, Table IX, p. 625). If the temperature lev-
els were not equally-spaced, or if the sample sizes were unequal, orthogonal
linear, quadratic, and cubic contrasts still exist, but are more difficult to find.
Using the Brown-Forsythe intervals in (7.63) with 1 — o« = 0.95, we get

—6.085 < ¢ < —1.829,
—3.821 < ¢y < —2.173,
2517 < 3 < 5.865.

Applying now Spjetvoll’s intervals in (7.70) with 1 — 0 = 0.95, where by
(7.73), A ~ [v1F0 05 v,1"? = [4.408F 05,4,141"/> = 3.704 (see formulas (7.71)
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and (7.72)), we get

—6.430 < ¢ < —1.484,
—4.015 < ¢ < —1.979,
2129 < ¢3 < 6.253.
Finally, applying the methodology in Section 7.6.3, we find that the individual

(1—0)100% confidence intervals on ; (i = 1,2,3,4), where 1 —x = (0.95)1/4 =
0.987259 are

8.357 < w1 < 9.599,
10536 < pp < 11.302,
8.899 < u3 < 9.633,
7969 < g < 8.451.

Using now formulas (7.79) and (7.80), the simultaneous confidence intervals
on ¢1, ¢2, 3 are given by

7295 < d1 < —0.619,
—4.610 < ¢p < —1.384,
1.078 < b3 < 7.304.

The joint coverage probability is greater than or equal to 0.95.

As expected, the Brown-Forsythe intervals, being liberal, are shorter than
the confidence intervals for the other two methods. Both the Spjetvoll inter-
vals and those obtained from formulas (7.79) and (7.80) are conservative.
The difference is that the former are approximate while the latter are exact.
We note that the intervals from all three methods do not contain zero. This
indicates that the linear, quadratic, and cubic effects of temperature are all
significant.

7.7 Further Results Concerning Contrasts and Estimable
Linear Functions

In this section, we provide a geometrical approach for the representation of

contrasts, and the interpretation of their orthogonality in the context of the

one-way model. In addition, we consider the problem of finding simultaneous
confidence intervals for two estimable linear functions and their ratio.

7.7.1 A Geometrical Representation of Contrasts

Schey (1985) used geometrical arguments to explain certain features of con-
trasts for the one-way model. Consider, for example, the balanced one-way
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model
Yi=p+aite, i=12,...,k j=12,...,n,

where
«; is a fixed unknown parameter
the €;;’s are independently distributed as N(0, 02)

Letyi=p+o; (i=1,2,...,k). Consider the matrix
wW=1I ! T
- k k ks

where J; is the matrix of ones of order k x k. It is easy to see that W is
idempotent of rank k — 1 and has therefore k — 1 eigenvalues equal to 1 and
one eigenvalue equal to 0. Using the Spectral Decomposition Theorem (see
Theorem 3.4), we can write

k-1
W= Z piv. (7.81)
i=1

where py,p,,...,Pi_, are orthonormal eigenvectors of W corresponding to
the eigenvalue 1. Hence,

Wp,=p, i=12.. k-1 (7.82)

Letp, = % 1;. This is an eigenvector of W corresponding to the eigenvalue
0 since Wp, = 0. Furthermore, p, is orthogonal to p,p,,...,p;_; since by

(7.82), pipr =PiWp, =0,i=1,2,...,k— 1. Consequently, py,P,, ..., Pr_1,Px
form an orthonormal basis in a k-dimensional Euclidean space. It follows that

ifY=(1,Y2,...,Y:), where Y; = nio 721 Yij,i=1,2,...,k then Y can be
expressed as a linear combination of p,,p,, ..., p; of the form

k
Y=> lip; (7.83)
i=1

Hence, by (7.82) and the fact that Wp, = 0,

k—1
WY =) lip;. (7.84)
i=1

Thus, WY belongs to the (k — 1)-dimensional Euclidean space spanned by
P1/Pos - - -+ Pr_1, Which is the orthogonal complement of p,. From (7.83) we
note that

pY=¢, j=12,.. k-1 (7.85)
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Thus, f]- is a contrast in Y1,Y>,..., Y, since p]’.lk = x/lzp}pk = 0 for
j=1,2,...,k— 1. Furthermore, éj is an unbiased estimate of ¢; = p]’- u, which
is a contrast in py, pp, ..., 1 G =1,2,...,k— 1), where u = (ug, 12, ..., 1)
It is easy to see that £¢1,£5,...,€,_1 form a basis for all contrasts among
Ui, L2, ..., lg. This follows from the fact that if ¢’p is such a contrast with
c1l = 0, then ¢ = Zf;ll dip; for some constants di,d,...,dx_1. Hence,
du = 21:11 dipip = Zi:ll di£;. Also, if ¢} u and ¢, u are two orthogonal
contrasts, that is, c/1 ¢y = 0, then we can write

k-1 k—1
cu=Y dip; | n=>)_diti

i=1 i=1

k-1 k-1
= (S ) w= St

i=1 i=1

for some constants dq;, dp; (i = 1,2,...,k — 1). Note that Zi‘;ll d1jdr; = 0 due
to the fact that

k—1 k-1
crea= | D dupi| | D daip;
i=1 i=1

k-1
= Z dii do;.
i—1

In particular, ¢; and ¢; are orthogonal contrasts fori #j (i,j = 1,2,...,k—1).

The above arguments show that p,,p,,...,p,_, generate all contrasts
among i, 4y, ..., W and that ¢ = piw, €2 = pou,... 61 = p,_, 1 are
orthogonal contrasts. Formula (7.84) provides a representation of WY as a
linear combination of p;, p,, . . ., p;_; whose coefficients form orthogonal con-
trasts. In addition, the sum of squares for the treatment effect in the one-way
model, that is,

k
SSa=mnp Y (Vi —Y.)?,
i=1

where Y_ = % Zi'(:l Y;, can be expressed as

SSo = ng Y WY. (7.86)
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Zzl’z

FIGURE 7.1 _
Orthogonal decomposition of z = ,/1pY in the case of three treatment groups.
(From Schey, H.M., Am. Statist., 39, 104, 1985. With permission.)

Using formula (7.84) and the fact that W isidempotent, (7.86) can be written as

k-1 k-1
SS(XZTIO Zéip; Zéipi
i=1 i=1
k—1
=ng ) _{F. (7.87)
i=1

Note that by (7.85),

no & = (/o Y)p; pi(/1o Y).
Since /rig Y ~ N( /7o u, 0°I}), ng flz is distributed as o2 X%(ei), where 0; =
now p;pin/o?,i=1,2,...,k—1. Thus, formula (7.87) provides a partitioning
of 5SS into k — 1 independent sums of squares, each having a single degree
of freedom, that are associated with the orthogonal contrasts, £1, €5, ..., €x_1.

A graphical depiction of these geometric arguments for k = 3 is given in
Figure 7.1, which shows the orthogonal decomposition of

Z = \/Ng l_/
3 ~
= Zﬁil’ir
i=1
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where ¢; = ¢n—0l7i, i =1,2,3 [see formula (7.83)]. Note that the sum of 2 Py
and £, P, is Wz, and from (7.86), SS« is the square of the Euclidean norm of
Wz. Furthermore,

f% =7Zz—-2ZWz

=z <%13> z

351

= 31101_/%.

2

7.7.2 Simultaneous Confidence Intervals for Two Estimable Linear
Functions and Their Ratio

In some experimental situations, one may be interested in estimating two
means as well as their ratio. For example, the equivalence of two drugs may be
assessed on the basis of the ratio of two treatment means. Also, in quantitative
genetics, the dominance ratio is to be estimated from dominance and additive
gene effects. These examples, along with others, were reported in Piepho and
Emrich (2005) who presented several methods for constructing simultaneous
confidence intervals for two means and their ratio. A description of some
of these methods is given in Sections 7.7.2.1 through 7.7.2.3. Model (7.1) is
considered for this purpose where it is assumed that e ~ N(0, oZl,).

. Lety1 = K} B and v, = I} be two estimable linear functions whose ratio,

7;, is denoted by p. The objective here is to obtain simultaneous confidence

intervals on 1, y», and p.

7.7.2.1 Simultaneous Confidence Intervals Based on Scheffé’s Method

Let v = (v1,7v2)". Using the methodology outlined in Section 7.4.2, a (1 — x)
100% confidence region on vy = H', where H = [h; : hy], is given by

G- VIHXX) H '@ —v) < 2MSgFaour. (7.88)

Then, as in (7.38), Scheffé’s simultaneous (1 — «)100% confidence intervals
on estimable linear functions of the form k’y, for all k in a two-dimensional
Euclidean space, are obtained from

| K ¥ —v) |< 2MSgFupur KH (X' X)"Hk]Y?, Vk € R®. (7.89)

The confidence intervals for y; and y, are derived by setting k = (1,0)" and
(0,1, respectively. As for the interval for p, setting k = (1, —p)’ in (7.89) and
noting that Ky =y1 — py2 =0, we get

|91 — o2 | < [2MSEFapu—r (1, —p)H' (X'X)"H(1,—p)'1'/?,
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which is equivalent to
(F1—p¥2)* < 2MSEFaonr(1,—p)H'(X'X)"H(1,—p) . (7.90)

The equality in (7.90) represents a quadratic equation in p. Under certain con-
ditions (see Section 6.7.3), this equation yields two real roots for p, namely, p;
and py. In this case, (7.90) provides a confidence interval on p given by [p1, p2].
This interval, along with the ones for y; and y, will have a joint coverage
probability greater than or equal to 1 — «. If, however, the aforementioned
conditions are not satisfied, then no confidence interval on p can be obtained
from (7.90).

7.7.2.2 Simultaneous Confidence Intervals Based on the Bonferroni
Inequality

Using the Bonferroni inequality (see Section 7.5.3), simultaneous confidence
intervals on y1, Y2, and p can be obtained from the inequalities,

(L0 -V = [MStFg1, LOHXX) HLO|, (79D
[0V -V = [MStFg,, O DHXX)HOY|, (792
(L, =p)F = VP = [MSEFg 1 (1 —p)H (X'X)"H(,—p) |, (799)

respectively. Note that in (7.93), (1, —p)y = 0. The joint coverage probability
for the intervals derived from (7.91) through (7.93) is greater than or equal
to 1 — «. Note also that, as in (7.90), the equality in (7.93) can, under certain
conditions, yield two real roots for p, which provide a confidence interval
for p.

The Scheffé and Bonferroni intervals differ only in the values of 2 F 5 2 ;¢
and F & 1n—rs respectively. Piepho and Emrich (2005) made a comparison
between such values. They noted that the Bonferroni intervals may be shorter
than Scheffé’s intervals in some cases, particularly when n — r is large and «
is small.

7.7.2.3 Conservative Simultaneous Confidence Intervals

The method described in Section 7.6.3 can be used to obtain simultaneous
confidence intervals on 1, vz, and p. This is accomplished by considering
the confidence region in (7.88) for y, which we denote by C. Then, for any
continuous function f(.) defined on C, we have

P[mi(rzlf(x) < f(y) < ma}:xf(x), V continuous f ] > P(y € C)
=1-«.

Choosing f(y) = v; for i = 1,2 gives confidence intervals for y; and v».
These intervals are in fact the projections of C on the x; and xp axes, which
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correspond to y1 and 7, respectively. As for p = X1, choosing f(y) = !
gives the interval

min (x_1> < p < max (x—l> , (7.94)
xeC \ X2 xeC \ X2
provided that C does not include points on the x; axis. The joint coverage
probability for all three intervals is greater than or equal to 1 — . Note that
the end points in (7.94), denoted by p, and p,,, respectively, are the slopes of
the two tangent lines to C as shown in Figure 7.2.

One numerical example presented by Piepho and Emrich (2005) to illus-
trate their methods (of deriving the simultaneous confidence intervals) con-
cerned the birth weight data discussed by Nolan, and Speed (2000). The data
were obtained by studying the effect of smoking status of mothers on the birth
weights of their babies. The weight of the mother was used as a covariate in
the following analysis of covariance model,

Yij = i+ Bxij — X.) + €,

where
Yjj denotes the birth weight of the jth baby in the ith group (i takes the value
1 if the mother is a nonsmoker, and the value 2 if she is a smoker)
xjj is the weight of the mother of the jth baby in the ith group
u; is the mean of the ith group
(3 is a slope parameter for the covariate
X is the average of the Xij’s

€ij ~ N(, 0‘2)

X1

/ X1=Pu X2

Eo)

FIGURE 7.2
Lower (p¢) and upper (p,) bounds on p derived from the confidence region C.
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Simultaneous confidence intervals for uq, pp, and p = % using the afore-
mentioned data were given in Piepho and Emrich (2005, Table 7).

Exercises

7.1 Consider the following data set:

1 2 3 4

A 1 161 205 237 —
2 146 — 218 —
3 109 123 19.7 181

4 — — — 6.4

The corresponding model is
Yijk =+ o + Bj + €ijk,

where «; represents the effect of the ith level of factor A, 3; represents
the effect of the jth level of factor B, and ;3 ~ N(0, o?).

(a) Show that the hypothesis Hy : &1 = op = a3 = a4 is testable. Test
Hy at the 5% level.

(b) Show that the hypothesis Hp : 1 = 32 = B3 = P4 is testable. Test
Hj at the 5% level.

(c) Show that u+ o + zl; Zle B; is estimable and find its BLUE.

(d) Show that ¢ = Y}, \iax; is estimable if 33 | A; = 0. What is its
BLUE?

7.2 Find the power of the test in part (a) of Exercise 7.1 assuming that 0> = 1
and that under the alternative hypothesis, &1 — ax =2, 1 — a3 = 0.50,
o1 —og = 0.

7.3 Consider again Exercise 7.1. Write the model in the general form,
Y=XB+e.

(a) Provide a reparameterization of this model, as was done in Section
7.3, so that it is written as a full-rank model.

(b) Verify that the two models have the same regression and residual
sums of squares.
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7.4 Consider the model
Yije = n+ i + Bj + €k,

where € ~ N(O, 02). This model is analyzed using the following
data set:

1 2 3 4

12 — 24 30
— 6 11
21 15 16 —

WIN =
|

(a) What is the number of basic linearly independent estimable linear
functions for this data set? Specify a set of estimable linear functions
that form a basis for the space of all estimable linear functions for
this model.

(b) Is n12 = n+ 1 + B2 estimable? Why or why not?

(c) Show that }1 Z;Ll(u + o + B)) is estimable for i = 1,2,3 and find its
BLUE.

(d) Letp; = % 21'3=1(H+ i+ ;) Is the hypothesis Hy : ¢1 = ¢p2 = 3 =
¢4 testable? Why or why not? If testable, what is the corresponding
test statistic?

7.5 Consider the one-way model,
Yi=p+aite; =123 j=12,...,n,
where the €;;’s are independently distributed as N(0, 02).

(a) Derive a test statistic for testing the hypothesis,

1 1 1
Hy : 5(u+ ®) = 1—0(u+ x) = E(H x3)

at the o = 0.05 level.

(b) Give an expression for the power of the test in part (a) under the
alternative hypothesis

1 1
H,: - - = =1
a 5(u+ 1) 10(|u+ x2) 0,

1 1
= - = =2.
5(u+ 1) 15(|u+ *3) 5,

assuming that 02 =1.0.
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7.6 Consider the one-way model,
Yij:H+(xi+€ijr i=12,...,k j:1,2,...,nl-.

Let € be the error vector whose elements are the €;;’s. Suppose that
€ ~ N(0,X), where

L =0*(1—ply +0%0],,

where 0 <| p|< 1, n = Z;‘:l ni, I and J,, are, respectively, the
identity matrix and matrix of ones of order n, x n..

(a) Show that SS, and SSg are independent, where SS and SSg are
the usual sums of squares for the «;’s and the residual, respectively,
from the ANOVA table for this one-way model.

(b) Show that —=— (1
withk —1 degrees of freedom.

(c) Show that A (1
n. — k degrees of freedom

SS « has the noncentral chi-squared distribution
SS £ has the central chi-squared distribution with

(d) Develop a test statistic for the hypothesis Hy : 1 = g = ... = .

7.7 Consider the same model as in Exercise 7.6, except that the €;;’s are now
assumed to be independently distributed as normal variables with zero
means and variances 0'1-2 (i=1,2,...,k). It is assumed that the Giz’s are
known, but are not equal. Let { = 25;1 cipi, where ; = 1+ o and
c1,C2,...,Ck are constants.

(a) Show that the (1 — &)100% simultaneous confidence intervals on all
linear functions of the ;s of the form 1 are given by

L b g 12
. 2 iVvi
Z(.‘le. + Xoc,k Z _711' ’
i=1 i=1
where Y; = nl, ]”;1 Yi (i = 1,2,...,k) and X%xk is the upper

a-quantile of the chi-squared distribution with k degrees of
freedom.

(b) Suppose now that the 67’s are unknown. Show how you can obtain

an exact (1—x)100% confidence region on the vector (O'%, 0%, ., O'%)/.

7.8 Consider model (7.1) with the following restrictions on the elements
of B:
TXB =d,
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7.9

7.10

where
T is a known matrix such that TX is of full row rank

d is a known vector in the column space of TX

(a) Find a matrix A and a vector ¢ such that AY + ¢ is an unbiased
estimator of X3.

(b) Does it follow from part (a) that AX = X and ¢ = 0? Why or
why not?
[Note: Numerical examples concerning parts (a) and (b) can be
found in McCulloch and Searle (1995).]

Twenty four batteries of a particular brand were used in an experiment
to determine the effect of temperature on the life span of a battery. Four
temperature settings were selected and six batteries were tested at each
setting. The measured response was the life of a battery (in hours). The
following data were obtained:

Temperature (°F)

20 50 80 110

130 120 100 90
150 110 95 85
145 105 115 80
120 113 112 92
160 109 92 79
155 114 88 82

(a) Test the polynomial effects (linear, quadratic, and cubic) of temper-
ature at the o« = 0.05 level.

(b) Let &1, b2, ¢3 denote the contrasts representing the linear,
quadratic, and cubic effects of temperature, respectively. Obtain
95% simultaneous confidence intervals on ¢1, ¢, d3 using Scheffé’s
procedure. What is the joint coverage probability of these intervals?

Three repeated measurements were taken from each of n patients under-
going a certain treatment. One measurement was taken after 1 week of
administering the treatment, the second measurement was taken after
2 weeks, and the third measurement was taken after 3 weeks. Let Y;
denote the vector of observations obtained from the n patients in week
i(=1,2,3). Consider the models,

Yl = BzOln + XlBl + ei/ 1 = 1/ 2/ 3/
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where
X is of order n x p and rank p

€; is a random error vector

These models can be written as a single multivariate linear model of the
form,
Y =185+ XB+¢,

where

Y=1[y;:9,:y3]
Bo = (B10, B20, B30)
X =[X71:X7:X3]

3
B=DB;
i=1

e =[e1:e€p: €3]

Itis assumed that the rows of ¢ are independently distributed as N(0, X),
where X is an unknown variance-covariance matrix of order 3 x 3. The
matrix X is of rank p, p < p < 3p. Itis also assumed thatn — p > 3.

Consider testing the hypothesis
Ho: 1 =PB2=Bs
against the alternative hypothesis
H, : at least two ;s are not equal.

Show that a test statistic for testing H is given by emax (SiS;!), the
largest eigenvalue of S,S; !, where
S, =CYZ(Z'2)"G|G(ZZ)~G1'GZ'2)~ZYC,
Se=CYI,—-2Z2)"Z1YC,

where
1 1
C=|-1 0|,
0o -1
Z=1[1,:X],
G=1[0:W].

The zero vector in G has p elements and W = 1, ® I,
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7.11

7.12

[Hint: Multiply the two sides of the multivariate linear model on the
right by Cto get YC = 1,,3,C + XBC + ¢C. The rows of eC are indepen-
dently distributed as N(0, X.), where £, = C’ZC. The null hypothesis
can then be written as Hyp : WBC = 0. This hypothesis is testable if
the rows of G are spanned by the rows of [1, : X]. Multiply now the
above model on the right by an arbitrary vector a = (a1,a2)’ to get the
univariate model Y, = Z{, + €;, where Y, = YCa, {, = [C'By : C'B']'a,
€, = £Ca. Note that ¢, ~ N(0, Ggln), where 05 = a'C’XCa, and the null
hypothesis Hy is equivalent to Hp(a) : WBCa = 0, for all a # 0, which
can be expressed as Hy(a) : G, = 0, for all a # 0. Note that G is of rank
p and is therefore of full row rank. Use now the univariate model to get
the following test statistic for testing Ho(a):

Ria) — Y, Z(Z'2)-GG(Z'2)~-G17'G(Z'2)~Z'Y,
B Y, [I, — Z(Z'Z)~Z'1Y,

_a'Spa
a'S.a’
where large values of R(a) are significant. Deduce from this information
that emax (S;,S; 1) is a test statistic for H.]

[Note: More details concerning this exercise and other related issues
can be found in Khuri (1986).]
Consider the one-way model given in (7.62), where Var(e;) = o2A?,

i=12,...,kj=12,...,n, where o?
known.

is unknown and the A\?’s are

(a) Show that the ordinary least-squares and the best linear unbiased
estimates of u + «; are identical (i = 1,2,...,k).

(b) Find an unbiased estimate of ¢2.

Consider model (7.1) where € ~ N(0, 62I,,). Let {1, o, . .. /Py be a set

of linearly independent estimable functions of B. The vector 1 denotes
the BLUE of ¥ = ({1,{2,...,y)". Its variance-covariance matrix is

o2Q L.
(a) Give an expression for the (1 — «)100% confidence region on 1.

(b) Suppose that  is partitioned as P = [P/4 : Pj]’, where P 4 consists
of the first i elements of P (h < q) and 1y consists of the remaining
elements. Suppose that Q is partitioned accordingly as

_ Qll Q12
Q= I:Q/lz sz]'

Show that
Wa—a) (Qn - QuQ;;Q’u) Wa—a) < @ —)Qp — 1),
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where 1 4 is the BLUE of 4.

[Hint: Show that the left-hand side of the above inequality is the
minimum value of the right-hand side when the latter is minimized
with respect to Pp.]

(c) What can be said about the probability that

(s —ha) (Qll - Q1Q% Q/12) (b4 —ba) < GMSE Fagnr,

where MSg is the error (residual) mean square for model (7.1) and
ris the rank of X?

[Hint: Use parts (a) and (b).]

Let B in model (7.1) be partitioned as B = [B] : B5]’, where B is a
vector of g elements (7 < p). By definition, B, is testable if there exists
a linear function a’@; that is estimable for some vector a. Thus B is
testable if and only if [a’ : 0'] = v'P] for some vector v, where 0 is
a zero vector of dimension p — q and P is a matrix of order p x r
whose columns are orthonormal eigenvectors of X'X corresponding to
itsnonzero eigenvalues, with  being the rank of X [see Section 7.4 and in
particular equality (7.19)]. Now, let us partition P} as P; = [P}, : P},],
where P}, and P}, are submatrices of orders r x g and r x (p — ¢),
respectively.

(a) Show that 3; is testable if and only if v is an eigenvector of P}, P1»
with a zero eigenvalue such that P1;v # 0.

(b) Consider the corresponding reparameterized model in (7.11). Let
B be the BLUE of B in this model. Show that v/ is an unbiased

estimator of a’f31.

Consider the null hypothesis Hy : Ap = 0 in Section 7.5.1. Let W
denote the set consisting of all vectors £ in the row space of A such that

¢(X’X)~¢ = 1. Hence, Var(£'B) = o2, where o2 is the error variance.

(a) Show that W is a nonempty set.

(b) Suppose that '@ is significantly different from zero for some £ € W.
Thus, by inequality (7.54),

| €B | > (sMSEFoasn ">

Show that there exists a vector £ € W for which £'j3 is significantly
different from zero if and only if

sup | u/[g | > (s MSE Foc,s,n—r)l/2~
ueW
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(c) Show that

sup | /B | < (BATAX'X)" AT AR
ueW

7.15 Consider the hypothesis Hp : AB = m, where A is s x p of rank s, but
AP is nonestimable. Hence, Hy is not testable.

(a) Obtain the equations that result from minimizing (Y —XB) (Y —Xp),
subject to the restrictions A = m, using the method of Lagrange
multipliers.

(b) Show that these equations are inconsistent, that is, they produce no
solution for 3.

(c) Conclude from part (b) that there is no test of the hypothesis Hy.

[Note: This demonstrates that when A is not estimable, no test exists
for Hy, which explains the need for estimability in testable hypotheses.]

7.16 Consider the one-way model, Yj; = n + «; + €;;. The hypothesis H :
u = 0 is not testable since p is nonestimable (see Result 2, Exam]Oole 7.1).
Let SSg be the residual sum of squares for the model, and let S5 be the
residual sum of squares under Hy. Show that SS% = SSE.

[Note: This also demonstrates that no test exists for a nontestable

hypothesis.]

7.17 Consider model (7.1), where it is assumed that E(e) = 0 and Var(e) =
X = (0jj). Let

1
MSg = FY/[IH -XX'X)"X'1Y.

(a) Show that

1 n
E(MSE) < T_7 Zl Ojj.
=

(b) Show that the upper bound in part (a) cannot be attained unless
X=0.

7.18 The yield of a certain grain crop depends on the rate of a particu-
lar fertilizer. Four equally-spaced levels of the fertilizer factor were
used in a completely randomized design experiment. The yield data (in
bushels/acre) are given in the following table:
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Level of Fertilizer (Ib/plot)

15

18
12
25
27
26

25

39
28
40
33
30

35

41
37
30
41
45

45

41
42
38
48
45

Let &1, ¢2, d3 denote the contrasts representing the linear, quadratic,
and cubic effects of the fertilizer factor (see Example 7.5). Obtain 95%
simultaneous confidence intervals on ¢1, ¢2, d3 using

(a) The Brown-Forsythe procedure.

(b) The method by Spjetvoll.

(c) The exact method described in Section 7.6.3.
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Balanced Linear Models

The purpose of this chapter is to provide a comprehensive coverage of the
properties associated with a balanced linear model. In particular, expressions
for the expected mean squares and the distributions of the sums of squares in
the corresponding analysis of variance (ANOVA) table are developed using
these properties under the usual ANOVA assumptions. Tests of hypothe-
sis and confidence intervals concerning certain unknown parameters of the
model can then be derived.

8.1 Notation and Definitions

Suppose that in a given experimental situation, several factors are known to
affect a certain response variable denoted by Y. The levels of these factors
are indexed by subscripts such as i,j,k, .. .. A typical value of the response
can then be identified by attaching these subscripts to Y. For example, in a
two-factor experiment involving factors A and B, Yjj denotes the kth value
of the response obtained under level i of A and level j of B.

Definition 8.1 (Balanced data and models). A data set is said to be balanced
if the range of any one subscript of the response Y does not depend on the
values of the other subscripts of Y. A linear model used to analyze a balanced
data set is referred to as a balanced linear model.

For example, the two-way crossed classification model, which is given by
Yijk = 1+ o + Bj + (P)ij + €ijk, (8.1)

wherei=1,2,...,a;j=1,2,...,b; k=1,2,...,n,is balanced since the range
of any of the three subscripts of Y does not depend on the values of the
other two subscripts. Accordingly, the corresponding data set consisting of
the values of Yjj is said to be balanced. Note that in model (8.1), if A and B are
the factors under consideration, then «; denotes the effect of level i of factor
A, Bj denotes the effect of level j of factor B, («xf3);; denotes their interaction
effect, and e¢;j is a random experimental error.

225
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Definition 8.2 (Crossed and nested factors). Factors A and B are said to be
crossed if every level of one factor is used in combination with every level of
the other factor.

For example, five rates of a potassium fertilizer (factor A) and four rates of
aphosphorus fertilizer (factor B) are combined to produce 5x4 = 20 treatment
combinations. The treatments are allocated at random to 60 identical plots
(experimental units) such that each treatment is assigned to each of three
plots. In this case, the corresponding model is the one given in (8.1), where
Yijx denotes, for example, the yield of a vegetable crop from the kth plot that
receives level i of Aand leveljof B, i=1,2,3,4,5;j=1,2,3,4, k=1,2,3.

On the other hand, factor B is said to be nested within factor A if the
levels of B used with a given level of A are different from those used with
other levels of A. In this case, B is called the nested factor and A is referred
to as the nesting factor. There is therefore a strict hierarchy in a given nesting
relationship. This is not the case when A and B are crossed, and hence no
nesting relationship exists between the two factors. A nested classification is
sometimes referred to as a hierarchical classification.

For example, in an industrial experiment, 12 batches (factor B) of raw
material are randomly selected from the warehouse of each of three sup-
pliers (factor A), and three determinations of purity of the raw material are
obtained from each batch. In this experiment, B is nested within A, and the
corresponding model is written as

Yijk = w+ o + Bij + €k, (8.2)
where
«; denotes the effect of the ith supplier (i = 1,2, 3)
B;; denotes the effect of the jth batch (j =1,2,...,12) obtained from the ith
supplier
€ijk is a random experimental error associated with the kth (k = 1,2,3)
measurement from the jth batch nested within the ith supplier

We note that the identification of the nested effect of B requires two
subscripts, i and j, since a particular level of B (for example, the second batch)
is only defined after identifying the level of A nesting it. Thus, we can refer, for
example, to the second batch obtained from the third supplier. Consequently,
if B is nested within A, then whenever j appears as a subscript to an effect in
the model, subscript i must also appear.

Let us now consider another example which involves both nested and
crossed factors. It concerns a clinical study where three patients are assigned
at random to each of three clinics. Three measurements (blood pressure read-
ings) were obtained from each patient on each of four consecutive days. In
this case, if A, B, C denote the clinics, patients, and days factors, respectively,
then B is obviously nested within A, but A (and hence B) is crossed with C.
The corresponding model is therefore of the form

Yij = p+ o6 + Bij + v + (@v)ik + (BY)ijk + €ijui,s (8.3)
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where

«; denotes the effect of the ith clinic (i = 1,2, 3)

B;; denotes the effect of the jth patient (j = 1,2,3), which is nested within
the ith clinic

Yk denotes the effect of the kth day (k =1,2,3,4)

(ovy)ik is the interaction effect between clinics and days

(BY)ijk represents the interaction effect between days and patients within
clinics

€k is a random experimental error associated with the /th measurement
obtained from the jth patient in clinici onday k (I =1, 2,3)

Definition 8.3 (Crossed and nested subscripts). Let A and B be two given
factors indexed by i and j, respectively. If A and B are crossed, then i and j are
said to be crossed subscripts. This fact is denoted by writing (i)(j) where i and
j are separated by two pairs of parentheses. If, however, B is nested within
A, then j is said to be nested within i, and this fact is denoted by writing i : j
where a colon separates i and j with j appearing to the right of the colon.

Definition 8.4 (Population structure). The population structure associated
with a given experiment is a complete description of the nesting and nonnest-
ing (crossed) relationships that exist among the factors considered in the
experiment.

For example, for model (8.1), the population structure is [(i)(j)] : k, where
subscripts i and j are crossed and subscript k is nested within both i and j.
Note that a pair of square brackets is used to separate k from the combination
(@)(j). The population structure for model (8.2) is (i : j : k), which indicates
that k is nested within j and the latter is nested within i. As for model (8.3),
the corresponding population structure is [(i : j)(k)] : [. This clearly shows
that j is nested within 7 and k is crossed with i, and hence with j. Subscript  is
nested within 7,j, and k.

As will be seen later, the population structure plays an important role in
setting up the complete model and the corresponding ANOVA table for the
experiment under investigation.

Definition 8.5 (Partial mean). A partial mean of a response Y is obtained by
averaging Y over the entire range of values of a particular subset of its set of
subscripts. A partial mean is denoted by the same symbol as the one used
for the response, except that the subscripts that have been averaged out are
omitted.

Definition 8.6 (Admissible mean). A partial mean is admissible if whenever
a nested subscript appears, all the subscripts that nest it appear also.

Definition 8.7 (Rightmost-bracket subscripts). The subscripts of an admissi-
ble mean which nest no other subscripts of that mean are said to constitute
the set of subscripts belonging to the rightmost bracket of the admissible mean.
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TABLE 8.1
Population Structures and Admissible Means

Population Structure Admissible Means

()] -k Y, Yo, Yo, Yap, Yijw

i:j:h Y, Yay, Yigy, Yiiw

[G:p]:1 Y, Yay, Yay, iy, Yan, Yigo: Yiko

The grouping of these subscripts is indicated by using a pair of parenthe-
ses. The remaining subscripts, if any, of the admissible mean are called
nonrightmost-bracket subscripts and are placed before the rightmost bracket.
If the sets of rightmost- and nonrightmost-bracket subscripts are both empty,
as is case with the overall mean of the response, then the corresponding
admissible mean is denoted by just Y.

For example, the admissible means corresponding to the three population
structures, [())(/)] : k, (i : j : k), and [( : j)(k)] : | are given in Table 8.1. The
identification of the rightmost bracket can also be extended from the admis-
sible means to their corresponding effects in a given model. For example,
models (8.1), (8.2), and (8.3) can now be expressed as

Yijk = 1+ o) + Bej) + (@B + €ij) (84)
Yijk = 1+ oy + Bigj) + €ijcky (8.5)
Yik = w+ oy + Bicjy + Yoo + (@¥V)any + BYicn) + €ijkay- (86)

As will be seen later, such identification is instrumental in determining the
degrees of freedom, sums of squares, and the expected mean squares in
the corresponding ANOVA table. We shall therefore use this identification
scheme in future balanced ANOVA models.

Definition 8.8 (Component). A component associated with an admissible
mean is a linear combination of admissible means obtained by selecting all
those admissible means that are yielded by the mean under consideration
when some, all, or none of its rightmost-bracket subscripts are omitted in all
possible ways. Whenever an odd number of subscripts is omitted, the result-
ing admissible mean is given a negative sign, and whenever an even number
of subscripts is omitted, the mean is given a positive sign (the number zero
is considered even).

For example, the components corresponding to the admissible means for
each of the three population structures in Table 8.1 are displayed in Table 8.2.
It is easy to see that if the rightmost bracket of an admissible mean has k
subscripts, then the number of admissible means in the corresponding com-
ponent is equal to 2F. Furthermore, it can be noted that for any population
structure, the sum of all components associated with its admissible means
is identical to the response Y. For example, in Table 8.2, the sum of all the
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TABLE 8.2
Admissible Means and Corresponding Components

Population Structure Admissible Mean Component
()] : k Y Y
Y Yo —Y
Y Y=Y
Y (ij) Yip —Yo—Yp+Y
Yo Yijty — Y
(:j:k) Y Y
Y Yo —Y
Yij Yiih — Y
Yijck) Yijgo — Yicj)
[G:pU]:1 Y Y
Y Yo —Y
Yk Y —Y
Yi(j) Yih — Ya
Y (iky Yy =Yy — Yo +Y
Yigji Yigjky — Yigh — Yaw + Y
Yiika) Yijkay — Yicjo

components for each of the first two population structures is equal to Yjj, and
for the third population structure, the sum of the components is equal to Y.
Such a relationship leads to a complete linear model for the response under
consideration in terms of all the effects which can be derived from the corre-
sponding population structure. For example, for each population structure,
the components shown in Table 8.2 are in a one-to-one correspondence with
the corresponding effects in models (8.4), (8.5), and (8.6), respectively. Thus,
knowledge of the population structure in a given experimental situation is
instrumental in identifying the complete model. A general representation of
such a model is given in the next section.

8.2 The General Balanced Linear Model

Let © = {ki,kp,...,ks} be a complete set of subscripts that identify a typ-
ical response Y, where kj = 1,2,...,4; (j = 1,2,...,s). We note that the
corresponding data set is balanced since the range of any one subscript,
for example kj, does not depend on the values of the remaining subscripts
(j=1,2,...,s). The total number of observations in the data set, denoted by
N,isN = [[_; a;.

Suppose that for a given population structure, the number of admissible
means is v + 2. The ith admissible mean is denoted by Yel- Y where 0; is the
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set of rightmost-bracket subscripts and 8; is the set of nonrightmost-bracket
subscripts i =0,1,2,...,v+1). Fori = 0, both 6; and 9; are empty. For some
other admissible means, 8; may also be empty, as was seen earlier in Table 8.1.
The set consisting of all subscripts belonging to both 8; and 6 is denoted by ;.
The complement of 1); with respect to 6 is denoted by V¢ (i =0,1,...,v+1).
Note that{; = 8 when i = v 4 1. The ith component corresponding to the ith
admissible mean is denoted by Cei(éi)(Y) @=0,1,...,v+1.
The general form of a balanced linear model can be expressed as

v+1

Yo =) o6 (8.7)
i=0

where gg 5, denotes the ith effect in the model. Note that for i = 0, g4, 5,
is the grand mean p and fori =v +1, gg, (4, is the experimental error term.
A general expression for the ith component, Cy, 5, is given by

v+1
Co,60 M) = D _AiYo5) i=01...,v+1, (8.8)
j=0
where Aj = —1,0,1. The values —1 and 1 are obtained whenever an odd

number or an even number of subscripts are omitted from 6;, respectively.
The value A;; = 0 is used for those admissible means that are not obtained by

deleting subscripts from ;.
Model (8.7) can be written in vector form as

v+1

Y=> H, (8.9)
i=0

where
Y denotes the vector of N observations
B, is a vector consisting of the elements of 80,8, i=0,1,...,v+1

The matrix H; is expressible as a direct (Kronecker) product of matrices
of the form
Hl‘=®JS»=1LZ‘]‘, i=0,1,...,v+1, (8.10)

whereforeachi(=0,1,...,v+1),aone-to-one correspondence exists between
thematrices L;j (j = 1,2,...,s) and theelementsof © = {ky, k2, ..., ks} such that
Igv, k € Ll)l . .

Li=1" / ;1=0,1,...,v+1,ij=1,2,...,s, 8.11

1] {luj/ k]. c q)lc J ( )

where, if we recall, 1; is the set of subscripts associated with the ith effect, \¢
is its complement with respect to 6 (i = 0,1,...,v + 1), and I[,j and 1ﬂj are,
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respectively, the identity matrix of order 4; x 4; and the a; x 1 vector of ones
(j =1,2,...,s). Thus, whenever a subscript of 8 = {ky,k, ..., ks} belongs to
1, the corresponding L;; matrix in (8.10) is equal to Iuj, otherwise, it is equal
to laj (j=1,2,...,s). Note that

HH;=bl,, i=0,1,...,v+1, (8.12)
where
Hk, ¢dj, if 11)‘,3 # ]
e ’ ;i=0,1,...,v+1
1 {1, lf I.I)ZC:@ 7 1 0/ 7 /’V+
Miey,a, if 0i#0
= S ;1=0,1,..., 1 8.13
‘ {1, if =g v 519
Here

¢; is the number of columns of H;
b; is the number of ones in a typical column of H; i =0,1,...,v+1)
¥ denotes the empty set

Thus, bici=N fori=0,1,...,v+1.

Example 8.1 Consider model (8.4), wherei =1,2,3,4;, j =1,2,3; k=1,2.In
vector form, the model is written as

Y =Hopn+ Hix+ Hp + H3(xf3) + Hye,

where «, 8, (xp) contain the elements of ), 3( i (@B, respectively, and
Hy, H1, Hy, H3, Hy are given by

Hy=1,31381
Hi=LL1L®1301
H =111
H3=14,013®1;
Hi =113 ®I,.

Example 8.2 Consider model (8.3), which now can be written in a manner
that displays the sets of rightmost-bracket subscripts,

Yij = 1+ oy + Bicj) + Yo + (@¥)ny + BYicy) + €ijkays
wherei=1,2,3;j=1,2,3; k=1,2,3,4,and | = 1,2, 3. Its vector form is

Y = Hop + Hyx + Ho 3 + H3y + Hy(exy) + Hs5(By) + Hee,
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where &, 8, v, (xy),and () contain the elements of &, Bi(j), Y, (V) k),
(BY)i(jx), respectively, and

Hy=1301303 1, Q13
H=:31301:®1;3
H=L3181,®1;
H;=10130314013
Hi=L31381,®1;3
Hs5=131;®13
Hi=1:QI3Q14® Is.

8.3 Properties of Balanced Models

Linear models associated with balanced data have very interesting proper-
ties. Some of these properties are listed here as lemmas without proofs (see
Zyskind, 1962; Khuri, 1982 for more details).

Lemma 8.1 For any component associated with model (8.7), the sum of values
of the component is zero when the summation is taken over any subset of
subscripts in its rightmost bracket. Thus, if Cy 4, (Y) is the ith component,

and if 8; # @, then
. Co@ ™ =0,
T,’Cé,‘
where T; denotes a subset of subscripts in 9;.

Definition 8.9 The sum of squares associated with the ith effect in model
(8.7) is expressed as a quadratic form Y'P;Y(i =0, 1,..., v+ 1) defined as

Y'PY =) [Cq5, M i=01,...,v+1. (8.14)
e

For example, for the two-way model in Example 8.1, the sums of squares for
the various effects in the model are (see Table 8.2)

2

4 3
Y’P0Y=ZZZY2

i=1 j=1 k=1
=24Y?
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4 3 2
YPIY=) Y >[Yy-Y
i=1 k=1

=1 j=1 k=
4
=6 Z[Y@ —YP
4 3 2
YPY =) Y Iy, - YP
1=1] 1 k=1

=8 Z[Y(]-) —YP?
j=1

4 3 2
YPY =Y "> [YG - Yo — Y+ YP

i=1 j=1 k=1
4
=23 Z[Y(i]’) ~ Y — Yo + YP
i=1 j=1
4 3 2
YPY =) > Yo — Yipl™
i=1 j=1 k=1

Lemma 8.2 The sum of squares associated with the ith effect in model (8.7)
can be written as

v+1
Y'PY = Z)\UZYG @ i=01,...,v+1, (8.15)

where A;; is the coefficient of Yej(éj) in the expression given by (8.8) which

defines the ith component (i,j = 0,1, ...,v + 1). Thus, the ith sum of squares
is a linear combination of the sums of squares (over the set of all subscripts, 6)
of the admissible means that make up the ith component. This linear combi-
nation has the same coefficients (that is, the A;;’s) as those used to define the
ith component in terms of its admissible means.

For example, the sums of squares shown earlier for the two-way model
can be expressed as

Y'PyY =24 Y?
4
YPY=6) Y5 —24Y
i=1
3
Y'PY =8 Zy( 5 —24 Y?
j=1
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Y'P3Y = ZZZY(U) 621(@ SZY(])+24Y2

i=1 j=1
4 3
YPY =3 3 > Y2 ZZ%
i=1 j=1 k=1 i=1 j=1

Lemma 8.3 The matrix P; in formula (8.14) satisfies the following properties:
(a) P;isidempotent i =0,1,...,v+1)
(b) PiPj=0fori#j(@ j=0,1,...,v+1)
© YYH P =1y.

Lemma 8.4 The matrix P; in formula (8.14) is expressible as

v+1 A
PZ_ZA%, i=0,1,. +1, (8.16)
j=0

where Aj= HjHj/ (j=0,1,...,v+1),the )\i]-’s are the same coefficients as in
(8.8), and b; is the number defined in (8.13).

Proof. LetY;denote the vector consisting of all the values of the ith admissible
mean, Yei(éi) i=0,1,...,v+ 1. Then,

1,
Yi= o HY, i=01,.. v+1. (8.17)

i
Using formulas (8.15) and (8.17) we can write

v+1

/
Y'P)Y = Z)\ZJZYS @)
v+1
- Z)\Ub ZYB(G)
j=
v+l YAY
= Z)\l]b]( b2j )
j=0 j
v+1
Z )\1] b (8.18)

From (8.18) we conclude (8.16). O
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Lemma 8.5 Consider formula (8.16). Then,

A.

] _ N

b_]‘_ Z PZ/ ]—0/1/-~-/’V+1/ (819)
YiCy;

where the summation in (8.19) extends over all those i for which 1; C 1; for
agivenj (i,j=0,1, ..., v+1).

Proof. Formula (8.16) is derived from formula (8.8) by replacing Cq_ 5, (Y)
with P; and Ye]- @)) with A;/b;. It is easy to see that the sum of all components

whose sets of subscripts are contained inside 1; is equal to Yej(é]_), that is,

Yo5)= D Coen(), j=01...v+1.
»iCp;

If we replace Yej(éj) by Aj/bj and Cy, 4, (Y) by P;, we get (8.19). O

Lemma 8.6 If A; = H;H/', then
AP; =Py, i,j=0,1,...,v+1, (8.20)

where

Kijz{b/' WiCWi 0, v L (8.21)

0, ¥iZ

Proof. Multiplying the two sides of (8.19) on the right by P;, we get

AiP; = b; ( > p@) P, i,j=0,1,...,v+1

Yo

If ¥ C Pj, then

( > Pe) P =P,
WeCh;

since P; is idempotent and P;P;, = 0if i # €. If, however, {; ¢ 1pj, then

( > P@) P;=0,
beCp;
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by the orthogonality of the P;’s. We conclude that A;P; = «;;P;, where «;; is
defined by (8.21). O

Lemma 8.7 Let m; be the rank of P; in (8.14). Then, m; is the same as the
number of degrees of freedom for the ith effect in model (8.7), and is equal to

m,-=|:l—[aj:| [[@g-D| i=01...v+1, (8.22)

kie®; kieb;

where 0; and 0; are, respectively, the rightmost- and nonrightmost-bracket
subscripts for the ith effect = 0,1,...,v +1).

Example 8.3 Consider again the model used in Example 8.2. If P; is the matrix
associated with the ith sum of squares for this model (i = 0,1,...,6), then
using formula (8.16) and the fact thata; = 3, a, = 3, a3 =4, a4 = 3, we have
(see the corresponding components in Table 8.2)

1
0= 708 0
b1 1
1= 3671 1080
b1 1
2T T3
b 1 1
5= 278 T 1087
1 1 1 1

Pi=-Ai— — A — —A;+—A
4= g T g HpAs Tt g o

1
Ps=-As— —A)— Ay +—A
5 5 279 4+36 1

where

Ay=HoHy=];0];®],®];
A=HH =L®8];®];
A =HH, =58 ],®];
As=H;H;=];®; L ®]J;
Ay=HH,=1QJ;L®]J,
As =H;H; =09 14 ® J3
Ag=HH, =011, ® L.
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Solving for Ag, A1, ..., A in terms of Py, Py, ..., Ps, we get
Ay =108 Py
A1 =36(Py+ Py)
Ay =12(Pg + Py + Py)
A3 =27(Py + P3)
Ay =9(Py+ P14+ P3 + Py)
As = 3(Py + Py + Py + P3 + Py + Ps)

6
Ag = ZPZ-.
i=0

These equalities provide a verification of formula (8.19). Using formula (8.20),
it can be verified that, for example,
APy =36P, A1P, =0, AP =12P;
AyPy =12P;, A3P3 =27P3, A3Py, =0
AyP5 =0, AgP1 =9P1, A4P> =0
A4P3 =9P3, AsP; =3P1, AsP, =3P,
AsPg =0, AgP5 = Ps.

8.4 Balanced Mixed Models

Model (8.7) may contain some random effects besides the experimental error.
If all the effects in the model are randomly distributed, except for the term
corresponding to i = 0, then the model is called a random-effects model (or
just a random model). If all the effects in the model are represented by fixed
unknown parameters, except for the experimental error term corresponding
toi =v+1, then the model is called a fixed-effects model (or just a fixed model).
If, however, the model has fixed effects (besides the term corresponding to
i = 0) and at least one random effect (besides the experimental error), then it
is called a mixed-effects model (or just a mixed model).

The purpose of this section is to discuss the distribution of the sums of
squares in the ANOVA table corresponding to a general balanced model, as
in (8.7), when the model can be fixed, random, or mixed. Without loss of
generality, we consider that the effects associated withi =0,1,...,v —p are
fixed and those corresponding toi =v—p+1,v—p+2,...,v+1arerandom,
where p is a nonnegative integer not exceeding v. The model is fixed if p = 0;
random if p = v, otherwise, it is mixed if 0 < p < v. Model (8.9) can then be
written as

Y = Xg + Zh, (8.23)
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where
Xg = Z?/:Bp H;f; is the fixed portion of the model
Zh =YYt »+1 HiB; is its random portion
Thus, fori =0,1,...,v —p, B; is a vector of fixed unknown parameters,
andfori=v—-—p+1,v—p+2,...,v+1, B;is arandom vector. We assume
that By_p 1, Bv_pt2,- -, Byv41 are mutually independent and normally dis-
tributed such that

B;~N(©,0%L,), i=v—p+1,v—p+2,...,v+1, (8.24)

where ¢; is given in (8.13) and represents the number of columns of H;. Under
these assumptions, E(Y) = Xg, and the variance—covariance matrix, X, of Y
is of the form
v+1
I= ) oA, (8.25)
i=v—p+1

whereAi:HiH;(izv—p+1,v—p+2,...,v+1).

8.4.1 Distribution of Sums of Squares

The distribution of the sums of squares associated with the various effects
in the balanced mixed model defined earlier can be easily derived using the
properties outlined in Section 8.3. This is based on the following theorem.

Theorem 8.1 Let Y'P;Y be the sum of squares associated with the ith effect
for model (8.23),i =0,1,...,v + 1. Then, under the assumptions mentioned
earlier concerning the model’s random effects,
(@ Y'PyY,YP1Y,...,YPy;1Y are mutually independent.
Y'P;Y
(b) 6—1 ~Xa N, i=0,1,...,v+1, (8.26)
1
where m; is the number of degrees of freedom for the ith effect (which
is the same as the rank of P;), A; is the noncentrality parameter given by

'X'P;iX.
Al‘=g6—'1g/i:O/l/”-/’v—i_l/ (827)
1
and
=y bjor, i=01,..,v+1, (8.28)
jeW;

where b; is defined in formula (8.13) and Wi is the set
Wi={j:v—p+1<j<v+1[¥icy}, i=01,...,v+1, (829
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where, if we recall, 1; is the set of subscripts that identifies the ith effect
(see Section 8.2).

EQY'PY) = gX'PiXg+m;5, i=0,1,...,v+1.  (830)

(d) The noncentrality parameter A; in (b) is equal to zero if the ith effect is

random, thatis, fori=v—-p+1,v—p+2,...,v+ 1. Thus, for such an
effect, %Y/ P;Y has the central chi-squared distribution with m; degrees
of freedom and E(Y'P;Y) = m;b;.

Proof.

(a) Using formulas (8.20) and (8.25), we can write

v+1

1P, = Z G]ZAj P;
j=v—p+1
v+1

= > Kijo]?) P, i=01,...,v+1

j=v—p+1

But, by (8.21), )
v+

Z Kij GJZ = Z bj(r‘?',
j=v—p+1 jeW;
where Wi is the set defined in (8.29). Hence,
P, =46P;, i=0,1,...,v+1. (8.31)

From (8.31) and Lemma 8.3 (b), it follows that
P; L P, = P;; (5;,Pi,)
=0, i1 #ip,i1,p=0,1,...,v+ 1. (8.32)

Now, since P; is symmetric of rank m;, there exists a matrix L; of
order N x m; and rank m; such that P; = L;L; (i =0,1,...,v + 1) (see
Corollary 3.1). Hence, from (8.32) we obtain

L;lzLiz =0, i1#£ii,ih=01...,v+1, (8.33)

since L; is of full columnrank (i =0,1,...,v+1).LetL=[Lo:Ly:...:
L ;1] This matrix is of full row rank because each L} (i = 0,1,...,v+1)
is of full row rank and the rows of L; are linearly independent of the
rows of L;z (i1 # ip; 11,ip = 0,1,...,v + 1). The latter assertion follows
from the fact that if the rows of L; are not linearly independent of the
rows of L; , then there exists a matrix M such that L; = ML; , which, by
(8.33), implies that M = 0 since Lj XL, is nonsingular. This results in
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(b)

—_
e
~
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L;-l = 0, which is a contradiction. We conclude that LjY, LY, ..., L], 1Y
form a partitioning of the multivariate normal vector LY and are there-
fore normally distributed. Furthermore, they are uncorrelated because
of (8.33). Hence, by Corollary 4.2, they are also mutually independent.
We conclude that Y'PyY, Y'P1Y, ..., Y'Py 1Y are mutually independent

since P; = L;L; i=0,1,...,v+1).

From (8.31) we have that

P.

—Lr=pP,i=01,...,v+1

b
Since P; is idempotent [see Lemma 8.3 (a)] of rank m;, %{,Y/ PY ~ sznl- A)
by Theorem 5.4. The noncentrality parameter A; is given by (8.27) since

Applying Theorem 5.2 to Y'P;Y, we obtain

E(YP;Y) = g/X/P,'Xg + tr(P;X)
= g/X/Png + tr(5;P;), by (8.31),
= g/X/Png + m;b;.

From model (8.23) we have
PX=PiHy:Hy:...:Hy ], i=0,1,...,v+1 (8.34)

If the ith effect is random (i.e., fori =v—p+1,v—p+2,...,v+1), then
PiAj=0forj=0,1,...,v —p. This follows from (8.20) and (8.21) since
1; is not a subset of 1; (a set of subscripts, 1, associated with a random
effect cannot be a subset of 11>]- for a fixed effect). Hence, PiH]- =0
by the fact that PiHjH; = 0 and H]’.Hj = bjI; [see formula (8.12)],
j=0,1,...,v —p. From (8.34) we conclude that P;X = 0. Thus, the
noncentrality parameter in (8.27) must be equal to zero if the ith effect
israndom (i=v—p+1,v—-p+2,...,v+1). O

8.4.2 Estimation of Fixed Effects

In this section, we show how to derive estimates of estimable linear func-
tions of g, the vector of fixed effects in model (8.23). The following theorem
identifies a basis for all such functions.

Theorem 8.2 Let P; be the same matrix asin Theorem 8.1 i =0,1,...,v+1).
Then,

(a)

(b)

For the ith fixed effect in model (8.23), rank(P;X) = m;, where m; =
rank(P;), i=0,1,...,v —p.

rank(X) = Z;/:Bp m;.
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(c) PoXg, P1Xg,..., Py_,Xg are linearly independent.

(d) Any estimable linear function of g can be written as the sum of linear
functions of PoXg, P1Xg, ..., Pv_,Xg.

Proof.

(a) Recall from the proof of part (d) of Theorem 8.1 that if the ith effect is
random, thatis, fori=v—-p+1,v—p+2,...,v+1, then P;X = 0.
Let us now consider P;X for the ith fixed effect i =0,1,...,v —p). We

have that
rank(P;X) = rank{Pi[Ho : Hy : ... : Hy ]}

= rank{P;j[Ho : Hy : ...:Hy_p][Ho : Hy : ... : Hy_,]'P}}
_ v

= rank | P; (Z Aj) Pi:|
L j=0
F vy

= rank | P; Z k;iPi |, using formula (8.20)

j=0

m vy

= rank (Z Ki]') P; |, since P; is idempotent,
L \/=0

=rank(P;)) =m;, i=0,1,...,v —p.

Note that Z;:Op K;j > 0 since Z;/:Bp Kij > Kii fori=0,1,...,v—p,and
Kii = bj > 0 by formula (8.21).

(b) Recall from Lemma 8.3 (c) that Z?’:Jal P; = In. Hence,

v+1
X = (Zpi)x
=0
v—p
= ZP,'X, sinceP, X=0,fori=v—p+1,v—p+2,...,v+1.

i=0
4
P;X

v— v—p
= rank PXX' ) P
i=0

i=0

Therefore,

v

rank(X) = rank (

g

- <
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(c) Suppose that PoXg, P1Xg, ...
there exist constants (g, (1, . .

= rank

= rank

= rank
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v—p v—p v—p
Z P Z Aj Z Py

L\ =0 j=0 k=0

[ [v—p V—pv—p
DB DIPITL

L \i=0 j=0 k=0

i v—p v—pvV—p
Z P; Z Z kkiPr |, by (8.20)
i=0 j=0 k=0

V—pV—pV—p
= rank Z Z Z Kk]‘P,’Pk)
i=0 j=0 k=0
v—pvV—p
= rank Z Z KiiPi
i=0 j=0
[~v—p (v—p
= rank Kij | Pi
| i=0 \j=0
Let x; = Z;/:_Op Kij. Then, x;, > 0fori =0,1,...,v — p, as was seen

earlier. We therefore have

rank(X)

Hence,

v=p
rank (Z |<,;P,*)
i=0

rank (K(l)./ZPO : K%{2P1 k2P )
v—p

> m,

i=0

since rank(P;) = m; (i = 0,1,...,v—p) and the columns of P; are linearly
independent of the columns of Py (i # i'). The latter assertion follows
from Lemma 8.3.

v—p.© VP

,Py_,Xg are linearly dependent. Then,
., Cv—p, not all equal to zero, such that

v—p

Y GPXg=0, Vg
i=0

v—p
Z (P X = 0.
i=0
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Multiplying both sides on the right by X', we get

v—p
> GPXX =0.
i=0
This implies that
v—p v—p
> WPy Aj=0,
i=0 j=0
that is,
v=pv-p
Y. ) GLPAj =0,
i=0 j=0
or equivalently,
v—pVv—p
> GxijPi=0, by (8.20).
i=0 j=0
Thus,
v—p
Z Giki Pi=0.
i=0

Multiplying now both sides of this equation on the right by P; (j =
0,1,...,v—p), we get (using Lemma 8.3)

C]'K]"sz(), j=01,...,v—p.

We conclude that ¢G=0 forj=0,1,...,v—p,acontradiction. Therefore,
PyXg, P1Xg, ..., Py_pXg must be linearly independent.

We recall from the proof of part (b) that X = Z;/:_Op P;X. Thus,
v-p
Xg = Z P;Xg.
i=0

Hence, E(Y) = Xg is the sum of PgXg, P1Xg, ..., Py_pXg. If Qgisa
vector of estimable linear functions of g, then there exists a matrix T’
such that Q" = T'X (see Section 7.4). Consequently,

Qg=TXg
v—=p
=) T'PiXg.
i=0
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Thus, Q'g is the sum of linear functions of PyXg, P1Xg, ... ,Py_pXg.
Note that an unbiased estimator of Q'g is given by

v—p

/o /.

Qg=) TPy 0
i=0

Theorem 8.3 Let Q'g be a vector of estimable linear functions of g. Then, the
best linear unbiased estimator of Q'g is given by Q'(X'X)~X'Y.
The proof of this theorem requires the following lemmas:

Lemma 88 P;X = XP; fori = 0,1,...,v + 1, where X is the variance-
covariance matrix in (8.25).

Proof. This follows directly from formula (8.31), where XP; = §;P; (i =
0,1,...,v+1). Hence, XP; = P;X. O

Lemma 8.9 A;X = XA; fori=0,1,...,v+ 1, where A; = H;H, and X is the
same as in Lemma 8.8.

Proof. Using Lemma 8.5, we can write
Ai=b Y P, i=0,1,...,v+1L
P,

Hence,

AzZ=b| > P|E
Wiy

=b; Z (XPj), by Lemma 8.8,
P,

=z > P
;i
= XA, O

Lemma 8.10 There exists a nonsingular matrix F such that X = XF.

Proof. XX = X[Hp : Hy : ... : Hy_p]. From Lemma 8.9, A;L = XA,
i=0,1,...,v+1. Then,

HH.L=XHH, i=0,1,...,v+1

Multiplying both sides on the right by H; and recalling from (8.12) that
HH; =bl; (i=0,1,...,v+1), weget

HH.LH; = bH; i=0,1,...,v+1.
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Hence,
IH; = bliHiH;ZHi
=H;G;, i=0,1,...,v+1,

where G; = blH ‘2 H;. Note that G; is a ¢; x ¢; matrix of rank ¢; and is therefore
nonsingular. It follows that

2X=[XHo:XHy:...: XHv_p]
= [H()Go :H1G1 [N :H'v_pG'v_p]

v—p
=[Ho:Hy:...:Hy PG
i=0
= XF,
where F = EB;/:_OP G;, which is nonsingular. O

Proof of Theorem 8.3 The best linear unbiased estimator (BLUE) of Q'g is
Q' (X'Z71X)~X’L~!Y. By Lemma 8.10, ZX = XF for some nonsingular matrix
F. Hence,

X =XXF!
Xz 1=FhHx.

Consequently,

X)Xz ly = (FY XX FHXY. (8.35)
Note that [(F~1)’X’X]™ can be chosen equal to (X'X) " F since

FHXXX'X) FFHYXX=FHYXX.
From (8.35) it follows that
XE X)Xz ly = XX)FFEHXY
— X'X)"X'Y.

This implies that the BLUE of Q'g is Q'(X'X)~X'Y. O

Theorem 8.3 shows that the BLUE of Q'g can be obtained without the
need to know X, which is usually unknown. Furthermore, this estimator is
the same as the ordinary least-squares estimator of Q'g.

Theorem 8.4 The variance—covariance matrix of the best linear unbiased
estimator of Q'g in Theorem 8.3 is given by

vp
Var[Q X'X)" XY =T (Z 51-1)1-) T,
i=0

where T is such that Q" = T'X, and b; is given in (8.28) (i =0,1,...,v — p).
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The proof of this theorem depends on the following lemma.
Lemma8.11 X(X'X)"X =Y " P;.
Proof. From the proof of part (b) of Theorem 8.2, we have that X =
(z;;;’ Pi) X.
Furthermore, X(X’X)~X’X = X. Hence,
v-p
XX'X)"X' =) Pi|X=0. (8.36)
i=0
We may also recall that P;,X =0fori=v—p+1,v—p+2,...,v+1. Onthis

basis and using the orthogonality of the P;’s, we can write

- v+1
XX'X)"X' =Y Pi| Y Pj=0. (8.37)
i=0 j=v—p+1
Note that the column space of Z]-V;;l_p 41
Z]W;l p+1 1, is the orthogonal complement in RN of the column space of
X, which is of dimension = rank(X) = Zl o Mmi. From (8.36) and (8.37) we
therefore conclude that

P;, which is of dimension =

XX'X)"X' = Pi=0. 0

Proof of Theorem 8.4 We have that Q' = T'X. Hence,
Var[Q (X'X)"X'Y] = Var[T'X(X'X)~X'Y]
v+1
=TXXX)" X Z 0]2 A; | X(X'X)"X'T, using (8.25),
j=v—p+1

~v—p v+1 v—p
=T Z P; Z 0]2 Aj Z P;| T, by Lemma 8.11,
i=0

i=v—p+1 i=0

10]‘vp+1

—p v+l
=T Z Z Kl](szl) (ZP,)T by Lemma 8.6,

i=0 j=v—p+1

v—p v—p
=T (> 5 p,-) (Z pi) T, by (8.28). (8.38)
i=0

i=0
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Note that (8.38) follows from the fact that

v+1
2 2
> Ko=) bjo
j=v—p+1 jeW;
=d;.
Using (8.38) and Lemma 8.3, we get
v-p
Var[Q (X'X)"X'Y] =T (Z 5; Pi) T. (8.39)
i=0

O

Example 8.4 Consider the balanced mixed two-way crossed classifica-
tion model

Yijk =+ oy + B + (@B aj) + €y, (8.40)
where o) is a fixed unknown parameter and B, («xf)q), and €ijk) are
randomly distributed as N (0, 0%3), N(, (r%x B)’ and N(O, 0%:), respectively. All
random effects are independent. The data set used with model (8.40) is given
in Table 8.3. The corresponding ANOVA table is shown in Table 8.4. Note
that the expected mean squares were obtained by applying formula (8.30).
More specifically, if we number the effects in model (8.40) as 0, 1, 2, 3, and 4,
respectively, then

E(MS4) = gX'P1Xg + &,

E(MSp) = 67
E(MSaB) = 03
E(MSE) = 84,

where 81 =302, 5 +0¢, 82 = 605 +3 05,5 +0%,83 = 3053 +0%,and 84 = 0%,
as can be seen from applying formula (8.28). Furthermore, X = [Hy : H1],

TABLE 8.3
Data Set for Model (8.40)
B
A 1 2 3
1 74 71 99

60 75 93

2 99 108 114
98 110 111
107 99 108
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TABLE 8.4

ANOVA Table for Model (8.40)

Source DF SS MS E(MYS) F  p-Value
A 1336200 336200 9 Y 7,02 +30%,+02 1326 0.0678
B 2 147633 738.17 6 oig +3055 + 0% 291 0.2556
AxB 2 50700 25350 30%4+ 0% 9.37  0.0035

Error 12 32467 27.06 o2

€

where Ho =1, ®13®13 = 1135, H1 = L ® 13 ® 13, § = [, x1), ¢2)]’, and
from (8.16), P; is given by

1 1
P1=§12®]3®I3—E]2®]3®I3~ (8.41)

A more direct way to compute g’X’'P;Xg is described as follows:

We note that g'X'P1Xg is the same as SS4 = Y'P1Y, except that Y is
replaced by Xg, which is the mean of Y. Therefore, to compute g'X'P1Xg, it
is sufficient to use the formula for SS4, namely,

2
SSa=9) Yy —YP, (8.42)
i=1

and then replace Y(; and Y with their expected values, respectively. Using
model (8.40), these expected values are

E[YH] = 1+ o
EY)=u,

since Y7 | oy = 0. Hence,

2
2
§X'PiXg=9) o).
i=1

This short-cut to computing g'X’'P1 Xg can be applied in general to any fixed
effect in a balanced mixed linear model: If the ith effect is fixed, then

§XPXg=) 5 5 (8:43)
0

where, if we recall from Section 8.2, 8 is the complete set of subscripts that
identify the response Y in the model under consideration, and gy 4,) denotes
the ith effect in the model [see model (8.7)].

Now, suppose that it is of interest to estimate (1) — x(2), which is estimable
since (1) — x2) = (L + 1)) — (L + x(2)) and both p + ¢y and p + () are
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estimable. Using Theorem 8.3, the BLUE of (1) — () is given by &1y — &(2),
where &1) and &) are obtained from

g =1f, &, &)l

=X'X)" XY

=[0,Ya), Yo !

= (0,78.667,106.00) .
Thus, &1y — &) = Ya) — Y2y = —27.333. Furthermore, since

3
Yo =pnt+oamp+ 3 Z B(]) +3 Z(“B)(z]) + - Z Z €ij(k),

J 1 k_l j=1

then
Var[Yq) — Yol = —(3 02 g+ G%'). (8.44)

Hence, the 95% confidence interval on «(1) — () is given by
2 1/2 2 1/2
Yiy— Yo = <§MSAB> to.025p = —27.33 £ [5(253.50)} (4.303)
= —27.33 £ 32.29%,

which yields the interval (—59.626, 4.966). This indicates that, at the 5% level,
no significant difference can be detected between the two means of factor A.
This coincides with the outcome of the F-test for A from Table 8.4 (p-value =
0.0678).

Note that (8.44) could have been derived using formula (8.39) as follows:
Let us write o1y — x(2) as 4'g, where g’ = (0,1, —1), ¢’ = t'X, and the elements
of t are all zero, except for the first and the 10th elements, which are equal to
1 and —1, respectively. Applying formula (8.39), we get

Var[Ya) — Yol = /(80P + 61 P1)t,

where dg = 60%5 —1-30‘2)([5 + 026, 01 = 30%45 + 0'%, Py = 11—8]2 ®J3®J3, and Py
is given in (8.41). It follows that # Py = 0’ and ' Pt = %. Hence,

2
Var[Y) — Yol = §(3 ngﬁ + Uze)

This gives the same result as in (8.44).

8.5 Complete and Sufficient Statistics

Consider model (8.23) under the same assumptions made earlier in Section 8.4
concerning the random effects in the model. The density function of Y is
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given by

f(y/ A) =

1 1 L
22 [det@)2 P [—Q(y - XL (y— Xg)} ,  (845)

where X is the variance—covariance matrix in (8.25), and A denotes the vector
of all model’s unknown parameters, including the elements of . The purpose
of this section is to find complete and sufficient statistics for model (8.23).

Lemma 8.12 Let P; be the matrix associated with the ith sum of squares for
model (8.23) i =0,1,...,v+1). Then, P; can be written as P; = Q;Q}, where
Q, isan N x m; matrix of rank m; such that Q/Q; = I,,;,. Furthermore, if

Q" =1Qp:Q1:--.: Qyyil (8.46)
then, Q* is an orthogonal matrix that diagonalizes X, that is,
QYZQ*=A, (8.47)
where A is a diagonal matrix of the form

v+1

A=PGiln),
=0

and ¢, is given in (8.28).

Proof. The matrix P; is idempotent of order N x N and rank m; (i =
0,1,...,v + 1). Hence, by applying the Spectral Decomposition Theorem
(Theorem 3.4), P; can be expressed as

P;=QQ;, i=0,1,...,v+1,

where Q; is of order N x m; whose columns are orthonormal eigenvectors of
P; corresponding to the eigenvalue 1. Thus, Q:Q; = I;;. Define the matrix

Q™ as in (8.46). Then, it is easy to verify that Q*Q¥ = Z;:Bl P; = Iy, and
Q'Q* = @4 I, = In. Hence, Q* is orthogonal. Furthermore, Q*' £ Q*
can be partitioned as
Q" Z Q"= (Ay),
where Aj; = Qix Qj, ,j=0,1,...,v+1. We now show that Aj; = 0 fori #j
and Aj; = dily;, i=0,1,...,v+1.
We have that for i # j,

P;X Pj = X P;P;, by Lemma3.8
= 0, by Lemma 8.3(b).

Hence,

QQZQQ =0, i#]. (8.48)
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Upon multiplying the two sides of (8.48) by Q; on the left and by Q; on the
right, we get

QZQ =0, i #]. (8.49)
Also, from (8.31), we have

P,XZP; = P; (5 P))
=;P;, i=0,1,...,v+1.

Hence, ) / /
QiQi X Q;Q =% Q;Q;
which implies that
Q:XQ;=5Iy,,i=01,...,v+1 (8.50)
From (8.49) and (8.50) we conclude that

Aij=0/ i#]
Ai=68ily, i=0,1,...,v+1.

Thus,
Q' LQ" = Ay
v+1
-®n
i=0
fr— A,
where
v+1
A =P GiLny). (8.51)
i=0

Lemma 8.13 Consider the density function in (8.45). Then,

v—p v—p
1 1
-1 _ . .
X' T y-Xg =3 5 VP 2 > 5 VPiXg
i=0 i=0
v—p 1 v+1 1
/v X P
+gX Z&Pl Xg+l > 6inzy.
i=0 i=v—p+1
Proof. Using formulas (8.47) and (8.51), ~ ! canbe expressed as

v+1 1 ,
=g [@ (glmi)] Q.

i=0 !
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Hence,
v+1 1 ,
(y—Xg)Z 'y —Xg) = (y — Xg)'Q" [EB (g Imi)} Q" (y—Xg)
i=0 '

v+1 1 ,
=y -Xg' |:Z (6_ Q:Q; >i| (y — Xg)
i=0
v+1 1
=y —Xg) (Z gpi> v —Xg)

i=0 !

v—p 1
=y —Xg) (Z 5 Pi| v —Xg)
i=0
v+1 1
+y-x9' [ Y 5 Pi) y — Xg)-

i=v—p+1 !

Since P, X =0fori=v—p+1,...,v+1, then

v—p v—p v—p
1 1 1
(y—Xg)'I l(y—Xg) = Z 5 yPiy—2 Z 5 yPiXg+¢'X Z —Pi| Xg
i=0 ' i=0 ' i=0 '
v+1 1
+ > S YPy. (8.52)

i=v—p+1 !
O

Theorem 8.5 Consider model (8.23) with the associated density function in
(8.45). Then, QyY, Q}Y, ..., Q’prY; Y'Py 1Y, YPy_p0Y, ..., YPy 1Y
are complete and sufficient statistics for model (8.23), where Q; and P; are
the same matrices as in Lemma 8.12 (1 =0,1,...,v—p; j=v—p+1,v—p+
2,...,v+1).

Proof. Using formulas (8.47) and (8.52), the density function in (8.45) can be
expressed as

v-p
1 1
(y,A) = — exp{—= —ly/'Piy — 2y'P;X
fy Qo [T 602 p[ 2 &5 WPy~ 2y PiXs
v+1
+8'X'PXg - 5 > SYPyL- (8.53)
i=v—p+1 :

Since P; = Q;Q),i = 0,1,...,v + 1, then by the Factorization Theorem
(Theorem 6.2), Q)Y (i = 0,1,...,v—p)and YPYGi =v—p+1,v—p+
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2,...,v+1) form a set of sufficient statistics. These statistics are also com-
plete. The last assertion is true by Theorem 15.16 in Arnold (1981, p. 271),
which states that if

(@) Q/Y, where Q = [Qy: Qq : ... : Q, L and YPY(i=v—-p+1v-—
p+2,...,v+1) are mutually independent (which they are here since
P;XP; = P;P;X = 0 for i # j, hence, Q;-ZP]- =0fori=0,1,...,v—p; j=
v—p+1lv—-—p+2,...,v+1,

b) QY ~ N(QXg, QZQ), and LYPY ~ 2, i=v-p+1v—p+
2,...,v+1, which is true by Theorem 8.1, where Q/ZQ is a function of

6V—p+1/ 6V—p+2/ sy 6’V—‘,—l/ and

(c) the elements of Q/Xg and &y _p4+1,8v_p42,...,0v41 are unrelated and
their ranges contain open rectangles,

then Q' Yand Y'PY (i = v—p+1,v—p+2,...,v+1) are complete statistics. [

Example 8.5 Consider a general mixed two-way model as the one used in
Example 8.4, where «; is fixed and (3 j) 1s random (i = 1,2,...,a; j =
1,2,...,b; k = 1,2,...,n). In this case, Q)Y, Q1Y, Y'PY, Y'P3Y, Y'PY
are complete and sufficient statistics, where Q, and Q; are such that Py =
QoQy, P1 = Q,Q}. Here, Py = ---HoH|, Py = ;~H1H} — —-HoH,, where
Hy=1,01,®1,, H =1,®1,®1,, and Py, P, P3, P4 are the matrices giving
the sums of squares for factors A, B, the interaction A * B, and the error term,
respectively, in the model. Consider the following lemma.

Lemma 8.14 The row space of Q/ = [Qp : Q] is the same as the row space
of H.

Proof. We have that
Qp = QyPo, since QyQy =1,
= ﬁQéHoHE)
- %Q{)Hol;Ha, since H}, = 1,H), (8.54)
and

Q) = Q| Py, since Q1Q; =1,-1,

1 1
=Q, | —H{H, — —HyH,
Qi [bn T a0 0}
/ 1 1 / /
= Q) |- Hi — ——Hol; | H}. (8.55)

Formulas (8.54) and (8.55) indicate that the row space of Q/ is contained
within the row space of Hj.
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Vice versa, we have that
/ / 1 !
Q:1Q; +QuQy = ﬁHlHl'
Hence, since H|Hy = bnl,,

| = Hi[QQ) + QQy] = H{QQ,

which indicates that the row space of Hj is contained within the row space

of Q/. We can therefore conclude that the row spaces of Q/ and Hj are
identical. O

On the basis of Lemma 8.14, there exists a nonsingular matrix U such

that H} = UQ/. Since the elements of Q/Y together with Y'P,Y, Y'P3Y, and
Y'P4Y are complete and sufficient statistics for the model by Theorem 8.5,
then so are the elements of H|Y and Y'P,Y,Y'P3Y,Y'P,Y. But, H|Y =
bn[Yay,Y@2),..., Y@l where Y is the sample mean of level i of factor
A (i=1,2,...,a). We finally conclude that Y1), Y2),..., Y@; YP2Y,YP3Y,
and Y'P,Y are complete and sufficient statistics for the mixed two-way
model.

8.6 ANOVA Estimation of Variance Components

Analysis of variance (ANOVA) estimates of the variance components for
model (8.23) are obtained by equating the mean squares of the random
effects to their corresponding expected values, then solving the resulting
equations. Such estimates are obviously unbiased. Furthermore, under the
same assumptions made earlier in Section 8.4 concerning the distribution
of the random effects, these unbiased estimates are functions of the mean
squares of the random effects, which along with QyY,Q}Y,...,Q,_,Y are
complete and sufficient statistics for the model by Theorem 8.5. Consequently,
and on the basis of the Lehmann—-Scheffé Theorem (see, for example, Casella
and Berger, 2002, p. 369; Graybill, 1976, Theorem 2.7.7, p. 78), we conclude
that the ANOV A estimators are uniformly minimum variance unbiased estimators
(UMVUE) of the variance components.

8.6.1 The Probability of a Negative ANOVA Estimator

One of the undesirable features of the ANOVA estimators of variance com-
ponents is the possibility that they can be negative. We now show how to
compute the probability that such estimators can be negative.
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Let O‘v P17 %, —p2r V 41 denote the ANOVA estimators of GV —p
G%l_p”, ey, 3,+1. Then, 6 0, can be written as
v+1
67= Y mMS, i=v-p+Lv-p+2,...,v+], (8.56)
J=v—p+1

where MS; = ml]_Y/ P;Y and the n;;’s are known constants. Under the assump-
tions made earlier in Section 8.4 concerning the distribution of the random
effects, < 5 Y'P;Y ~ Xm (j=v—-p+1,v—p+2,...,v+1). Hence, 67 can be
written as
v+1
= > nu mj,i:v—p+1,v—p+2,...,v+1. (8.57)
j=v—p+1

Some of the n;; coefficients may be equal to zero. Let «; be the number of
nonzero 7 in (8.57), and let the nonzero values of n;; % be denoted by nfj (i=
v—p+1,v—p+2,...,v+1;j=1,2,...,«). If the corresponding values of

m; in (8.57) are denoted by m};, my,, ..., mj,, then (8.57) can be expressed as

Kj
6?:211;.’})(51;;,i:v—p—i—l,v—p—{—Z,...,v—l—l. (8.58)
—

The exact probability of a negative 67 can then be obtained by applying a
formula given by Imhof [1961, formula (3.2)], namely,

~0)= 11 f sin[t;(u)]

P(&2
(©; 2 . 1u p; (1)

du,

where

g
Ti(u) = > Z m;; arctan(n;‘;- u)
f=1

pi(u) = ]_[(1+n*2 )",

(see also Khuri, 1994, p. 903). A computer program written in FORTRAN
was given by Koerts and Abrahamse (1969) to implement Imhof’s (1961)
procedure.

Alternatively, by using the representation of 67 in (8.57) as a linear com-
bination of mutually independent chi-squared variates, the exact value of
P(6? < 0) can be more easily obtained by utilizing Davies’ (1980) algorithm
(see Section 5.6).
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Example 8.6 Consider the random model
Yij = w+ oy + Bjy + (@B ijy + Yiwy + (@¥)jan + €ijkays

i=123j7=12...,5k=1234and | = 1,2, where &g ~ N(O,G%X),
By ~ N@O,0p), (aB)iy ~ NO,0%p), Yiwy ~ NO,0% ), (@) ~
N(O, U%W(B))’ €ijkay ~ N(O, 0‘2€). In this case,

01 =EWMS1) =40 02“ +8 G<2xf5 +2 0‘2”(6) + crze

8y = E(MS3) = 24 03 +8 0% +60%g) +2 05,3, + 0

83 = E(MS3) = 805 +2 05y () + 0%

by = E(MSs) = 6 0%, + 2 0ay () + 0%

85 = E(MSs) =2 0%, ) + 0%

86 = E(MSg) = o2,
where MS1, MS, . .., MSg are the mean squares associated with o, B(j), () j),

Yity, (xY)jiiy, and €y, respectively, with my = 2, my = 4, m3 = 8, my =
15, ms = 30, and me = 60 degrees of freedom.

Consider now the ANOVA estimator of 6%3, which is given by

1
2
0 = 7 (MSy + MSs — MS3 — MSy).

In this case, f3(j) is the second random effect in the model, and the values of
n3; and m3; in formula (8.58) are given by

1 6,
”21_ﬂzr My =4
1 65
nzz—ﬂ@f my, = 30
1 83
N3 =55 M=8
1 &4
n§4__ﬂ 15’ myy =15

Note that the values of P(&%5 < 0) depend on the following ratios of variance

2 2 2 2

o O o o . . .o

components: —&, X8 B and 2B By assigning specific values to these
Ge Ue GE GE

ratios, we can compute the probability that 6%5 < 0 with the help of Davies’
(1980) algorithm. Table 8.5 gives some of such values.
We note that large values of P(&f3 < 0) are associated with small values

of 0%5 /02, which is an expected result.
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TABLE 8.5
Values of P(ér%5 <0)
0'%5/0'2e O'i/(B)/O'ze 0'?)([5/0'2e Gfxy(ﬁ)/o-é P(O'?3 <0)
0.1 0.5 0.5 0.5 0.447830
0.1 0.5 0.5 2.0 0.466313
0.1 0.5 25 2.0 0.509234
0.1 3.0 2.5 2.0 0.537932
0.5 0.5 2.5 0.5 0.375784
0.5 3.0 0.5 0.5 0.376904
0.5 3.0 25 0.5 0.441052
2.0 0.5 0.5 0.5 0.044171
2.0 3.0 0.5 0.5 0.148058
5.0 0.5 0.5 2.0 0.016957
5.0 0.5 25 0.5 0.052385
|

8.7 Confidence Intervals on Continuous Functions of the
Variance Components

In this section, we discuss a procedure for constructing exact, but conserva-
tive, simultaneous confidence intervals on all continuous functions of the
variance components in a balanced mixed model situation.

Consider model (8.23) under the same assumptions regarding the dis-
tribution of the random effects as was described in Section 8.4. Let ¢(.) be
a continuous function of the expected mean squares of the random effects,
namely, &v_p+1,8v—p4+2,...,8v+1, and hence of the variance components,

2 2 2
Oy _pt17 Ov—pt27 -+ -7 Oy 41
Hence, a (1 — «) 100% confidence interval on §; is given by

Recall that for such mean squares, m; MS;/5; ~ X%u‘

Bi =

2

|:ml- MS;  mi MS;
)
Xos2,mi  X1—oj2,m;

i|,i:v—p+1,v—p+2,...,v+1. (8.59)

Since the MS;’s are mutually independent, a rectangular confidence region
on the values of 4; i =v—p+1,v—p+2,...,v+ 1) with a confidence
coefficient 1 — «* can be written as

v+1
B, = X_y_p1Bi, (8.60)

where B, is the Cartesian product of the B/'sand 1 — «* = (1 — o)P L,

Note that some of the §;’s may be subject to certain linear inequality
constraints. For example, in a balanced nested random model, we have that
81 >0p > ... > dy41. Let R be a subset of the (v + 1)-dimensional Euclidean
space which consists of all points whose coordinates are subject to the same
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linear inequality constraints as those among the corresponding &;’s. This
subset is called the region of definition for functions of the d;’s. Let & be a
vector whose elements consist of the 3;’s. Since 6 € R, the confidence region
B, in (8.60) is considered meaningful only if it intersects with R, that is, if
R N By # @, the empty set. Let H, be the family of 1 — o* confidence regions
as defined by (8.60), and let H, C H, be defined as

H, = {B, € H, | RN B, # ¥}.
Then, the probability of coverage for H, is greater than or equal to 1 — «*.
This is true because
P[6 € By ]

P[B, € H, ]
> P[6 € By ]

=1—-o*.

P[8€B,|B,cH,]=

Furthermore, & € B, if and only if 6 € B*, where B* =R NB,since d € R. It
follows that

P8 €B,|B, e Hy]1>1— o,

Thus, by truncating each B, € H, to B, we obtain a family of confidence
regions for 8, each member of which is contained inside R. This is called the
truncated H, family. The confidence region B, will be used to obtain simulta-
neous confidence intervals on all continuous functions of the variance com-
ponents. This is shown in the next lemma.

Lemma 8.15 Let 7 be a family of continuous functions of 6y 11, 8v—pi2,. ..,
8~+1, and hence of the variance components. Then, the probability, P[¢(8) €
(p(B*), VY @ € F], is greater than or equal to 1 — «*

Proof. Let ¢ be any continuous functionin F.If & € B., where B, € H,, then
©(8) € p(By). Hence,

Pl@(8) € @(Bs) 1> P[6 € B, ]
>1— " (8.61)

Since inequality (8.61) is true for all ¢ € F, we conclude that
Pl@(8) € 9(B,), Vo € F] (8.62)
is greater than or equal to 1 — «*. O

From Lemma 8.15 it follows that for any ¢ € F, a confidence interval for

@ (8) with a confidence coefficient of at least 1 — «* is given by the range of
values of the function ¢ over B*, that is,

[min @(x), max @ (x) ]. (8.63)

x€B; x€By
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Note that since ¢ is continuous and B, is a closed and bounded set in the
(p + 1)-dimensional Euclidean space, ¢ must attain its maximum and mini-
mum values in B,. Thus, the family of intervals in (8.63) provides simultane-
ous confidence intervals on all continuous functions of the 6;’s and hence on
the variance components. These intervals are conservative since according to
(8.62), the actual coverage probability is greater than or equal to 1 — o*.

8.7.1 Confidence Intervals on Linear Functions of the Variance
Components

Let @ be a linear function of the variance components, which can be expressed
in terms of the §;’s as

v+1
D= Y ko, (8.64)
i=v—p+1

where the h;’s are known constants. Such a function is obviously contin-
uous and can be regarded as a special case of the functions considered
earlier. The interval in (8.63) can then be applied to obtain simultane-
ous confidence intervals on all linear functions of the form (8.64). In this

case, the function @(x) in (8.63) is of the form @ (x) = ZiV:val_p 4 hix;, where
X=(Xv_pt1, Xv—pt2,.-., X¥v41)". Thus, the intervals,
v+1 v+1
min Z hix;, max Z hixi |, (8.65)
x€B. i=v—p+1 xeB, i=v—p+1

provide simultaneous confidence intervals on all linear functions of the
form shown in (8.64) with a joint confidence coefficient greater than or equal
to1l— o* = (1 — o)?T1. Such intervals can be very conservative, especially for
large values of p.

In some cases, we may be interested in a particular linear function ® of
the form in (8.64) where some of the h; coefficients may be equal to zero. Let
Sbeasubsetof {v—p+1, v—p+2,..., v+ 1} consisting of n(S) elements
such that i; # 0 fori € S. Thus, Z;’:ﬁ}fpﬂ hid; = Y ;g hidi. Let Rs and B,s be
the counterparts of R and B, respectively, based only on the elements of S.
Then, the interval

|: min Z hix;, max Z hix; :| (8.66)
¥eBis jes ¥€Bis e
contains @ with a coverage probability greater than or equal to 1 — &}, where
x={x;;i €8S}, Bus = Rs N By, and ar=1-(1- o)),

Since ), ¢ hix; is a linear function and the region B.s is bounded by a
finite number of hyperplanes (convex polyhedron) in the #(S)-dimensional
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Euclidean space, the optimization of ) ;_g hix; over B.s can be conducted by
using the simplex method of linear programming (see, for example, Simonnard,
1966). In particular, we have the following result from Simonnard (1966, p. 19):

Lemma 8.16 Let B,s be a convex polyhedron on which the linear function
@(x) = ) ;cchix;i is defined. Then, there exists at least one vertex of B.s at
which ¢ attains an absolute maximum, and at least one vertex at which ¢
attains an absolute minimum.

Thus, by evaluating @(x) = ), s hix; at the vertices of B.s we can arrive
at the values of the optima of ¢ needed to obtain the interval in (8.66). In

particular, if B,s C Rs, that is, B,s = B.s, then such optima are given by

min Zhixi = Z hiu; + Z hiv; (8.67)

*€Bs i3 ics; icS,
Jrcrelg: Z hix; = Z hiv; + Z hiu;, (8.68)
ieS i€Sy i€Sy
where, from (8.59),
w=— es (8.69)
Xoc/Z, m;
o=, ies, (8.70)
X1—o/2,m;

S1 and S, are two disjoint subsets of S such that S = S; U S; with h; > 0 for
ieS andh <Oforie S),anda=1-(1— oc;*)l/”(s). Thus, in this case,
Y ics hixi attains its maximum value at the vertex of B,s whose coordinates
are determined by v; for i € S1 and u; for i € Sp; and its minimum value is
attained at the vertex whose coordinates are determined by u; for i € 51 and
v fori € Sp.

Further details concerning simultaneous confidence intervals on func-
tions of variance components can be found in Khuri (1981).

Example 8.7 Anderson and Bancroft (1952, p. 323) reported an example given
by Crump (1946) of a series of genetic experiments on the number of eggs
laid by each of 12 females from 25 races (factor B) of the common fruitfly
(Drosophila melanogaster) on the fourth day of laying. The whole exsperiment
was carried out four times (factor A). The corresponding ANOVA table for a
random two-way model with interaction is given in Table 8.6 (see also Khuri,
1981, Section 2.3).

Let us consider setting up a 90% confidence interval on ¢%. From the
ANOVA table we have 0%( = 3%w(&—ég,),where 51 = E(MS,), 63 = E(MSaB).
Thus,

1
O = —(61 — 83). 71
300( 1—083) (8.71)



Balanced Linear Models 261

TABLE 8.6

ANOVA Table for Example 8.7

Source DF MS EMS)

A (experiments) 3 46,659 & =3000% +12 O'%XB + 02
B (races) 24 3243 8 =480} +120%; + 0%
A*B 72 459 83 =120%; + 0%

Error 1100 231 &y =02

In this case, we need to construct a 90% confidence region on (81, 53)’, namely,
the Cartesian product, B.s = B; x B3, where from (8.59) and Table 8.6,

3(46,659) 3(46,659)
By = [ ( . , (2 } (8.72)
Xa/2,3 X1—w/2,3
72 (459) 72 (459)
33=[ —, = } (8.73)
Xeas2,72 X1—ay2,72

Here, (1 — «)? = 0.90, that is, & = 0.0513. Substituting in (8.72) and (8.73),
we get
By = [15053.0945, 637048.4606]
B3 = [340.0268, 654.0737].

In this example, the region, R, of definition for functions of only &1 and 33 is

Rs = {(x1,x3)x1 = x3 = 0}.

We note that B,s; = B1 x Bj is contained inside Rs. Thus, Bys = Bs. Conse-
quently, the confidence interval on 0?2 is obtained by optimizing the function
oK) = 3%(3{1 —x3) over B,;, where x = (x1, x3)". By applying formulas (8.67)
and (8.68), this interval is given by

[gén @), max ()] = [(1 — ©v3)/300, (v1 — u3)/300], (8.74)

where from (8.69) and (8.70),

3MSa
uy =

=2

Xo/2,3
3MS4
1= —
X1—w/2,3
72 MSp
Uy = ———
Xas2,72

72 MSap
U3 = >
X1-«/2,72
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The confidence coefficient for this interval is therefore greater than or equal
to 0.90, that is,

Uy — 03 01 —Us
P[

> 0.90. 7
300 <%= < 300 ]_090 (8.75)

Using the corresponding entries in Table 8.6, the interval in (8.74) is equal to

[47.9967, 2122.3614].
Since % ~ x3 independently of % ~ X3,, the exact coverage

probability for the interval in (8.74) can be written as (see formula (8.75))

Pluy —v3 < 81 — 63 < v1 — us]

o1 F1 53 F3 o1 F1 53 F3
= P 5 — 5 < 61 — 53 < — 5
Xos2,3  X1—ay2,72 X1-a/2,3  Xas2,72
Fq 0 F3 83 F o K3
=Pl =5 3 <l-=<= ) ’
Xo/2,3 &1 X1—w/2,72 &1 X1—«/2,3 &1 Xos2,72

(8.76)

where F1 = 3MS4 /81, F3 = 72 MSp/ 063 are independently distributed such
that F; ~ X% and F3 ~ ng. Hence, for a given value of 63/61, the exact
probability in (8.76) can be evaluated by using a double integration computer
program, or by applying Davies” (1980) algorithm mentioned in Section 5.6.
Table 8.7 gives values of this probability for several values of 53/51. We note
that for large values of 63/61 (<1), the exact probability is sizably larger than
0.90. To remedy this situation, we can consider reducing the 90% confidence
coefficient.

TABLE 8.7
Exact Coverage Probability in (8.76)
with a Minimum 90% Coverage

83/81 Exact Coverage Probability

0.05 0.9537
0.10 0.9561
0.20 0.9603
0.30 0.9639
0.40 0.9670
0.50 0.9696
0.60 0.9719
0.70 0.9740
0.80 0.9758
0.90 0.9774

1.00 0.9789
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8.8 Confidence Intervals on Ratios of
Variance Components

In some experimental situations, certain functions of the variance compo-
nents, particularly ratios thereof, may be of greater interest than the compo-
nents themselves. For example, in animal breeding experiments, estimation of
functions, such as heritability, which is a ratio involving several variance com-
ponents, is of paramount interest to breeders in order to assess the potential
for genetic improvement of a certain breed of animals. Confidence intervals
on such functions can therefore be very useful in making statistical inferences
about these functions.

Harville and Fenech (1985) obtained an exact confidence interval on a
heritability parameter, which is used in animal and plant breeding problems.
Burdick and Graybill (1992, Section 3.4) provided a review of methods for
constructing confidence intervals on ratios of variance components. Broemel-
ing (1969) proposed simultaneous confidence intervals on particular forms of
such ratios. The latter intervals are helpful in assessing the relative measures
of variability of various effects with respect to the experimental error variance
in the model. In this section, we describe the development of Broemeling’s
(1969) confidence intervals.

Consider model (8.23) under the same assumptions made earlier in Sec-
tion 8.4 with regard to the the distribution of the random effects. Of inter-
est here is the derivation of simultaneous confidence intervals on the ratios
0?/02 (i=v—p+1,v—p+2,...,v), where 02 = Giﬂ is designated as the
experimental error variance component.

Let MS; be the mean square associated with the ith random effect (i =
v—p+1,..., v) and let MSE be the error mean square. On the basis of
Theorem 8.1, we have

5 MS )
|:G—;€ M_Slf < F‘Xl.,me,m,.] =1—-o4, i=v—-—p+1,v—p+2,...,v, (877)
where, if we recall, 6; = E(MS;), m; and m, are the degrees of freedom for
MS; and MSg, respectively. The following lemma, which is due to Kimball
(1951), is now needed.

Lemma 8.17 Let X1, X3,..., X;, X;41 be random variables, mutually inde-
pendent and distributed as chi-squared variates with ny, ny,..., ny, 1,41
degrees of freedom, respectively, then

X1/ Mr41 .
P[ Xi/n; <Foimpqmisi=12,...,1

o[ X /mea ’
>[]r [& < Fq, n,ﬂ,nl} =]]a - ). (8.78)
1 Xi/ni 1

i
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Applying Lemma 8.17 to (8.77) and recalling m; MS;/6; ~ X3

n; iIndepen-

dently from meMSE/crz€ ~ X%% i=v—p+1v—p+2,...,v), weobtain

d; MSg .
[G—é M_S, < Fo;, o, mis z:v—p+1,v—p+2,...,v} >1—«, (8.79)
where 1 — o = ]_[?':V_p +1(1 = o). This inequality determines a conservative
confidence region with a confidence coefficient greater than or equal to 1 — o
for the ratios 5i/02€, i=v—p+1,v—p+2,..., v.Recall from Theorem 8.1 that

v+1

5 = Z Kij 0‘]2

j=v—p+1

~
=02€+ Z Kijc]-z,izv—p~|—1,v—p+2,...,v
j=v—p+1

Hence, the inequality in (8.79) defines a conservative confidence region on
the variance ratios, Yv—p+1, Yv—p+2,---, Yv, wherey; = 0‘1-2/0‘2€, i=v—p+1,
v—p+2,...,v,of the form

A MS;
K=3y:1+ Z Kinj MSE th”mt,,ml,l—ﬂ/ p+1v P+2 ’
j=v-p+1

(8.80)

where v = (Yv—pt1, Yv—pt2,--+/ Y~)". The confidence coefficient for the
region /C is greater than or equal to 1 — «. Note that K is a region bounded by
the hyperplanes,

MS
1+ Z Kl]Y] ! F(xl,mg,ml, l—'V p+1 vV — p+2
j=v—p+1

Broemeling’s (1969) simultaneous confidence intervals on the vy;’s are
obtained by taking the orthogonal projections of IC on the coordinate axes
corresponding t0 Y —p+1, Yv—p+2,---, Yv- This follows from the fact that

Plyie Pri(K);i=v—-—p+1,v—p+2,...,v]=2PlyeK]>1—-«,

where Pr;(K) denotes the orthogonal projection of X on the y;-axis. Hence, the
joint coverage probability of the intervals Pr;(K), i = v—p+1, v—p+2,..., v
is greater than or equal to 1 — ot. Broemeling’s confidence intervals on the ;s
are therefore conservative. The exact confidence coefficient associated with
the confidence region K in (8.80) was derived by Sahai and Anderson (1973)
in terms of a fairly complicated multidimensional integral.
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TABLE 8.8

ANOVA Table for Example 8.8

Source DF SS MS E(MS)

A a—1 SSa  MSa &1 =bnoy +nog, + 0

B(A) alb—1) SSpay MSpuy o =n 0'%3(“) + 0-%:
Error  ab(n—1) SSg MSE 83 = 02

Note that since the coefficients of v; in (8.80) are nonnegative, the orthog-
onal projections of XC on the y; axes are bounded from below by zero. Hence,
Broemeling’s intervals are one sided.

Example 8.8 Consider the two-fold nested random model
Yijk =p+ xig + [31'(]') + €ij(k) i= 1,2,...,€l;j =12,...,bk=1,2,...,n,

where ¢ ~ N(O, G%X), Biy ~ N(O, 0'%5(“)), €ijy ~ N, Gze). All random
effects are independent. The corresponding ANOVA table is Table 8.8.

In this case, the confidence region K in (8.80) is of the form

MS4
K= {Yi 1+bny;+nyz < M_SEFoq,ub(n—l),a—l/ 1+ny2

MSpa
< MS(E ) Focz,ab(n—l),a(b—l) } ’ (881)

where y1 = 0‘2,(/026, Y2 = G%(a)/(r%, and 1 — o = (1 — a1)(1 — «p). This region
is shown in Figure 8.1.

Y2

Pry () [

Y1

Pry ()

FIGURE 8.1
The confidence region, I, in (8.81).



266 Linear Model Methodology

The projections of K on the y; and vy, axes are given by [0, Pri(K)],
[0, Pra(K)], respectively, where

1 [MSy
Pri(K) = o |:M_SE Foq,ab(n-1),0-1 — 1}
. 1 [MSa
Pry(K) = min {Z |:M_SE Foq,ab(n—l),a—l - 1] ’
1 MSpga F 9
n MSE xp,ab(n—1),a(b—1) .

Hence, simultaneous confidence intervals on 02, /02, 0%3( o/ 02 with a confi-
dence coefficient greater than or equal to 1 — « are given by

0 < < Pri(K)

mqro | gqm

0.2
0 < P9 _ prK).
o2

Note that the procedure outlined in Section 8.7 can also be applied to obtain
simultaneous confidence intervals on ratios of variance components (see
Khuri, 1981, pp. 880-882). In particular, it can be used to derive confidence
intervals on O‘%X / 0‘2€, 0%3( w0/ G2€ in Example 8.8.

Exercises
8.1 Consider the following model
Yij = w+ oy + Bicj) + Yijk + €ijkays
i = 12,...,4, ] = 1,2,...b; k = 1,2,...,cc 1 = 1,2,...,n,
where o) is fixed and Bjj, and 7jj are normally distributed as

N(O, cr%( o) N(O, G%/( (XB)), respectively. All random effects are mutu-
ally independent and independent of ;i) ~ N(O, 02).

(a) Write down the corresponding population structure.

(b) Give the expected mean squares for all the effects in the correspond-
ing ANOVA table.

(c) Let 554 be the sum of squares associated with the fixed effect. What
distribution does SS4 have?

(d) Let 6%3 (0 denote the ANOV A estimator of 0%3( 0" Give an expression

for computing the probability that 6%3( o <0
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8.2

8.3

8.4

8.5

(e) Setup a (1 — x)100% confidence interval on pj — pp, where pg and
uo are the means of levels 1 and 2 of the fixed-effects factor (assume
thata > 2).

Consider the population structure {[(})(j)] : k} : |, where i = 1,2,3,
j=1234 k=123 1=12 Let &3, and vy denote the effects
associated with subscripts i,j, and k, respectively. It is assumed that o;
is fixed, but all the remaining effects in the model are random. The usual
assumptions made earlier in Section 8.4 regarding the random effects
can be considered to be valid here.

(a) Obtain the complete ANOVA table, including the expected mean
squares.

(b) Give test statistics for testing the significance of all the effects in the
ANOVA table.

(c) Give an expression for the power of the test concerning the x-effect
corresponding to a 5% level of significance (assume a particular
alternative hypothesis).

Two drugs were compared in a multi-center study at 53 research centers.
At each center, the two drugs were assigned to 14 subjects. One of the
objectives of this study was to assess the side effects of the drugs. At
tri-weekly intervals following treatment, subjects returned to the clinics
for measurement of several critical signs, including sitting heart rate.

(a) Determine the appropriate population structure for this experiment.
(b) Give the complete model and set up the ANOVA table.

A manufacturer wants to investigate the variation of the quality of
a product with regard to fype A pre-production processes and fype B
pre-production processes. Factor A has 4 levels and each level has 5
sublevels. Factor B has 4 levels and each level has 6 sublevels. Each
sublevel of each level of the A-factor is combined with each sublevel
of each level of the B-factor. The same number of replications (3) is
available for each sublevel combination.

(a) Write the complete model for this experiment.

(b) Give expressions for the expected mean squares assuming that the
effects of A and B are fixed, while the remaining effects are random
(the sublevels are chosen at random).

In an investigation of the can-making properties of tin plate, two meth-
ods of annealing were studied. Three coils were selected at random out
of a supposedly very large population of coils made by each of these
two methods. From each coil, samples were taken from two particular
locations, namely, the head and tail of each coil. From each sample, two
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sets of cans were made up independently and from each set an estimate
of the can life was obtained. The data are given in the following table.

Annealing Method (7)

1 2
Coil () Coil ()
Location (k) Replication (I) 1 2 3 4 5 6
1 1 288 355 329 310 303 299
2 295 369 343 282 321 328
2 1 278 336 320 288 302 289
2 272 342 315 287 297 284

(a) Write down the complete model.

(b) Obtain the expected mean square values and the degrees of freedom
for all the effects in the model.

(c) Compute all sums of squares in the ANOVA table and provide
appropriate test statistics (assuming that the assumptions made
with regard to the random effects, as outlined in Section 8.4, are
valid here).

8.6 Consider again Exercise 8.5.

(a) Obtain a 95% confidence interval on pj—pp, where g and u, are the
means of annealing methods 1 and 2, respectively.

(b) Let 0‘%5( 0’ O‘%B( 0 02 denote the variance components for
coil(method), location*coil(method), and the error term, respec-
tively. Obtain a 95% confidence interval on 0%3( w0/ 2 02 Bl T 02).

(c) If the hypothesis concerning the location effect is tested at the o« =
0.05 level, find the power of the F-test given that

2 52
2 k=19

et B T
2 4
205p (o) T 2

where b, denotes the effect of location k (=1, 2).

(d) Let 6%5 () denote the ANOVA estimator of G% ()

that is,
2 1
0'[3(“) = Z [Mscoil(method) - Mslocation*coil(method)]~

Find the probability that 6%3( w <0
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8.7 Consider the balanced one-way model,
Yl']' =KL+ x5 + €i(j)s i=1,2,.. .,k,'j =12,...,n,

where ) is a fixed unknown parameter and the €;(j,’s are indepen-

dently distributed as N(0, 0%). LetSSa =n Zle Yq) — Y)? be the sum
of squares associated with «; (for the treatment effect).

(a) Express SSx as a quadratic formin Y = (Y1), Y2),..., Y-

(b) Partition SS4 into k — 1 mutually independent sums of squares with
one degree of freedom each.

(c) Deduce that the one-degree-of-freedom sums of squares in part (b)
represent sums of squares of orthogonal contrasts among the true
means of the treatment effect.

8.8 Anexperiment was conducted to monitor the chemical content of a large
tank. Eight liquid samples (factor A) were randomly selected from the
tank over time. A random sample of four operators (factor B) was used to
measure the chemical content of each sample. Each operator measured
the acid concentration of each sample n = 2 times [A description of this
experiment was given in Burdick and Larsen (1997)]. The corresponding
ANOVA table is shown below (the usual assumptions concerning the
random effects are the same as in Section 8.4)

Source DF SS MS

A 7 356.769 50.967
B 3 38.157 12.719
AxB 21 17.052  0.812
Error 32 13.280 0.415

(a) Test the significance of A, B, and their interaction A * B at the & =
0.05 level.

(b) Obtain a 95% confidence interval on (G%: + O'%X B)/ 026, where 0'26 and

G%xﬁ are the variance components for the experimental error term

and the interaction A * B, respectively.
(c) Obtain simultaneous confidence intervals on ¢2,/02, 6%3 /0%, and

O'%Xﬁ /0%, where 02 and 0%3 are the variance components for A and
B, respectively, with a joint coverage probability greater than or
equal to 0.95.

8.9 Consider the same one-way model as in Exercise 8.7, except that o is
now considered to be randomly distributed as N(0, 02) independently
of €;(j), which has the normal distribution N(0, 07&).
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(a) Obtain individual confidence intervals on 81 = n G%x + 0'2€ and 0, =
02 /0%.

(b) Use Bonferroni’s inequality and the intervals in part (a) to obtain
simultaneous confidence intervals on 81 and 6, with ajoint coverage
probability greater than or equal to 0.90.

(c) Use part (b) to obtain a confidence region on (Uze, O‘%X) with a confi-
dence coefficient greater than or equal to 0.90.

(d) Use part (c) to obtain simultaneous confidence intervals on 02, o2

with a joint coverage probability greater than or equal to 0.90.

8.10 Consider the following ANOVA table for a balanced random two-fold
nested model (the assumptions concerning the random effects are the
same as in Section 8.4).

Source DF MS EMS)

A 11 35629 15 czy%x+3oz (w0 + 0%
B(A) 48 12055 30% ,, + 0=

Error 120 0.6113 o2

(a) Use the methodology described in Section 8.7.1 to obtain an exact
confidence interval on 62 with a confidence coefficient greater than
or equal to 0.90.

(b) Use the methodology described in Section 8.8 to obtain simulta-
neous confidence intervals on 02, /02, 0%5( w/ o2 with a confidence
coefficient greater than or equal to 0.90.
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The Adequacy of Satterthwaite’s
Approximation

In the analysis of a balanced mixed model, it may not be possible to obtain an
exact F-test concerning a certain hypothesis from the corresponding ANOVA
table. This occurs when no single mean square exists that can serve as an
“error term” in the denominator of the test’s F-ratio. A common approach
to this problem is to concoct a “synthetic error term” which consists of a
linear combination of mean squares of random effects. It is also possible to
construct an alternative test statistic by synthesizing both the numerator and
the denominator of the F-ratio, that is, by creating two linear combinations
of mean squares, one for the numerator and the other for the denominator.
The choice of these linear combinations is based on requiring the numerator
and denominator to have the same expected value under the null hypothesis
to be tested. Under the alternative hypothesis, the expected value of the
numerator exceeds that of the denominator by a positive constant. Each linear
combination of mean squares of random effects is usually approximately
represented as a scalar multiple of a chi-squared random variable whose
number of degrees of freedom is estimated using the so-called Satterthwaite’s
formula. This yields an F- ratio which has an approximate F-distribution. The
whole process leading up to this approximation is referred to as Satterthwaite’s
approximation.

In this chapter, we investigate the adequacy of the approximation of
such linear combinations of mean squares with the chi-squared distribu-
tion. In addition, a measure will be developed to quantify the closeness of
this approximation.

9.1 Satterthwaite’s Approximation

Consider the balanced mixed model given in Section 8.4 [model (8.23)] under
the same assumptions made earlier concerning the model’s random effects.
Let MSy,MS,, ..., MSy denote the mean squares for a set of random effects.
For the sake of simplicity, the random effects have been renumbered so
that MSq,MS,,...,MS; form a subset of the entire set of random effects

271
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in the model. We recall that the MS;’s are mutually independent and that
m; MS;/d; ~ X%w where m; is the number of degrees of freedom for MS; with
0 =EWMS)),i=1,2,...,k (see Theorem 8.1).

Let MS* be defined as the linear combination,

k
MS* =) "a;MS;, (9.1)
i=1

where a1,ay, . ..,a; are known nonzero constants. Satterthwaite (1941,1946)
suggested that MS* can be distributed approximately as (5*/v)x2, where
d* = E(MS*) and v is given by the formula

(Zﬁ‘=1 ai 51’)2
B Yk @ien2/mi

This formula is derived in the following theorem.

(9.2)

Theorem 9.1 Let MS1, MSy, ..., MSi be mutually independent mean squares
such that m; MS;/d; ~ ani, where &; = E(MS;), i = 1,2,...,k. Let MS* be
defined as in (9.1). Then, v MS*/5* has the approximate chi-squared distri-
bution with v degrees of freedom, where 6* = E(MS*) and v is given by
formula (9.2).

Proof. Let us represent MS* approximately as a scalar multiple of a chi-
squared random variable of the form

MS* ~ax2, (9.3)

where a and v are constants to be determined so that the two sides in (9.3)
have identical means and variances. Of course, this is feasible only if MS* is
positive. Note that

k
5* = E(MS*) =) a;;, (9.4)

i=1
and

k
_ ai o;
=2 Z ot (9.5)
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Equating the means and variances of the two sides of formula (9.3), we obtain
k
Z aidi=av, (9.6)

S, 7
Zml_av 9.7)
i=1

Solving (9.6) and (9.7) for a and v, we get

k282
0= —Zl:}(“l /i 9.8)
2 i1 i b
2
k
(Zi:l a 51’)
i=1"% %Y 1

From (9.3) and (9.6) we then have

MS* ~

<|>—\

Zm 5 | %4 (9.10)

that is,

vMS® app?ox x2
Yiaidi ! O
In practice, 81, 62, .. ., Ok are unknown and are usually estimated by their

unbiased estimates, namely, MS1, MSy, ..., MSy, respectively. Substituting
these estimates in formula (9.9), we get

2
(Zi-;] aj MS,’)
Z?:l az-z MSZZ/ml ’

9= 9.11)

which serves as an estimate of v. Formula (9.11) is known as Satterthwaite’s
formula. We then have

v MS*

5 app?ox. x%,. (9.12)

Satterthwaite (1946) cautioned about using his formula when one or more of
the a;’s in (9.1) are negative. In this case, MS* can be negative with a possibly
large probability, and the approximate distribution in (9.12) will therefore
become rather poor.

Satterthwaite’s approximation will be used to obtain an approximate
F-statistic for testing a hypothesis concerning a fixed or random effect in
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a given balanced mixed model when no single mean square exists in the cor-
responding ANOVA table that can be used as an “error term.” This approach
was adopted by Cochran (1951).

9.1.1 A Special Case: The Behrens—Fisher Problem

The Behrens—Fisher problem concerns the comparison of two means from nor-
mal populations with unknown variances, which are assumed to be unequal.
If Y; and Y, are two independent sample means based on 11 and n, obser-
vations from normal populations, N(y, 0%), N(up, O'%), respectively, 0% #* 0'%,
then an approximate t-test for the equality of the population means, y; and
W, is given by

Yi-Y,

1/27
2 2
<S1 52>

n np

where s? and s are the corresponding sample variances. Note that the denom-
inator in (9.13) is an estimate of the standard deviation of Y; — Y>, namely,

(9.13)

2 2\1/2
(:—11 + Z—ZZ) since E (siz) = criz (i = 1,2). Using Satterthwaite’s formula (9.11),

2 2
the number of degrees of freedom associated with Z—ll + 2—22 is approximately

given by
2
Sz 52
)
(%) , (5)
Tl1—1 712—1

It can be shown (see Gaylor and Hopper, 1969, p. 693) that

min(my —1,nmp —1) <V < ny+npy —2.

On the basis of formula (9.12) we can then write

o 2 2
Y (WY rox. 2
73 <n1 + 712) approx. X5, (9.15)
m T

From (9.13) and (9.15) we conclude that the test statistic t in (9.13) has, under
the null hypothesis Hy : p; = pp, the approximate t-distribution with v
degrees of freedom. Using this fact, an approximate (1 — «) 100% confidence

interval on w; — p is given by

2 2 1/2
— — Sl 32
Yi—-Y, &+ (— + —) t
ni np

Nlg
2
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Example 9.1 A consumer group was interested in examining consistency
of prices of a variety of food items sold in large supermarkets. The study
was conducted in a random sample of four standard metropolitan areas
(factor A). Three supermarkets (factor B) were randomly selected in each of
the four areas. Four food items (factor C) were randomly chosen for the study.
The prices of these items (in dollars) were recorded for a random sample of
3 months. One record was obtained per month from each supermarket for
each food item. The resulting data set is shown in Table 9.1, which is a
modification of the original unbalanced data given in Khuri, Mathew, and
Sinha (1998, p. 139). The population structure is [(i : j) (k)] : [, where i, ], k, | are
subscripts associated with factors A, B, C, and the replications, respectively.
The corresponding complete model is therefore of the form

Yi = 1+ i) + Bigy + Yk + (@¥)ary + BYigr) + €ijkays (9.16)

where
;) is the effect of the ith metropolitan area (i = 1,2,3,4)
Bi(j) is the effect of the jth supermarket within the ith metropolitan area
(=1,23)
Yk is the effect of the kth food item (k = 1,2,3,4)

All the effects in model (9.16) are random and are assumed to be mutually
independent and normally distributed with zero means and variances o2,
Gé () 0%,, G%W, 0'%3 (v’ 02, respectively. The corresponding ANOVA table is

given in Table 9.2. We note that the F-test statistics for testing Hy : 0%5 =0

2 L2 . +2 _ _ MSpwy
Hop : 03, =0, Hp : 0%, =0, and Hy : OBy = 0 are F = M
MS . .
I\%ACC’ = ]\%AB*&), and F = %;A), respectively. However, for testing
* *

the hypothesis, Hy : 0% = 0, no single mean square exists in the ANOVA
table that can be used as an “error term.” This follows from the fact that

under Hy,
E(MSA) =12 0% (o) + 9 0ny + 305 )y + 02, (9.17)

and no mean square (for any of the remaining random effects) has such an
expected value. One approach to this problem is to consider the test statistic,

MS 4

Fl — 7
MSpay + MSaxc — MScypa)

(9.18)

since both numerator and denominator have the same expected value under
Hy : 0% = 0 and differ only by 36 6% when 02 # 0. The denominator in
(9.18), being a linear combination of several mean squares, is referred to as
a synthetic (artificial) “error term” for testing Hy. Its number of degrees of

freedom can be approximately obtained by applying Satterthwaite’s formula
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TABLE 9.1
Prices of Food Items in Large Supermarkets

A B Food Item (C)

Area Supermarket 1 2 3 4

1 1 3.15 570 130 6.12
3.15 568 129 6.14
3.18 570 129 6.16

2 328 575 127 6.18
324 572 125 6.16
326 571 126 6.15

3 3.19 565 121 6.10
3.18 5.61 121 6.11
3.16 559 120 6.12

2 1 3.30 5.80 1.51 6.20
328 582 151 6.20
327 580 152 6.21

2 325 582 149 6.24
323 579 147 6.22
321 578 145 6.20

3 332 572 146 6.26
330 574 145 6.23
330 571 143 6.20

3 1 329 579 157 6.30
328 579 156 6.28
331 578 1.58 6.31

2 335 581 150 6.29
332 580 149 6.28
331 580 149 6.27

3 324 572 158 6.32
326 5.69 155 6.32
323 570 154 6.30

4 1 3.14 550 120 6.08
314 549 122 6.08
3.12 548 122 6.07

2 3.18 555 1.18 6.06
3.18 555 1.18 6.04
3.17 553 1.17 6.02

3 320 559 121 6.12
3.18 556 122 6.11
3.16 553 121 6.11
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TABLE 9.2
ANOVA Table for Model (9.16)
Source DF MS E(MS) F p-Value
2
A 3 04038 36 a%;+12 0% (§)+9 oyt 1315  0.00023
305y T oe
2 2 2
B(A) 8 00069 120% ) +30F ), + 0 1.88  0.1111
2 2 2
C 3 180.9015 360549 0%, +30% o), + 7505.04  <0.0001
o2
AxC 9 00241 90%, +30% ), + 0 6.53  0.0001
2 2
CxB(A) 24 00037 30%,. + 0z 1541  <0.0001

Error 9  0.0002 o2

€

(9.11), which, on the basis of Table 9.2, gives the value

[MSB(a) + MSaxc — MScupa)]?

IMSp 1?2 | [MSaxcl?> |, [—MScipa)l?
g t—9 t 21

=10.513 ~ 11. (9.19)

Y=

The test statistic F; in (9.18) has the value F; = 14.77. The corresponding
p-value (based on 3 and Vv degrees of freedom) is 0.0004.

One disadvantage of using F; is that the linear combination of mean
squares in the denominator contains a negative coefficient. It can therefore
have a positive probability of being negative, which, of course, is undesirable
(see Section 8.6.1). It may be recalled that Satterthwaite (1946) cautioned about
the use of his formula under these circumstances.

An alternative approach to testing Hy : 0% = 0 is to choose another F-ratio
whose numerator and denominator can both be synthesized (that is, each
consists of a positive linear combination of mean squares) and have equal
expected values under Hy. For example, we can consider the test statistic,

_ MS4 + MSC*B(A)

Fp, = .
MSB(A) + MSaxC

(9.20)

Under Hy, the expected values of the numerator and denominator are equal

t0 120% o) + 9 0y + 6 0%y, + 2 0%, but, under H : 05 # 0, the expected

value of the numerator exceeds that of the denominator by 36 02 In addition,
F, avoids the problem of having negative coefficients in the linear combina-
tions of mean squares. Note that the numerator and denominator of F; are
independent, and on the basis of Theorem 9.1, F; is distributed approximately
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as F5, 5,, where by formula (9.11),

o= [MSa + MScapa)]?

T [MSAPR i [MScipa?
3 24

= 3.055 ~ 3,
_ [MSp4) + MS g.c)?

Vo =
2 [MSpa)I? + [MSacl?
8 9

=13.63 ~ 14.

The value of F; in (9.20) is Fp = 13.15 and the corresponding p-value (with
3 and 14 degrees of freedom) is approximately equal to 0.00023. This value
along with F, = 13.15 are the entries corresponding to A in Table 9.2.

Statistics similar to F1 and F» were compared, using computer simulation
and on the basis of the probability of Type I error and power values, by
Hudson and Krutchkoff (1968) and Davenport and Webster (1973). They
noted that the statistics do about equally well for testing Hy : 02 = 0 if the
degrees of freedom of the mean squares in F; and F; are not too small and the
nuisance parameters (the variance components for the other random effects)
are not all negligible. In the remaining cases neither statistic does well, but F
is better than F; in its approximation to the nominal level of significance and
in terms of power.

Estimators other than the one in (9.11) for the degrees of freedom v were
suggested by Ames and Webster (1991). Myers and Howe (1971) adopted a
different approach to the standard practice of assigning approximate degrees
of freedom (based on Satterthwaite’s formula) to the ratio of synthetic mean
squares, where the numerator and denominator are treated separately as
approximate chi-squared statistics (as in the case of F;). Their approach
was to approximate the distribution of the ratio directly as an F-statistic.
Davenport (1975) compared the two approaches. His empirical studies indi-
cated that the probability of Type I error using the the Myers—Howe procedure
was greater than that using the standard approach based on Satterthwaite’s
approximation. Hence, the Myers-Howe procedure was not believed to be
an overall improvement over the Satterthwaite procedure.

9.2 Adequacy of Satterthwaite’s Approximation

In this section, we examine Satterthwaite’s approximation of the distribu-
tion of a nonnegative linear combination of independent mean squares.
A necessary and sufficient condition for this approximation to be exact will
be presented for the case of a general balanced mixed model. The initial
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work leading up to the development of the methodology in this section was
established in Khuri (1995a).

Consider the balanced mixed model (8.23) under the same assumptions
concerning the distributions of the random effects as in Section 8.4. Let MS*
be a linear combination of mean squares as in (9.1), and it is here assumed
thata; > 0fori=1,2,...,k Recall that

1
MS; = — Y'PY, 9.21)
n;

where
P; is the idempotent matrix described in Lemma 8.4
m; is the corresponding number of degrees of freedom (i =1,2,...,k)

Formula (9.1) can then be written as

MS* = Y'BY, 9.22)
where
k
ai
B = — P;. (9.23)
mi

We note that B is positive semidefinite since a; > 0 fori = 1,2,...,k. Thus,
according to Theorem 9.1,

vMS*

” 2
S APProx. Xy, (9.24)

where 5* and v are given by formulas (9.4) and (9.9), respectively. Using
(9.22) in (9.24), we obtain

vMS*

5 =YY, (9.25)

where

v

Consider now the following theorem.

Theorem 9.2 A necessary and sufficient condition for V%/I*S " in (9.25) to have
a central chi-squared distribution is

GO _ 0 =12,k (9.26)
m; v

where ; = EIMS;),i=1,2,...,k.
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Proof. Following Theorem 5.4,

vMS*
6*

has the chi-squared distribution if and only if

=YCY,

CICE =CZ, (9.27)

where X is the variance-covariance matrix of Y given by

v+1
I= ) oA, (9.28)
i=v—p+1

and A; = HiH; [see formula (8.25)]. Equality (9.27) is identical to
czc=cC (9.29)
since X is nonsingular. Recall from Section 8.4 that

v-p
E(Y)=Xg= ) Hip; (9.30)
i=0

and from Theorem 8.1(d), the noncentrality parameter for a random effect is
equal to zero. Thus,

gX'CXg=0, (9.31)

which indicates that the noncentrality parameter for Y'CY is also equal to zero.
Condition (9.29) is then necessary and sufficient for Y'PY to have the central
chi-squared distribution. Furthermore, CZC in (9.29) can be expressed as

k k
v ai v a
2 koo
% ﬂl'
= — — 5, P;. (9.32)
3> 5 0P

O m

This is true because

v+1
PrP=P;| Y oA |P

I=v—p+1

v+1
= Z KilcrlzPi Pj, [see formula (8.20)]

I=v—p+1
= (8; P;)P;, by formulas (8.21) and (8.28).
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Hence,

diP;, i=j
0, i#]

Now, if condition (9.26) is true, then

P P; = { i,j=12,...,k (9.33)

k
% a;
Czczgi_gl Epl

=C.

Vice versa, if condition (9.29) is valid, then from (9.32),

v K g2 v &g
VN,
7 D o s0Pi= ) P
i1 M i—p M

which implies that
— b= — -, i=12,...k (9.34)

by the linear independence of Pi,P;,...,P;. Equality (9.34) gives rise to
condition (9.26). O

Corollary 9.1 A necessary and sufficient condition for “’]gfﬁs " in (9.25) to have

a central chi-squared distribution is

a1d1  axd; ax O

. (9.35)
nmq mo my

Proof. Obviously, (9.35) follows from (9.26). Let us now suppose that (9.35)
is true. Let p denote the common value of ”‘7‘?1 (i=1,2,...,k). Then,
a7 & 2

_Zzp, 121,2,,k
1

3

This can be expressed as

a7 &
m;
=p@d), i=12,...,k

:pzml, i=1,2,...,k

Thus,
252 k

k
IR WS
i=1 ! i=1
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We conclude that
ka7 8?
0= Zi:l gml‘
Zf:l a; b
6*
= by applying (9.4) and (9.9).
Hence,
LN *
w12,k
m; v
which establishes the validity of (9.26). O

9.2.1 Testing Departure from Condition (9.35)

Since &1, 62, . . ., Ok are unknown, it is not possible to determine if the necessary
and sufficient condition in (9.35) is true or not. We can, however, use the data
vector Y to determine if there is a significant departure from this condition.
This amounts to finding a statistic for testing the hypothesis
a1 6 ap b a b
Hy: — =22 %% (9.36)
mq my my
against the alternative hypothesis that at least one of the above equalities is
not valid. For this purpose, we define z; as
1 PY, i=1,2 k
—PyY, i=1,2,...,k
S
It is easy to see that z; has the singular normal distribution with a zero mean
vector and a variance—covariance matrix given by

zi =

5.
Var(zj) = Zl P, i=12,...,k (9.37)
1

This is true because

—_

E(z)=——PiXg, i=12,...,k
mi

1
m 1; A

=0, i=12,...,k

ﬁ

since PHi =0(i=1,2,...,k;j=0,1,...,v —p), as was seen earlier [see the
proof of Theorem 8.1(d)]. Furthermore, using (9.33), we have

1
Var(z;) = — P;XP;
m;
6.
=—P, i=12,...,k

m;
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Now, let ¢;bedefined as ¢; = Gz; (i = 1,2, ..., k), where G is an orthogonal
matrix that simultaneously diagonalizes Py, Py, . . ., Py 41. Such a matrix exists
by the fact that P;P; = 0, i # j, thus P;P; = P;P; for i,j = 1,2,...,k (see
Theorem 3.9). The actual determination of the matrix G is shown in Appendix
9.A. Note that ¢; has the singular normal distribution with a zero mean vector
and a variance—covariance matrix of the form

6.
Var(g) = G — P;G’
mi
5.
=LA, i=12,...,k (9.38)
mi

where A, is a diagonal matrix whose diagonal elements are the eigenvalues
of P;, which is idempotent of rank m;. Hence, A; has m; diagonal elements
equal to 1 and the remaining elements are equal to 0. Furthermore, the ¢;’s
are uncorrelated because for i # j,

Cov(&;, &) = GCov(zi, z) G
- GP;ZP;G’
/10
=0, by (9.33).

Let us now define ¢} to be the vector consisting of the m; elements of (;
that have variance %, i=1,2,...,k [see formula (9.38)]. Then, the vectors

G, G, ..., ¢ are normally distributed as N(0, %_ I,),i=1,2,...,k and are
also uncorrelated. Since these vectors form a partitioning of a linear transfor-
mation of Y that has the multivariate normal distribution, they must be mutu-
ally independent by Corollary 4.2. Letv; = /a; ¢; (i = 1,2, ...,k). Then, v; has
the normal distribution with a zero mean vector and a variance—covariance
matrix ”’r',—l‘?"lmi, i =1,2,...,k It follows that the elements of v{,vy,...,v;
form independent random samples of sizes my,my, . . ., my, respectively, from
k normally distributed populations with variances given by the values of
‘Z’,'n—f" (i=1,2,...,k). The hypothesis Hy in (9.36) is therefore equivalent to a
hypothesis concerning homogeneity of variances of k normally distributed
populations.

There are several procedures for testing homogeneity of population vari-
ances. Two such procedures are mentioned here

(a) Bartlett’s test (Bartlett, 1937)

Bartlett’s test statistic is given by (see, for example, Brownlee, 1965,
Section 9.5)

Ty = % (m. — k)log (52) - Xk:(mi — Dlog (s,?) , (9.39)

i=1
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where m_ = Zle mi, 512 is the sample variance for the elements in v;
(i=1,2,...,k),s?is the pooled sample variance,

1 k
i=1

and d is given by

k
1 1 1
=14+ - E _
d +3(k—1) z‘:lmi_l m —k

Under Hy, T1 has approximately the chi-squared distribution with k —
1 degrees of freedom. This hypothesis is rejected at the approximate
o-level if T > x%x 1"

Note that in our particular application, the means of v1,vy, ..., v, are
known since they are equal to zero. In this case, it would be more
appropriate to test Hy using the following statistic:

k A2
v
_ Z m;log <A—’2> ,
i=1 0
1

where 62 = Lojw;, i =1,2,...,k 62 = Zl 1 m;07. This statistic is
derived by applymg the hkehhood ratio procedure on which Bartlett’s
test is based. Under Hy, T; has approximately the chi-squared distribu-
tion with k —1 degrees of freedom. The exact null distribution of T, was
obtained by Nagarsenker (1984).

Bartlett’s test is adequate when the underlying distribution of the data
is normal. However, this test can be quite sensitive to nonnormality of
the data. In this case, Levene’s (1960) test is preferred.

Levene’s (1960) test

This test is a widely used homogeneity of variance test because it is
much more robust to nonnormality. Levene (1960) suggested using the
one-way analysis of variance on a transformation on the elements of
01,02, ..., 0k Several transformations were proposed by him, including
| vj — 0. |, (v — 9i)?, log | vjj — Ui. |, where vj; is the jth element
of v; and 7; = mi, ]'Zlvij (i=12..kj=12,...,m). Another
variation suggested by Brown and Forsythe (1974b) is to replace 7;, in
| vij — vi. | with the median of the ith group. (For more details, see
Conover, Johnson and Johnson, 1981, p. 355.) For example, using the
square transformation, we get the test statistic,

O G, — )%k = 1)
Y ij:il (wij — 1;.)%/(m. — k) '




The Adequacy of Satterthwaite’s Approximation 285

where u;; = (v;; — )2, ;= mil ijz’l wij, i, = ml Z;‘:l m; it; . Under Hy,
L has approximately the F-distribution with k — 1 and m_— k degrees
of freedom. The test is significant at the approximate «-level if L >
Fook—1,m—k-

Levene’s test can be easily implemented in SAS (2000) by using the
statement “MEANS GROUP/HOVTEST = LEVENE” in PROC GLM,
where “GROUP” represents a k-level factor in a one-way model.
The associated design is completely randomized consisting of k sam-
ples where the elements in the ith sample make up the vector v;
(i = 1,2,...,k). It should be noted that in SAS, groups with fewer
than three observations are dropped from Levene’s test. This occurs
whenever m; = 2 for some i.

The rejection of the null hypothesis Hy at a small level of signif-
icance gives an indication of a possibly inadequate Satterthwaite’s
approximation.

Example 9.2 Consider the balanced random two-way model,
Yik = u+ g + Bg) + (B + €y, =123, j=1,234 k=123,
(9.40)

where o ~ N(0,0%), Bj ~ N(O, 6%5), (aP)ijy ~ NQ, Gfxﬁ)f and € ~
N(0, 62); all random effects are independent. The corresponding ANOVA
table is shown in Table 9.3.

Let ¢ denote the total variation, thatis, ¢ = O‘%X + 6%5 + O‘%XB + 0‘2€, which
can be expressed in terms of the §;'s (i = 1,2, 3,4) as

1 1. 5 2
L L LI S
b=qp01F g0t gt

An unbiased estimate of ¢ is given by
&;—1Ms + My + 2 M + 2 MS (9.41)
T2 AT g OB T gg MoAB T g ok '

The null hypothesis Hyp in (9.36) has the form,
01 b0 58 &

0 5 =2 = 716 = 36" (9.42)
TABLE 9.3

ANOVA Table for Model (9.40)

Source DF SS MS E(MS)

A m =2 SSp4 MSax 8 =1205+30%, + 0%

B my=3 SSp  MSp 8y =90% +305, + 0%

AxB  m3=6 SSap MSawp 83=30%; + 0%
Error my =24 SSg  MSE 04 = 0'2e




286 Linear Model Methodology

. S54 2 SSB SS4B SSe :
Since Xy Sy x3, =2 X6’ 5E x24,d)1n (9.41) can be expressed

asa linear combination of mutually independent central chi-squared variates
of the form

b=1220a 3706 376 X6 3 e 04)

By Theorem 9.1, the approximate distribution of _v¢¢ is 2, that is, d) ~
approx.
¢

= X2, where v is given by [see formula (9.2)]

v = . (9.44)

(3)", (&), (5%) | (o)

It would be of interest here to contrast the result of the test concerning Hy
in (9.42) with deviations of the quantiles of the exact distribution of &) in
(9.43) from those of ‘b %,- For this purpose, certain values are selected for the
variance components and pin model (9.40). For example, the following values
are selected: o%x = 30, 0%5 = 20, O‘%XB =10, 026 =1, and p = 20.5. A random
vector Y of order 36 x 1 can then be generated from N(p134, X), where

L=0030]1®]3) + 053 @L®]3) + 05 (3RL®J3) + 0 (39 1R I3).

The elements of the generated response vector, Y, are given in Table 9.4.
Using the data in Table 9.4, the corresponding value of Bartlett’s test statistic
is T1 = 43.952 with 3 degrees of freedom and an approximate p-value less
than 0.0001 (the value of the test statistic T, is 91.158). In addition, the value
of Levene’s test statistic is L = 14.98 with an approximate p-value less than
0.0001. Thus all tests concerning Hy in (9.42) are highly significant. This gives a

TABLE 9.4

Generated Data for Model (9.40)
B

A 1 2 3 4

1 11729 19369 6.107 8.190
11910 19356 4.086 9.835
14.460 20.772 5451  9.547

2 30.374 24983 18.423 19.366
28.007 27.573 19.196 18.148
26.612 27205 19.236 17.840

3 14874 7360 4.560 15.947
13964 9.163 2.610 15.829
17203 6.879 3.827 16.222
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TABLE 9.5 )
Exact and Approximate Quantiles of ¢

p Exact pth Quantile Approximate pth Quantile
0.0040 8.0 4.892
0.0093 10.0 6.968
0.0356 15.0 12.436
0.0791 20.0 18.011
0.2000 30.0 29.100
0.3371 40.0 39.996
0.4046 45.0 45.366
0.5290 55.0 55.951
0.6800 70.0 71.464
0.7566 80.0 81.579
0.8411 95.0 96.436
0.8975 110.0 110.951
0.9344 125.0 125.158
0.9692 150.0 148.247
0.9805 165.0 161.793
0.9876 180.0 175.142
0.9933 200.0 192.674

strong indication of an inadequate Satterthwaite’s approximation concerning
the distribution of ¢ in (9.41). A

Let us now compare some quantiles of the exact distribution of ¢ in (9.43)
with those of the approximate % X2, distribution, where v is given by (9.44).
Using the values of the variance components mentioned earlier, we get v =
5.18853 and ¢ = 61. Note that the quantiles of the exact distribution of ¢ can
be obtained by using the representation in (9.43) and then applying Davies’
(1980) algorithm, which was mentioned in Section 5.6. Table 9.5 gives some
exact and approximate quantiles of ¢ corresponding to several probability
values.

We note that there is a pronounced difference between the exact and
approximate quantiles for small values of p (< 0.04) as well as large values
(> 0.98), that is, in the the lower and upper tail areas of the distribution of )
[p=P@ < qgp), where g, is the pth quantile of b1

9.3 Measuring the Closeness of Satterthwaite’s
Approximation

In the previous section, the adequacy of Satterthwaite’s approximation
was formulated as a test of hypothesis using the data vector Y. In the
present section, a measure is provided to quantify the closeness of this
approximation. The measure was initially developed by Khuri (1995b). As



288 Linear Model Methodology

before, Satterthwaite’s approximation is considered in conjunction with the
distribution of MS¥, the linear combination of mean squares in (9.1), where
a; > 0fori=1,2,...,k Furthermore, the mean squares are associated with
the balanced mixed model (8.23) under the same distributional assumptions
concerning the random effects as was described earlier in Section 8.4.

As will be seen later in this section, the purpose of the aforementioned
measure is to provide an index that can be effectively used in theoretical
investigations to determine the experimental conditions under which Sat-
terthwaite’s approximation will be inadequate. This leads to a better under-
standing of the causes that contribute to such inadequacy. Thus, through this
measure, it will be possible to select a design that can enhance the adequacy
of the approximation before collecting any data on the response, Y.

The following theorem is instrumental in the development of this measure.

Theorem 9.3 Let MS* be expressed as in (9.22), that is, MS* = Y'BY, where
Y ~ N(Xg, X); Xg is the mean of Y according to model (8.23) and X is the
variance—covariance matrix of Y given by formula (9.28). If r is the rank of B,
then

(a)
r Z?:l Tzz
v
(Xim1T)

where 11,13, ...,7Tr are the nonzero eigenvalues of BX.

7

(b) Y'BY is distributed as a scaled chi-squared variate if and only if
Py iaT

=1 (9.45)
(Xim Ti)z

Proof.

(a) This is obvious by the Cauchy—Schwarz inequality,
r 2 r
(Z Tl') <ry . (9.46)
i=1 i=1

(b) If Y'BY is distributed as a scaled chi-squared variate, then BZ must
be a scalar multiple of an idempotent matrix by Theorem 5.4. Hence,
T1,T2, ..., T, must be equal which implies (9.45). Vice versa, suppose
now that condition (9.45) is valid. In general, it is known that equality in

the Cauchy-Schwarz inequality, (}_i_; a; bi)2 <Y a? Y, b? holds
if and only if a; = kb;, i = 1,2,...,n, where k is a constant. Applying
this fact to the inequality in (9.46), we conclude that equality holds if
andonlyifti =1 =... =7, (inthiscase,q; =1,b; =7;,i=1,2,...,7).
Thus, if condition (9.45) is true, then BX must be a scalar multiple of an
idempotent matrix, which indicates that Y'BY is distributed as a scalar

multiple of a chi-squared variate. O
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From Theorem 9.3 we conclude that Satterthwaite’s approximation is
exact if and only if condition (9.45) is true. Thus, the size of the ratio,
r (X)) /(X Ti)z, as compared to 1, is the determining factor in evalu-
ating the closeness of Satterthwaite’s approximation. Let us therefore define
the function A(7) as

r )i TzZ
(Z;:l Ti)Z l

where T = (11, 7T,...,7,). Then, by Theorem 9.3, A(t) > 1 and equality is
achieved if and only if the T;’s are equal, that is, if and only if Satterthwaite’s
approximation is exact. Note that A(T) < r. This is true by the fact that the 1;’s
are positive since B is positive semidefinite and hence the nonzero eigenval-
ues of BZ must be positive (they are the same as the nonzero eigenvalues of
£12Bg1/2 which is positive semidefinite). The function A(T) will therefore
be utilized to develop a measure for the adequacy of this approximation.

Without any loss of generality, we consider that 11 and 7, are the largest
and the smallest of the 7;’s, respectively. The function A(T) in (9.47) can then
be expressed as

A(T) = (9.47)

r (1 S D KZZ)
r—2 ,2
T+k+D ki

where k = % and k; = 2—?1, i=12,...,r—2. Notethat 0 < k < k; <1,
i=1,2,...,r—2.For a fixed k, A(7) is defined over the rectangular region,

A(T) =

(9.48)

Re ={(k1,K2,...,k2)|0<k<xki<1,i=1,2,...,r=2}, (9.49)

which is a closed and bounded subset of the (r — 2)-dimensional Euclidean
space. Since A(T) is a continuous function of kg, Ky, ..., K,—p over R, it must
attain its minimum and maximum values over R at some points in R. Let
us denote the maximum of A(T) by Apax(k). Thus, 1 < Apax(k) < 7. It is easy
to see that Apmax (k) is a monotone decreasing function of k over the interval
0 < k < 1. Consequently, the supremum of Apax(k) over 0 < k < 1, denoted
by Asup, is the limit of Amax(k) as k — 0, that is,

Nsip = im Amax(K). (9.50)

Note that 1 < Agyp <.
Lemma 9.1 Ay, = 1if and only if Satterthwaite’s approximation is exact.

Proof. If Satterthwaite’s approximation is exact, then A(t) = 1, as was seen
earlier. Hence, Asyp = 1. Vice versa, if Ay = 1, then by the fact that 1 < A(7),
we have 1 < A(T) < Amax(k) < Asyp = 1. Thus, A(t) = 1, which implies that
Satterthwaite’s approximation is exact. O
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On the basis of the above arguments, the value of As,, can be used as a
measure of closeness of Satterthwaite’s approximation. Since 1 < Agyp <7, a
value of Asp close to its lower bound, 1, indicates a close approximation.

9.3.1 Determination of Agyp

Let us first obtain an expression for Amax(k), the maximum of A(T) in (9.48)
over the region R« in (9.49) for a fixed k. The development of this expression
is based on the following two theorems established by Thibaudeau and Styan
(1985, Theorems 2.2 and 2.3) (see also Khuri, 1995b, Theorems 3.1 and 3.2).

Theorem 9.4 For a fixed k, the maximum of the function A(T) in (9.48)
over the region R in (9.49) always occurs at one or more of the extreme
points of R.

Theorem 9.5 For a fixed k, the function A(T), restricted to the region Ry,
attains its maximum if and only if # — 1 of the ;s in (9.48),i =1,2,...,r -2,
are equal to k and the remaining r — u — 1 of the k;’s are equal to 1, where
u denotes the value of t = 1,2,...,r — 1 that minimizes the function f(¢)
defined by

f = rott et —1,2,...,r—1. (9.51)

r—t+x2Hl/2’
In this case, the maximum of A(T) over the region R is given by

r(r—u+|<2u)

Amax (K) = (r—u+ ku)? ’

(9.52)
The value of u depends on the values of k and r as shown in Table 9.6. Note
that in this table, g, is defined as

_ h(1+h)
T r=hr—-1-h’

h:l,Z,...,[r_l}, (9.53)

ay 5

where [%] denotes the greatest integer less than or equal to % Note also
that0 <a,_1 <a, <1,h=2,3,..., [%], anda[%] = lif and only if r is odd.

Having established Amax (k) as in (9.52), Asyp is obtained by taking the limit
of Amax(K) as k tends to zero.

9.4 Examples

Three examples are presented in this section to demonstrate the utility of the
measure described in the previous section.



The Adequacy of Satterthwaite’s Approximation 291

TABLE 9.6
Values of # That Minimize f(t) in (9.51)
K u
1/2
(O, a; ] r—1
(ai/z, a;/z] r—2
(a;/z, aé/z] r—3

12 12
(a[%w—l)—l]’ a[%(r—l)]] [3]+1

1/2 _r
ﬂ[%(r_l)], 1 [%] - 5

ay = IA+DI = e-1-DLh=12,...,[ 5]
The last line holds only when r is even; when 7 is

odd then a Lon] = 1. This is an adaptation of
=

Thibaudeau and Styan (1985, Table 1).

9.4.1 The Behrens-Fisher Problem

This problem was mentioned in Section 9.1.1. It concerns testing the null
hypothesis Hy : @1 = pp against the alternative hypothesis H, : 1 # pHa,
where, if we recall, u; and py are the means of two normal populations
whose variances, 0‘% and 0‘%, are unknown, but are assumed to be unequal.
The corresponding test statistic is given in (9.13), which, under Hy, has the
approximate ¢-distribution with v degrees of freedom, where v is given by

2
ot o
nm np
0‘2 2 CT2 2 !
(%) . (2)

n1—1 np—1

which is a special case of the general formula given in (9.9). An estimate of v
is ¥ which is given in (9.14).

2 2
In this example, MS* = Z—ll + % Hence, the vector Y and the matrix B in
formula (9.22) are Y = (Y/1 : Y/z)/ and B = diag (% By, nl—z B2>, where Y; is

the vector of n; observations in the ith sample and B; = (Im — n%-]ni) /(nj —1),
i = 1,2. Thus, the variance-covariance matrix of Y is given by

£ = diag (0L, 31,) (9.54)
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Hence, the matrix BX is of the form
. 1 , 1
BX = diag ( — 03By, — 03B ). (9.55)
m 1y

Note that the rank of BX, which is the same as the rank of B, is equal to
r = n1+np—2. The nonzero eigenvalues of BX are 01-2 /[ni(nj—1)] of multiplicity
n; — 1 since (n; — 1)B; is idempotent of rank n; — 1 (i = 1,2). The largest and
the smallest of these eigenvalues are

of o3
T1 = max

ni(ng —1)" na(np — 1)

. ol o3
T, = min , .
ni(ny —1) na(np —1)

Hence, k = fr—; can be written as

np(np — 1) 0‘_% . 0‘% _ O‘%

n(m —1) o3’ ni(ny —1)  npma—1)
K=

nm(n —1) 0_% , 03 03

27 1 < .
na(ny —1) o3 np(np —1)  m(m —1)

It is easy to show that A(T) in (9.47) can be expressed as

(m+m=-m-1+m-De o o
A(T) = [n2 —1 4 (11 — 1 «]? ’ ni(m —1)  namy—1)
(m+m=2m=-1+m=-D . & o
[ —1 4 (no — 1) k]2 ’ np(np —1)  my(m—1)°

In this case, Amax(k) = A(T). We note that A(T) is a monotone decreasing
function of k over the interval 0 < k < 1. Since small values of Anax(k) are
needed for an adequate approximation, a large value of « (close to 1) will
therefore be desirable. Thus, the adequacy of the approximation depends on
how close cr% /[n1(n1 — 1)]is to 0‘% /[n2(ny — 1)]. Furthermore, the supremum
of A(T) over the interval 0 < k < 11is equal to its limit as k — 0, that is,

A — max n+mn—2 nyi+n—2
sup 7’12—1 ! 1’11—1
-1 -1
—l4max| 22 27 (9.56)
1’12—1 Tll—l

Formula (9.56) indicates that As;, increases, resulting in a worsening of Sat-
terthwaite’s approximation, as the discrepancy in the degrees of freedom for
the two samples increases. This conclusion is consistent with the simulation
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results given by Burdick and Graybill (1984, p. 133), Davenport and Webster
(1972, p. 556), and Hudson and Krutchkoff (1968, p. 433). It can also be noted
from (9.56) that Ay > 2, and equality is attained if and only if ny = ny.

This implies that Satterthwaite’s approximation cannot be exact [that is, the
statistic in (9.13) cannot have the exact t-distribution], even if n; = nj.

9.4.2 A Confidence Interval on the Total Variation

Consider the balanced random two-way without interaction model,
Yi]‘ =p+ xig + [3(]‘) + €Gj), i=1,2,3,4; ] =1,2,3,4,

where g ~ N(0,0%) is independent of B, ~ N(0, 0%3) and both are inde-
pendent of e(;j) ~ N(O, 02). The corresponding ANOVA table is

Source DF MS E(MS)
A 3 MSs & =40%+02
B 3 MSp & =40f +o2

Error 9 MSg 63=02

€

The total variation is

which can be expressed as
1
b= 1(51 + 0y +233).

Using Satterthwaite’s approximation, an approximate (1 — «) 100% confi-
dence interval on ¢ is given by

where

~ 1

& = 7(MSa + MSs +2MSp), (9.57)
and

(MSA + MSg + 2 MSE)?
(M?;A)Z + (Mgg)2 + 4(1\/1955)2

V=

To determine the closeness of Satterthwaite’s approximation in this example,
let us express formula (9.57) as

$ = Y'BY,
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where Y is the data vector (consisting of 16 observations), and B is given by
171 1 2
B=-|=P1+-P,+-P;3]|.
1 [3 1355 3]

Here, P1, P;, and P;3 are the idempotent matrices associated with the sums
of squares corresponding to &, (j, and the error term, respectively [see
formula (9.21)]. Using (9.28), the variance—covariance matrix of Y is

I =05A1+0% A+ 02 A3,
where A1 =1 ®]4, Ap =]4 ® Iy, A3 = I4 ® I4. Thus,

42 02 40%3 02 02
BE=-—%p 4+-€p,+—Pp,y2ep, 4 "cp
1 At ity ettt aghs
& 5o 53

=2Ap +2p,+2p,
ottt gt

This follows from an application of formula (8.20). Since P, P>, P3 are simul-

taneously diagonalizable and are idempotent of ranks 3, 3, 9, respectively,

we conclude that the nonzero eigenvalues of BX are 31 of multiplicity 3,

2
% of multiplicity 3, and % of multiplicity 9. Thus, the rank of BX is

r =343+ 9 = 15. The largest and the smallest of these eigenvalues are

51 &2 83
Ti =max | —, —, —
12° 127 18
1
=1 max (81, 62), (9.58)
T15 = min o %2 s
b= 12’ 12 18
83
==, 9.59
18 ©-59)
The value of Ayax(k) is determined by applying formula (9.52) with r = 15,
K = T15/71, and u is obtained from Table 9.6. Note that in this table, ai/ 2 _

0.105, ay’* = 0.196, ay/> = 0.302, a,/* = 0.426, as*> = 0577, a;/> = 0.764,
ay/* = 1, as can be seen from applying formula (9.53). Consequently, using
formula (9.52) and Table 9.6, we get the following expression for Amax(K):

15(1 4+ 14 k?)

Amax (K) = A7 1402 0 <k =<0.105
152 + 13 k2
_DEHIBD) 105 < « < 0.19
(2 4+ 13«)2
15(3 4 12 2
_ DOHI2K) 4196 < « <0302
(34 12«)2
1534 + 11«9

iz 0302 <k =0426
K
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FIGURE 9.1
The graph of Amax (k).
2
_ BOHI0K) ) 406 <« <0577
5+ 10 k)2
1 2
_ DOTI) 577 < k<0764
(6 +9k)?
2
_ DO e k<1,
(7 + 8 k)2

The graph of Amax(k) is given in Figure 9.1. The value of Agp is the limit of
Amax(k) as k — 0, that is, Asyp = 15. Note that since k = 115/71, then from

(9.58) and (9.59),
81 -1
< 8537 83 ﬂ
2
2

-1
[1 + 4max (E, - )} (9.60)
O_E 06

Since Amax(k) is a monotone decreasing function of k, and small values of
Amax (k) are desirable for an adequate approximation, we conclude from (9.60)
that large values of 02 or 0%5 (as compared to 02) can worsen Satterthwaite’s
approximation. This agrees with the simulation results reported by Burrdick
and Graybill (1984, p. 134).

=
I

2
X

A

QI lC»JII\) WIN
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9.4.3 A Linear Combination of Mean Squares

This section gives an extension of the results in Section 9.4.2. Let us again
consider the linear combination, MS*, of mean squares in formula (9.1), in
conjunction with a balanced random model. All the random effects satisfy
the same assumptions regarding normality, independence, and equality of
variances, as was described in Section 8.4. Let us also express MS* as a
quadratic form, Y'BY, where B is given by formula (9.23). The variance-
covariance matrix of Y is

I=>" o7 Aj. (9.61)

Then, by an application of formula (8.20), it is easy to show that

k v+1

BE=| Y P (X o4
. P

v+1

:Zﬁ (Z K,'jO'jz P;
-y (o) e

eW;

k
= Z “o0p;. [see (8.28)]

Since P; is idempotent of rank m;, and the P;’s are simultaneously diago-
nalizable, the nonzero eigenvalues of BX are given by % 5’ with multiplicity
m;(i=1,2,...,k). Hence,

min; {”‘T‘S‘}
1

K= ————
max; {%}
1

If the values of %> % are highly variable, then k will be small, which results in
a large value of )\maX(K) leading to unsatisfactory Satterthwaite’s approxima-
tion. This Conclusmn agrees with the results given in Section 9.2, where the
equality of %2 iy ., k, was a necessary and sufficient condition for
Satterthwaite’s approx1matlon to be exact, that is, for MS* to have a scaled
chi-squared distribution (see Corollary 9.1).
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Appendix 9.A: Determination of the Matrix G
in Section 9.2.1

From Lemma 8.12, we have the orthogonal matrix

Q*: [QO . Ql : "':Q’V-l—l]/
which is defined in formula (8.46). The m; columns of Q; are orthonormal
eigenvectors of P; corresponding to the eigenvalue 1 such that P; = Q;Q; and
Q;Qi =I, (=01,...,v+1).LetG= Q*/. It is easy to see that
GPiG' = Q" QQ Q'
=A;, i=01...,v+1,
where A; is a block-diagonal matrix whose diagonal blocks are all zero, except

for the ith block, which is equal to I;;;; (i = 0,1, ...,v + 1). It follows that G
diagonalizes Py, Py, . .., P41 simultaneously. O

Exercises

9.1 Davenport and Webster (1973) reported an experiment where three
uncalibrated thermometers (factor A) were randomly drawn from a
large stock and three analysts (factor B) were randomly chosen from
a large number of analysts. Each analyst used each thermometer to
determine the melting point of a homogeneous sample of hydroquinone
following a specified procedure. This was repeated on three separate
weeks (factor C). The results are given in the following table. The same
data set was initially given in Johnson and Leone (1964, pp. 239-240).

Thermometer (A)
Analyst (B) Week (C) 1 I II

1 1 174.0 173.0 1715
2 173.5 1735 1725
3 174.5 173.0 173.0
2 1 173.0 172.0 171.0
2 173.0 173.0 172.0
3 1735 1735 1715
3 1 173.5 173.0 173.0
2 173.0 173.5 173.0
3 173.0 1725 1725

Source: Davenport, ] M. and Webster, ].T., Technometrics,
15,779, 1973. With permission.
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9.2

9.3

9.4

Linear Model Methodology
The model considered for this experiment is

Yijk = w4+ &) + Bg) + Yy + (@B)aj + By + €djp.

where o), B(j), and v denote the effects associated with factors A,
B, and C, respectively. All effects are considered random under the
usual assumptions of normality, independence, and equal variances.
Note that the interaction (cvy) ;) was not considered here because the
characteristic of a thermometer was not expected to vary from one week
to another.

(a) Test the significance of G%XB and 0% _, the two interaction variance

By’
components. Let o« = 0.05.
ey . .o 2
(b) Apply Satterthwaite’s procedure to test the significance of o7, the

variance component associated with factor B. Let o« = 0.05.

(c) Obtain an approximate 95% confidence interval on 0%5 using Sat-

terthwaite’s approximation.

(d) Compute the actual level of significance of the approximate F-test

concerning the hypothesis Hy : (7%3 = 0 versus H, : 0%3 > 0 at the

nominal 5% level, given that O'%xﬁ =0.05, ()%y =0.10, and (72€ = 0.01.
Consider the ANOVA table for Exercise 8.10.

(a) Use the methodology described in Section 8.7.1 to obtain an exact,
but conservative, confidence interval on 0%5 () Witha coverage prob-
ability greater than or equal to 0.90.

(b) Obtain an approximate 90% confidence interval on 6%3 () USING Sat-
terthwaite’s approximation.

(c) Compare the actual coverage probabilities for the intervals in parts
(a) and (b) given that 0%5( w =0.35 and 02 = 0.25.

Consider the expression for ¥ in formula (9.14).

(a) Show thatmin(n; — 1,1, — 1) <V <ny +npy — 2.

(b) Under what condition would the upper bound in the double
inequality in part (a) be attained?
[Hint: See Gaylor and Hopper (1969, p. 693).]

Consider the ANOVA table for Example 9.1 (Table 9.2) and the corre-
sponding test statistics, F1 and Fp, given by formulas (9.18) and (9.20),
respectively, for testing Hy : 02 = 0 versus H, : 0% > 0. Let « = 0.05 be

the nominal level of significance for both tests.

: 2
Compare the actual Type I error rates for both tests given that o ) =

0.10, 0% = 1.5, 0% 4, = 1.7,and 07 = 1.
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9.5

9.6

9.7

9.8

9.9

Consider again the data set for Example 9.1 and the test statistic F»
in (9.20).

Use the methodology described in Section 9.2.1 to determine the ade-
quacy of Satterthwaite’s approximation of the distributions of both
numerator and denominator of F, (give the values of Bartlett’s and
Levene’s test statistics in each case).

Let X1, Xp, ..., X, be mutually independent random variables such that
X ~ X% (i=12,...,n). Let ay,ay,...,a, be positive constants. Show

that
n
P <ZaiXi < c) <PaX <o,

i=1
where c is any positive constant, a = ([T, 2:)!/", and X ~ x3.

Let X1, X5, ..., Xk be mutually independent random variables such that
X; ~ x%i (i=1,2,...,k). Letay,a,...,a; be positive constants. Show
that

k

P ZaiXi <c| <P@X <o),
i=1

\1/n
where ¢ is any positive constant, a = (]_[i»c=1 a?’) , N = Zi»‘:l nj, and
2
X~ X5
[Hint: This is an extension of Exercise 9.6. It can be reduced to the

previous case by decomposing X; (i = 1,2, ..., k) into n; mutually inde-
pendent x? variates with one degree of freedom each.]

Consider a special case of Exercise 9.7 wherek = 3and X; ~ X%, Xo ~ X%,

X3 ~ X§~

(a) Approximate the distribution of X7 + 5 X» + 3 X3 using the method
of Satterthwaite.

(b) Use part (a) to find an approximate value of P (X; +5X2 +3X3 <
46.8).

(c) Compare the result from part (b) with the upper bound, P (¢ X < ¢),
in Exercise 9.7, where ¢ = 46.8.

Consider the two-way model and corresponding ANOVA table

(Table 9.3) for Example 9.2. Let (13 be the linear combination of mean
squares given in (9.41), that is,

A 1 1 5 2
b= EM5A+§MSB+%M5AB+§M5E-
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(a) Use the methodology described in Section 9.3 to develop a mea-
sure to assess the closeness of Satterthwaite’s approximation of the

distribution of ¢.
(b) Provide a plot of Apax(k), 0 < k < 1.

[Hint: Use formula (9.52) and Table 9.6.]



10
Unbalanced Fixed-Effects Models

We recall from Chapter 8 that a data set consisting of the values of some
response, Y, is said to be balanced if the range of any one subscript of Y does
not depend on the values of the other subscripts. If this condition is not
satisfied by the data set, then it is said to be unbalanced. Thus, we may have
unequal numbers of observations in the subclasses of the data, with possibly
some subclasses containing no observations at all. In the latter case, we say
that we have empty subclasses or empty cells. For example, in Table 9.1 which
gives the prices of a variety of food items sold in large supermarkets (see
Example 9.1), we have a total of 48 cells each containing three observations
(prices recorded for a total of three months). If, for example, for supermarket
2 in area 1, the price of food item 2 was recorded only twice, then we end
up with a data set that violates the condition stated earlier. It is also possible
that no information at all was recorded regarding the price of such an item
in that supermarket. In this case, the cell (1, 2, 2) corresponding to area 1,
supermarket 2, and food item 2 will be empty.

In contrast to balanced data, the analysis of unbalanced data is much
more involved. The main difficulty stems from the fact that in the case of
unbalanced data, the partitioning of the total sum of squares can be made in a
variety of ways; hence there is no unique way to write the ANOVA table as is
the case with balanced data. Furthermore, the nice properties we saw earlier
for balanced data in Chapter 8 are no longer applicable to unbalanced data.
This makes it very difficult to develop a unified approach for the treatment of
unbalanced data. It is therefore not surprising that such data are sometimes
labeled as messy. Linear models representing unbalanced data are referred to
as unbalanced models.

In this chapter, we consider the analysis of some unbalanced fixed-effects
models, that is, models having only fixed effects except for the error term.
The methodology described here depends on a particular notation called the
R-Notation, which will be defined in the next section.

10.1 The R-Notation

Consider the model
Y=XB+e¢, (10.1)

301
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where
X is a matrix of order n x p
B is a vector of fixed unknown parameters
€ is an experimental error vector assumed to have a zero mean and a
variance—covariance matrix o2 I,

Suppose that X is partitioned as X = [X; : X2], where X7 and X, are of
orders n x p1 and n x py, respectively. The vector 3 is partitioned accordingly

asp = ([3/1 : [3,2)’. Model (10.1) can then be written as
Y = Xl Bl + Xzﬁz + €. (102)

The regression sum of squares for the full model, that is, model (10.1) is
SSReg = Y'X(X'X)”X'Y, as was seen in formula (7.7). Let this sum of squares
be denoted by R(p), or, equivalently, R(1, B,). We thus have

R(B1,B2) =YXX'X)"X'Y. (10.3)
Let us now consider the reduced model,
Y=XiB1+e (10.4)
Its regression sum of squares is likewise denoted by R(31) and is given by
R(By) = YX1(X;X1) X, Y. (10.5)

The difference between the regression sums of squares in (10.3) and (10.5) is
denoted by R(B, | B1). We thus have

R(By | B1) =R(B1,B2) —R(B1)
= Y[XX'X)"X — X1(X; X1) XY (10.6)

We note that R(B, | B1) represents the increase in the regression sum of
squares which results from adding B, to a model that contains only 1. In
this case, 3, is said to be adjusted for 1, or that B, is added after 3,. Thus,
the equality,

R(B1,B2) = R(B1) +R(By | B1), (10.7)

provides a partitioning of the regression sum of squares for the full model
into R(B1) and R(B | B1)-

Formula (10.7) can be easily generalized whenever (3 is partitioned into k
subvectors 31, 35, . .., Bx so that

R(B) =R(B1) +R(Ba | B1) + -+ R(Bx | B1, B2, - -+, Br—1),

wherefori = 3,4, ...,k theith R-expression on the right-hand side represents
the increase in the regression sum of squares which results from adding ; to
a model that includes B4, ..., Bi_1-
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For example, for the model
Yij = w4 ap + B + €ap.

the regression sum of squares for the full model, denoted by R(w, «, 3), can
be partitioned as

Ry, o, ) = R(w) + R(ex | W) + R(B | 1, ),

where R(p) is the regression sum of squares for a model that contains only p,
R(a | p) = R(p, «) — R(p), with R(p, &) being the regression sum of squares
for a model that contains only pand «, and R(B | 1, «) = R(i, o, ) — R(p, ).

The following theorem can be easily proved on the basis of the general
principles outlined in Chapter 5 (see Exercise 10.1).

Theorem 10.1 Consider model (10.2) where it is assumed that € ~ N(0, 62I,,).
Let r = rank(X) and rq = rank(X1). Then,

(a) % R(B, | B1) has the noncentral chi-squared distribution with r — rq

degrees of freedom and a noncentrality parameter given by
1 ! / ! / /
A= ? |32[X2X2 - X2X1(X1Xl)_X1X2]62-
(b) R(B1), R(B7 | B1), and SSg are mutually independent, where SSk is the

error (residual) sum of squares for model (10.2).

(c) E[R(B; | B1)] = 02 A+0? (r—r71), where A is the noncentrality parameter
in (a).

It can be seen on the basis of Theorem 10.1 that the F-statistic,

£ _ RB2 1B/ = 1)

SSg/(n—71) (10.8)

with r—rq and n—r degrees of freedom, can be used to test the null hypothesis
Ho : [T, — X1(X;X1) " X;1X2B, = 0. (10.9)

(see Exercise 10.2). In particular, if X is of full column rank, then this null
hypothesis is reduced to Hp : 3, = 0.

There are particular R-expressions used in testing certain hypotheses for
model (10.1). These expressions represent sums of squares known as Type I,
Type II, and Type III sums of squares.

Definition 10.1 A Type I sum of squares (S.S.) for an effect, u, in the model is
R(u | vy), where v, represents all the effects preceding u in the model. Type I
sums of squares are obtained by adding one effect at a time to the model
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until all effects have been added. For this reason, such sums of squares are
described as being sequential.

For example, Type I sums of squares for the o- and (3-effects in the model,
Yii = u+aup+ B +eq, i =12...aj=12..>bare R(e | p) and
R(B | w, &), respectively. If, however, the same model is written as Y;; =
K+ B(j + & + €j, then the corresponding Type I sums of squares for 3
and ocare R(B | p) and R(ex | w, B), respectively. Thus, Type I sums of squares
depend on the ordering of the effects in the model. Note that the Type IS.S. for
pisR(w) = 7,4 Z]bzl Yl-j)2 /(ab), which is usually referred to as the correction
term. We also note that R(n), R(x | p), and R(p | p, &) provide a partitioning
of the regression sum of squares, R(y, &, 3), for the model.

Definition 10.2 A Type II sum of squares (S.S.) for an effect, u, in the
model is adjusted for all the other effects in the model, except for those
that contain u (i.e., not adjusted for interactions involving u, or effects nested
within u).

For example, for the model, Yij = u+ i) + B(j) + €dj, the Type Il sums of
squares for the - and (3-effects are R(x | 1, ), R(B | p, x), respectively. Also,
for themodel, Yijx = n+ogp)+Bj+ (B teijn (=1,2,...,4j=12,...,b;
k=1,2,...,n), the Type Il sums of squares for the - and -effects, and the
() interaction are R(e | w, B), R(B | p, &), and R(xf | 1, , B), respectively.
Note that Type II sums of squares do not necessarily add up to the total
regression sum of squares for the model, but are invariant to the ordering of
the effects in the model.

Definition 10.3 A Type Il sum of squares (S.S.) for an effect, u, is, in principle,
obtained by adjusting u for all the other effects in the model.

This definition makes sense when the model in (10.1) is of full rank (as
in a regression model). However, for a less-than-full-rank model and in the
absence of any constraints on the model parameters, this definition may
produce a value equal to zero for some of the effects in the model, as will be
seen later in Section 10.3. Type III sums of squares are also called partial sums
of squares.

10.2 Two-Way Models without Interaction

Consider the two-way without interaction model,

Yijk = U+ xig + [5(]‘) + €i]‘(k), i= 1,2,...,11;j= 1,2,...,b; k= 0,1,...,71,']‘,
(10.10)
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where y, «), and f(j are unknown parameters with the latter two
representing the effects of the levels of two factors, denoted by A and B,
respectively, and the elements of €;i) are independently distributed as

N(0, 6%). We assume that n. > a4+ b — 1, where n_ is the total number of
observations. Note that 7;; can be zero for some (i, j) indicating the possibility
of some empty (or missing) cells. This model can be written in vector form
as in (10.1). In this case, the matrix X is of order n_ x (a + b+1) of t/he form,
X = [1, : H; : Hyl, where Hy = &?_,1,,, H, = [ea}bzllnlj : @]b:llnzj U
69]%’:11;%]’, andn; = 2?21 n;j. Note that X is of rank 2+ b — 1. This results from
the fact that the 2 columns of X corresponding to the x;)’s add up to the first
column of X, which is the column of ones. The same applies to the b columns
of X corresponding to the 3(;s. Furthermore, the vector 3 in (10.1) consists
of y, the «(;)’s, and the 3(j,’s in model (10.10).

10.2.1 Estimable Linear Functions for Model (10.10)

Let w;j = p+ o) + B(j) be the mean of the (7, j)th cell. If cell (7, j) is nonempty,
then ;; is estimable. Since the rank of X is a + b — 1, the number of linearly
independent estimable linear functions of the parameter vector in the model
must be equal to a + b — 1. Furthermore, if for a given j, pjj — py; is estimable
for some i # ', then so is ag) — o). Likewise, if for a given i, w; — ;y is
estimable for some j # j’, then 3(j — B(j is also estimable.

Lemma 10.1 Suppose that the pattern of the two-way data is such that o;y —
o and Bj — B(j are estimable for all i # i’ and j # j' for model (10.10). If
(io, jo) is a nonempty cell, then

(a) All cell means, pjj, in the model are estimable.

(b) Kipjo, %) — (i), and Bjy — Bj, for all i # 7" and j # j/, form a basis
for the space of all estimable linear functions of the parameters in the
model.

Proof.
(a) Forany (i,j) # (io, jo), wij can be written as
Wij = 1+ & + B())
=+ &) + Bjo) + i) — %) + By — Bjio)
= Wigjp + %X(i) — %iig) + Bj) = Bjoy-

The right-hand side is the sum of estimable functions, hence Wi is
estimable for all (7, j).

(b) This is true since all these functions are estimable in addition to being
linearly independent, and their number is equal to a + b — 1, the rank
of X. O
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In general, if AB is an estimable linear function of the parameter vector
B, where A is a known matrix of order s x p and rank s (s <a+b — 1 and
p = a+ b+ 1), then by the Gauss—-Markov Theorem (Theorem 7.6), its best
linear unbiased estimator (BLUE) is given by AP, where p = (X’X)"X'Y and
Y is the vector of n_ observations from model (10.10). It follows that under
the estimability condition of Lemma 10.1, the BLUE of p;; is

fij =i+ &y + B, i=12...,4j=12...,b, (10.11)

where {i, &) (i=1,2,...,a) and (%(j) (G=1,2,...,b)are the 1 +a+ b elements
of 3. Furthermore, &g, — &y and B = B j) are the BLUEs of o) — o
and B(j) — B(j), respectively. In particular, the following linear functions are
estimable:

b b
1 1
s M= nt a3 B (10.12)
j=1 =1
1o 1w
S owi= ek Y a + B, (10.13)
i=1 i=1

and their BLUEs are %Z]l-’:l {;; and 15 {L;j, respectively. By definition,
%Z]b:l wij is the least-squares mean for row i (i = 1,2,...,a), denoted by

LSM(oj)), and % i1 Wij is the least-squares mean for column j, denoted by
LSM(Bj))- These means are also called population marginal means (see Searle,
Speed, and Milliken, 1980).

The least-squares means should not be confused with the weighted means of

the cell means in row 7 and column j, namely, % Z]b:l njjp; and nl] >0 ik,
respectively, where nj = Z?:l 1jj i=12...,4,j=1,2,...,b). If the data
set is balanced, then the least-squares means are equal to the corresponding

weighted means.

10.2.2 Testable Hypotheses for Model (10.10)

In general, if A is an estimable linear function of 3, where, as before, A is a
known matrix of order s x p and rank s (< a 4+ b — 1), then the hypothesis,

Hy: AR =m, (10.14)

is testable (see Definition 7.2), where m is a known constant vector. Using the
methodology in Section 7.4.2 and under the assumption that € in model (10.1)
is distributed as N(0, O'ZIn__ ), the test statistic for Hy is given by the F-ratio

_ (AB —m)/[AX'X)"A]"' (AB —m)

F
sMSg

(10.15)
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where MSg = SSg/(n. —a — b+ 1) is the error (residual) mean square. Under
Hy, F has the F-distribution with s and n. —a — b+ 1 degrees of freedom, and
Hy is rejected at the a-level if F > F ¢y —g—p+1-

Let us now consider model (10.10) under the assumption that the €;)’s

are independently distributed as N(0, 02). If the estimability condition stated
in Lemma 10.1 is valid for a given data set, then all the cell means, namely
Hij, fori =1,2,...,a;j = 1,2,...,b, are estimable. There are two types of
hypotheses that can be tested concerning the levels of factors A and B. The
development of these hypotheses is based on the following lemmas.

Lemma 10.2 R(p), R(x | w), and R(B | p, o) are mutually independent and
are independent of MSg = SSg/(n. —a — b+ 1), the error mean square for
model (10.10). Furthermore, R(c | 1)/0? and R(B | w, «)/0? are distributed
as chi-squared variates with a — 1 and b — 1 degrees of freedom, respectively,
and SSg/0? ~ Xi a—bt1-

Proof. This follows directly from applying Example 5.6 since

R(w 4+ R(x | W) +R(B | m, &) +SSE=Y'Y. O

It can similarly be shown that R( | p), R(x | i, 3), and SSg are mutually
independent, and that R( | n)/ 02 and R(«x | u, B)/0? are distributed as chi-
squared variates with b — 1 and a — 1 degrees of freedom, respectively [Here,
R(w), R(B | w), R(ee | w, B), and SSg provide a partitioning of Y'Y].

Lemma 10.3 The noncentrality parameter of R(« | 1)/0? is equal to zero if
and only if the values of

b
1 .
A= o)+ o Zni]- By i=12,...,4, (10.16)
j=1
are equal for all i.

Proof. We have that

R(oc | 1) = R(p, o) — R(w)

-Y [é (%In,-,) - %In.,] Y.

i=1

The matrix, @7, (% ]”i,) - nl J. , is idempotent of rank a — 1. The noncen-
trality parameter, 6, of R(x | p) /02 is

1, /(1 1
O=w [@ (afni_) - [In__} u, (10.17)

i=1
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where u is the expected value of Y given by

u=ul, +Hi(xy, ..., %) +Ho(B1,B2,...,Bp),

and H; and H> are the matrices defined in the beginning of Section 10.2.
Now, 6 = 0 if and only if

(1 1
|:@ (n_In,> - n_In:| U= 0.
l:l 1. .

It is easy to show that
(1 1 ;o .
BT )— =T |u=lw 1w . cu, T, (10.18)
i=1 N =

where u; is a column vector of n; elements (i = 1,2,...,a) of the form

b b
1 o 1 1 ,
uj = oc(i)—n—Zn]-, %+ > i Bao — - > By | 1n, i=1,2,...,a
" j=1 “ k=1 " 1=l

From (10.18) we conclude that 8 = 0 if and only if u; = 0 fori = 1,2,...,4,
that is, if and only if the values of A; in (10.16) are equal for all i. O

It can similarly be shown that the noncentrality parameter of R(j3 | n)/ o?
is equal to zero if and only if the values of

1 « ,
B+ - > njap, j=1,2,...,b, (10.19)
J i=1

are equal for all ;.

Lemma 10.4 The noncentrality parameter of R(3 | u, &)/ o?is equal to zero if
and Ol‘lly if [5(1) = [3(2) =...= B(b)-

Proof. Let us apply Theorem 10.1 to model (10.10). In this case, X1 = [1; :
Hil, X, = Hy, B, = (B1,B2,--.,Pp), and the noncentrality parameter of
R(B | 1, x)/0?is equal to A, which is given in part (a) of Theorem 10.1. Since

the matrix I,, — X (X/1X1)_X/1 is idempotent, A = 0 if and only if
L, — X1(X;X1) " X;1X2B; = 0. (10.20)

It is easy to show that

I, —X1(X,X1) " X)X2By = [0, :0y:...:0,], (10.21)
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where v; is a column vector of n; elements (i = 1,2,...,a) of the form

Bylny
B2 ln, 1 b
v = : - (n—L Znij fs(j)) 1,,i=12,...,a (10.22)
j=1
By Lny,
From formulas (10.20)—(10.22) it follows that A=0 if and only if B1) =B ) =
oo =B O

In a similar manner, it can be shown that the noncentrality parameter of
R(a | 1, B)/0? is equal to zero if and only if a1y = ) = - - - = ().

10.2.2.1 Type I Testable Hypotheses

Type 1 testable hypotheses for model (10.10) are those hypotheses tested by
F-ratios that use Type I sums of squares in their numerators. If the model
is written so that o) appears first followed by ;) then Type I sums of
squares for factors A and B are R(x | w) and R( | i, o), respectively. The
corresponding F-ratios, are

_ R@|p
Fla|w) = @— 1) Ms; (10.23)
R ,
FB | 1 o) = w(ﬂ—)%"; (10.24)

If, however, the model is written with ;) appearing first followed by
o), then Type I sums of squares for factors B and A are R(p|u) and
R(a| p, B), respectively, as was seen in Section 10.1, and the corresponding
F-ratios are

_ RBIw
FBIw= m (10.25)
R ,
Flo |, B) = % (10.26)

Now, F(x | p) and F(f | ) test the hypotheses that their corresponding
noncentrality parameters are equal to zero. On the basis of Lemmas 10.2 and
10.3, the hypothesis tested by F(o | p) is

b
1 ,
Ho : o + - Z;ni]- B(j) equalforalli=1,2,...,a. (10.27)
j=
Similarly, the hypothesis tested by F(3 | p) is

1 a
Ho: B¢y + — i O lforallj=1,2,...,b. 10.28
0 [3(]) + "y ;nl] ag) equal for all j ( )
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Using the cell means, p;j, (10.27) and (10.28) can be written as

b
1
Hy : — Znif i equalforalli=1,2,...,a (10.29)
1. .
j=1
1 a
Hp: — Z njj ;i equal forall j=1,2,...,b. (10.30)
1 i=1

The hypothesis in (10.29) indicates equality of the weighted means of the
cell means in rows 1,2,...,4, and the one in (10.30) indicates equality of the
weighted means of the cell means in columns 1,2, ...,b. These hypotheses
are not desirable for testing the effects of factors A and B since they are data
dependent (they depend on the cell frequencies). A hypothesis is supposed
to be set up before collecting the data in a given experimental situation. Thus,
F(oo | w) and F(P | p) are not recommended F-ratios for testing the effects of A
and B. Let us therefore consider the other two F-ratios, namely, F(« | p, 3) and
F(B | p, ), whose corresponding hypotheses are described in the next section.

10.2.2.2 Type Il Testable Hypotheses

Type II testable hypotheses for factors A and B are hypotheses tested by the
F-ratios shown in formulas (10.26) and (10.24), respectively. Given that these
ratios test that their corresponding noncentrality parameters are equal to zero,
we conclude, on the basis of Lemmas 10.2 and 10.4, that these hypotheses are
of the form

Ho: @y = x@) =+ = o) (10.31)
Ho:Bay =B =" =Bwp- (10.32)
Using the cell means, p;j, (10.31) and (10.32) can be written as

b

1 .
Hp: ; Z i equalforalli=1,2,...,a (10.33)
j=1
1 a
Hy: - 21: Hij equalforallj=1,2,...,b. (10.34)
1=

We recall from Section 10.2.1 that the expressions in (10.33) and (10.34) are
the least-squares means for row i and column j, respectively (i = 1,2,...,4;
j=1,2,...,b). Thus, the F-ratios, F(x | 1, 3) and F(f | pu, &), test equality of
the ;)’s and of the 3(;)’s, respectively, or equivalently, equality of the least-
squares means for the a rows and b columns, respectively. These hypotheses
do not depend on the data and, unlike Type I hypotheses, are invariant to the
ordering of the effects in model (10.10). Furthermore, such hypotheses are of
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the same form as the ones tested in a balanced data situation. Consequently,
the F-ratios in (10.26) and (10.24) are the recommended test statistics for
testing the effects of factors A and B, respectively. The hypothesis in (10.33) is
rejected at the a-levelif F(« | u, B) > F 4—1 —a—b+1- Similarly, the hypothesis
in (10.34) is rejected at the «-level if F( | 1, &) > Fy p—11 —a—b+1-

Note that the Type I hypothesis for the last effect in the model is identical
to its Type II hypothesis, and the corresponding F-ratios are identical. In
particular, if the data set is balanced, then Type I and Type Il hypotheses and
F-ratios are the same.

It should also be noted that, as a follow-up to the Type II tests, if a par-
ticular F-test is significant, then any multiple comparisons among the levels
of the corresponding factor should be made using the least-squares means
of that factor. Thus, multiple comparisons among the weighted means of the
cell means (for the a rows and b columns) should not be considered since
this amounts to testing using the F-ratios, F(« | p) and F(3 | w), which is
undesirable. For example, to compare the least-squares means for rows i and
i’ (i # i), we can consider the null hypothesis, Hy : a;3 = a;, B, where a; and
a; are known constant vectors so that a;B = LSM(«x(;)) and a;-, B = LSM(x)).
The corresponding test statistic is

o (ai —ay) B
" [(ai — ap) (X'X)~(a; — ay) MSE]Y/?

(10.35)

where [L:} = (X’X)~X'Y. Under H,, this statistic has the t-distribution with
n,—a—b+1 degrees of freedom. The two least-squares means are considered
to be significantly different at the a-level if | t |> ty/5 n —g—p+1- A similar
t-test can be used to compare the least-squares means for columns j and j’
G#1)

Example 10.1 An experiment was conducted to study the effects of three
different fats (factor A) and three different additives (factor B) on the specific
volume of bread loaves. The resulting data are given in Table 10.1. We note
that we have two empty cells, but the estimability condition of Lemma 10.1
is clearly satisfied. Thus all nine cell means are estimable. The error mean
squares is MSg = 0.7459 withn_ —a—b+1 =17 -3 — 3+ 1 = 12 degrees
of freedom. Tables 10.2 and 10.3 give the results of the Type I and Type II
analyses.

It may be recalled that testing the significance of the effects of factors A
and B should be made on the basis of the Type II analysis. Using Table 10.3,
we find that the F-ratios for factors A and B are F(x | y, ) = 2.09 (p-value =
0.1665) and F(B | p, &) = 14.73 (p-value = 0.0006), respectively. Thus, the
effect of B is significant, but the one for A is not. This means that we have
significant differences among the least-squares means for the three additives,
but no significant differences can be detected among the least-squares means
for the three fats. The values in Tables 10.2 and 10.3 were obtained by using
the SAS software (SAS, 2000, PROC GLM) (see Sections 10.4 and 10.5).
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TABLE 10.1
Volume of Bread Loaves Data
B = Additive
A = Fat 1 2 3
1 6.4 7.3 —
6.2 7.1
6.5
2 59 — 7.1
5.1 7.5
6.9
3 41 7.3 9.2
42 6.5 8.9
8.1
TABLE 10.2
Type I Analysis for Model (10.10)
Source DF TypeISS MS F p-Value
A 2 0.4706 0.2353 0.32 0.7353
B 2 21.9689 10.9844 14.73 0.0006
TABLE 10.3
Type II Analysis for Model (10.10)
Source DF Type I SS MS F p-Value
A 2 3.1175 1.5587 2.09 0.1665
B 2 21.9689 10.9844 14.73 0.0006

Note that from Table 10.2, the Type I F-ratios for A and B according to
model (10.10) are F(x | n) = 0.32 and F(B | u, ) = 14.73, respectively.
Table 10.2 does not give the value of F( | w), which is actually equal to
12.95. To get this value, the SAS model has to be rewritten with the effect of
B appearing first followed by the one for A. In any case, F(3 | u) and F(o | p)
should not be used to test the effects of B and A, as was mentioned earlier.

The best linear unbiased estimates of the least-squares means for the levels
of factors A and B are given by [see also formulas (10.12) and (10.13)]

3
— A 1 A .

3

Yy .1 N N .

LSM(Bj) =+ 3 § &i + By, =123,
i—1
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TABLE 10.4
Estimates of the Least-Squares Means
A @(CX(D) B L/S-M(B(]))
1 7.5668 1 5.3910
2 6.2587 2 7.0057
3 6.8854 3 8.3142
TABLE 10.5
Pairwise Comparisons among the Least-Squares
Means of B
B
B 1 2 3
1 . —3.03472 —5.2178
(0.0104) (0.0002)
2 3.0347 . —2.0378
(0.0104) (0.0642)
3 52178 2.0378 .
(0.0002) (0.0642)

a t-value for the difference, @(6(1)) - EA\/I([S@)). The quantity
inside parentheses is the p-value.

where {1, &; (@ = 1,2,3), and [AS(j) (j = 1,2,3) are the elements of [AS =
(X'X)~X'Y. Using Table 10.1, the actual values of L/S]\\/I(cx(i)) and L/SZ\\/I((S(]-))
are shown in Table 10.4. Since the test for factor B is significant, it would be
of interest to compare its least-squares means using the t-test described in
Section 10.2.2.2. Table 10.5 gives the f-values for the pairwise comparisons
among the three levels of B along with their corresponding p-values.

The entries in Tables 10.4 and 10.5 were obtained by using the following
statements in SAS’s (2000) PROC GLM:

PROC GLM;
CLASS A B;
MODEL Y = A B;
LSMEANS A B/TDIFF;
RUN;

where “LSMEANS A B” stands for the least-squares means for the levels
of factors A and B, and “TDIFF” is an option that requests the t-values for

the pairwise comparisons of the least-squares means along with their corre-
sponding p-values.
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10.3 Two-Way Models with Interaction

Let us now consider the complete two-way model,
Yije = 1w+ oy + B + (xB)aj) + €ijo. (10.36)

i=12..,4j=1,2..bk=12..,n; Note that nj > 0 for all i, j
indicating that the data set contains no empty cells. This is an extension of
model (10.10) with the addition of the interaction effect, () i), i=1,2,...,a
j=1,2,...,b. Thus all the cell means, Hij, are estimable for all i, j. As before,

the €;j)’s are assumed to be independently distributed as N(0, o?).
For this model, the matrix X in (10.1) is of order n x (1 +a + b + ab) of
the form

X =1, :H;:H,:Hj], (10.37)

where H1 and H; are the same as in Section 10.2 and H3 = 69?:1 Gajl.’:l 1"1‘]" We

note that the rank of X is equal to ab, which is the rank of H3. We assume that

n.. > ab. The vector, B, of unknown parameters in (10.1) consists in this case

of u, the s (i=1,2,...,a), the B;)’'s (j = 1,2,...,b), and the (xf))’s.
Since ;; is estimable for all i and j, all linear functions of ;; are also

estimable. The BLUE of y; is Y;j = % DY (=12,...,4j=12,..,b)
This follows from the fact that § = (X'X)"X'Y gives (i = 0, &; = 0 (i =

1,2,...,0, B85 =0G =12...,b),and () = Vi (i = 1,2,...,a; ] =
1,2,...,b). In particular, the following linear functions are estimable:

LSM(x)) =

S =

b
D Hi
j=1

b b

1 1 .

=utan+y > B+ i’ > @By, i=1,2,...,a, (10.38)
j=1 j=1

1 a
LSM(Bj) = — Zl Wi
1=

1« 1 — ,
=nt- > o+ Bj + - > @B, j=1,2,...,b, (10.39)
io1 i=1
Ojj, iy = Wij — Wiy — Wij + Wiy

= (xP)j) — Py — (@B)rjy + (B iy,

it =12,...,4j#%]=12..,Db (10.40)
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b
1
WM(x;)) = . E 1 Wij,
1. .
=1

b b
1 1
Ul D miBg + o > nij (B,
1. ]:1 1. ]=1
i=12,...a, (10.41)

1 a
WMPBj) = — > nijk,
T i=1

1 ¢ 1 &
=pt - Znijfxa) + B+ - Z”ij (B ).
1 =1 1 =1

i=1,2,...,b. (10.42)

Here, LSM(ov(;)) and LSM(fj)) are the least-squares means for row i and
column j, respectively (i = 1,2,...,4;j = 1,2,...,b), ©jj7y is an interaction
contrast to be defined later in Section 10.3.1 (i # 7, j # j'); WM(e)) and
WM(j)) are the weighted means of the cell means in row i and column j,
respectively i=1,2,...,4;j=1,2,...,b).

10.3.1 Tests of Hypotheses

The analysis of model (10.36) with regard to the testing of the main effects
of A and B can be carried out using the so-called method of weighted squares
of means (MWSM), which was introduced by Yates (1934). The following is a
description of this method.

Let Xjj = Yi]', = ni]] ZZL Yijx. The MWSM is based on using the Xjj’s in
setting up the following sums of squares for A and B:

a
SSaw =Y wii(Xi — X10)? (10.43)
i=1
b - -
SSBw = Z wyi(Xj — Xow)?, (10.44)
j=1

- - -1
1\b 1N 1 b 1
where X; = I E j=1 X,‘j, X] =4 g i=1 Xl']', wi; = (b2 E j=1 ”z‘j) , Wi =

-1 _ _ _
(ﬂlz di n%]) , Xiw = YiqwiiXi/Yijwi, and Xpw = Z]l.’zl Wy
% b
Xj/ 3j=1 wyj. Note that
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Var(X;) = o~ Z — =12,...,a,
i

5 02 o 1
VarXj) == > —, j=12,...,b.
s

Thus, the weights, w1; and waj, used in the sums of squares in (10.43) and
(10.44) are equal to 02/Var(X;) and o2/Var(X ]), respectively. Furthermore,

Xiw and Xs, are the welghted averages of the X;’s and the X s, weighted
by the wi;’s and the wy;’s, respectively.

Theorem 10.2 If the €;i)’s in model (10.36) are mutually independent such
that €ijk) ~ N(0, 02), then

(a) Ssz"iw/c2 ~ ngl(?\lw)-

(b) 8SBw /0% ~ Xp_1(M2w)-
(c) The error sum of squares for model (10.36), namely,

ﬂl]

SSg = Z Z > i — Yi)?, (10.45)

i=1 j=1 k=1
is independent of 554, and SSp.
(d) SSE/0® ~ 32

where A1, and Ay, are the noncentrality parameters associated with factors
A and B, respectively.

Proof.

(a) The X;’s are mutually independent and normally distributed such that

b
- 1
E(Xi) = 5 > Wi
j=1
=LSM(ag), i=1,2,...,a,

which is the least-squares mean for level i of A [ see (10.38)], and

- 0'2
Var(X;) = —, i=1,2,...,a.
w1

LetX = (X1,X2,...,X,). Then, X is normally distributed with mean
E(X) = [LSM(xq1)), LSM(x(2)), - - ., LSM(oxa))7, (10.46)
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and a variance—covariance matrix,

Var(X) = o2 diag (wil, wle, e, wla1> (10.47)

Let wq = (w11, w12,...,w1,) . Then, SS4 in (10.43) can be written as

a ) 1 a B 2
55Aw = ; w1 Xj — S won (Z wliXi.>
1 _

ST wlwl} X. (1048)
Given the fact that X is normally distributed with the variance-

covariance matrix in (10.47), then by Theorem 5.4, SSaq /0%~
Xﬁ—l (Mw)- This is true because the matrix,

=X [diag(wn, w12, ..., W) —

1 [ 1 ,
— | diag(w11, w12, ..., Wiy) — =—— W1 W
= 1
02 Do Wi
. 1 1 ,
x o2diag (w Wiy, -vn, W, ) I, - w1l
117 P17+, Wy AT a ar
¢ Zi=1 w1

is idempotent of rank a — 1. The noncentrality parameter A1, is

1 .
Mw = s [EX)] I:dlag(wllrwuz---/wla) wlw1j| EX).

(10.49)

1
Zz 1w
(b) This is similar to (a).

(c) This follows from the fact that SSg is independent of the Xij’s and is
therefore independent of both 5S4, and SSg,.

(d) SSg = Y’ [In —af, e, ]nq]  where Y ~ N(XB,0%I, ). The
matrix, I, — EBb 1 nl ]n , is idempotent of rank n_ — ab. Hence,

SSg/0? is a chi- squared variate with n_ — ab degrees of freedom. Its
noncentrality parameter is zero since

@@ In,] H; = 0.
i=1 j= 1

Hence, the products of I); — @]_, @le n%] ]ni]. with 1,, , Hy, and Hj [see
(10.37)] are also zero. Consequently,

B'X’ @EB fn,] XpB =0. O

11]1



318 Linear Model Methodology

Lemma 10.5

(a) Theratio, Fo = = l)MS tests the hypothesis,

Hp : LSM(«;)) equalforalli=1,2,...,a. (10.50)
Under Hy, Fa has the F-distribution with a — 1 and n_ — ab degrees of
freedom.

(b) The ratio, Fp = (hff% tests the hypothesis,

Ho : LSM(Bj)) equalforallj=1,2,...,b. (10.51)
Under Hy, Fp has the F-distribution with b — 1 and n_ — ab degrees of
freedom.

Proof.

(a) The noncentrality parameter of SSaw /0% is A, which is given in
(10.49). Note that 6%A1, is the same quadratic form as the one in (10.48),
except that the mean of X is used instead of X. Using (10.43), A1, can
be written as

2
1
Mo = Z wj [LSM(oc@) ST on Z w11L5M(0<(1)):|
I= 1=1

i=1
Thus, A1, = 0if and only if
LSM((X(D) = LSM((X(Z)) =...= LSM(OC(,J)).

Under Hy, F4 has the central F-distribution witha—1and n_—ab degrees
of freedom by Theorem 10.2 (a, ¢, d).

(b) This is similar to (a). O
10.3.1.1 Testing the Interaction Effect

Consider the ratio,

R(aB | w, , B)

P(“B | H/OC/B) = (ﬂ—l)(b—l)MSE’

(10.52)

where

R(OC(S | W, &, (-J’) = R(l‘l‘l X, 6/ “‘3) - R(H/ X, [3)/ (1053)

is the increase in the regression sum of squares which results from adding
() ij) to model (10.10) giving rise to model (10.36). According to Definition
10.3, R(«p | w, &, PB) is Type III sum of squares for the interaction effect.
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Applying Theorem 10.1 with X1 = [1, : Hy; : Hy], Xo = H3, r = ab, r1 =
a+b—1,we find that

1 2
?R(“B | H, &, B) ~ Xab—a—b+1 (}\12)/
where

1 / ’ ’
A2 = g(cxﬁ)’Xz[In_, - X1 (X1 X1) " X(1Xo(xB), (10.54)

and (aB) = [(xB)11), (xB)12), - - -, (xB)(ap)]"- Furthermore, R(xp | w, o, B) is
independent of SSg, the error sum of squares in (10.45). Hence, F(xf3 | 1, o, 3)
has the noncentral F-distribution with (@ — 1)(b — 1) and n_ — ab degrees of
freedom and a noncentrality parameter A1p. By (10.9), A;2 = 0 if and only if

[, — X1(X;X1)~X;1X2(xB) = 0. (10.55)

Let us now consider the following lemma:

Lemma 10.6 The noncentrality parameter, A1, in (10.54) is equal to zero if
and only if

(06[3)(1']') =’Y11'+Y2]', i=1,2,...,a;j= 1,2,...,0b, (10.56)
where y1; and v,; are constants.

Proof. We have that X, = Hj. Also, the matrix, X1(X/1X1)’X/1 can be
written as

Xl(X1X1) X1 (Hy : Hy)[(Hy : Hy)'(Hy : Hp)1™ (Hy : Hy)',

since the column vector 1, in X7 is the sum of the columns of H; (also of
H>) and is therefore linearly dependent on the columns of (H; : H>). Formula
(10.55) can then be expressed as

Hj3 («f) = (H1 : Ha)v, (10.57)

where v = [(H1 : Hy)'(H1 : Hy)1™ (Hi : H2)'Hs (o). Let y be partitioned as
[y/1 Y/z] where y; and v, are vectors of 4 and b elements, respectively.
Recall that Hy = @®_,1,,, Hy = [69] 11n1] ®h 1, - 69] 1 na] H; =

=1 712]
7 EB] 1 1n;- From (10.57) we then have

a b a
[@ D h,,} (xB) = [@ 1,11;] Y1 +Havs. (10.58)
i=1 j=1 i=1

Each termin (10.58) is a vector of 1, elements consisting of a string of a vectors,
the ith of which consists of n; elements (i = 1,2,...,a). Equating the ith of
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such vectors on the left-hand side to the sum of the corresponding vectors on
the right-hand side, we get

b b
D1y | @B =viil + | DLy | V2, i=12..,8, (1059
j=1 =1

where (xf); is the corresponding ith portion of (xf) such that

(oB)i = [(aB)iy, (B2, - - -, (B iny],
and vyy; is the ith element of v (i = 1,2, ..., a). Equating the coefficients of 1, i
on both sides of (10.59), we get
@B =v1i+vey i=12,...,4j=12...,0
where 7yy; is the jth element of v, (j = 1,2,...,b). Formula (10.56) is then
proved. O

Lemma 10.6 indicates that A = 0 if and only if model (10.36) is additive,
that is, contains no interaction effect. This follows from the fact that (10.56)
implies that

Wij = 1+ &) + B + (@B
=p+ (G +vi) + By +vep), i=12,...,4]=12,...,0b
Thus, in this case, Wij is the sum of u, a constant depending on i only, and
another constant depending on j only. Consequently, the F-ratio, F(«xf3 | 1,

«, B), in (10.52) tests the hypothesis that the model is additive. If ©;; ;; is
defined as

Oy, i = (&P — (xB)py — (xB)jy + (aB) iy, forallisi’;j#f, (10.60)
then, ®;;, 7 = 0 if (10.56) is true. Note that ©;; 7 can also be written as

Oy, i = Wij — Wiy — Wyj + wyp, forallisi;j#j. (10.61)
This is a contrast in the means of the cells (i, j), (i, /), (7, ), (7', j), and is referred

to as an interaction contrast. We can therefore conclude that F(«p | u, , B) tests
the hypothesis

Ho : ©j,irp = () j) — (o) ijy — (xP)irjy + (@B)rjy
= Wjj — Wiy — Wij + Wiy
=0, foralli#i,j#]. (10.62)
This is called the no-interaction hypothesis. Note that the number of linearly
independent contrasts of the form ®j;,#; is equal to (@ — 1)(b — 1). The test
is significant at the o-level if F(af | 1, &, ) > Fy, (a—1)(—1),n_—ab- Since this
test statistic utilizes a Type III sum of squares in its numerator, namely,

R(oB | 1, &, B), it is considered a Type III F-ratio for the interaction.
Note that when (10.62) is true,

Wi — Wij = Wiy — Wy, foralli #i;j#].
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This means that the change in the mean response under one factor (using, for
example, levels i and i’ of A) is the same for all levels of the other factor (for
example, B). In this case, we say that factors A and B do not interact, or that
the A * B interaction is zero.

In the event the A x B interaction is significant, testing the main effects of A
and B using F4 and Fp, respectively, from Lemma 10.5 may not be meaningful.
This is true because comparisons among the least-squares means for A (or B)
can be masked (or obscured) by the interaction. More specifically, suppose
that we were to compare, for example, LSM(«;)) against LSM(cy), i # 7,
when A x B is present. Then,

b
1 .
LSM (o)) — LSM(oiy) = 5 E (wij — wij), i #1.
=1

Since pjj — pyj depends on j, some of these differences may be positive for
certain values of j and some may be negative for other values of j. As a result,
LSM(x(;)) — LSM(xi)) may be small giving the false indication that the two
least-squares means are not different, which may not be the case. In this
situation, to determine if A has an effect, it would be more meaningful to
compare the cell means, H1j, H2j, - -+, Haj, for a fixed j (=1,2,...,b). Similarly,
the cell means of B can be compared for a fixed i (=1, 2,...,a). Such compar-
isons can be made by using, for example, Tukey’s Studentized range test, which
controls the experimentwise Type I error rate, if the factor under consideration
is qualitative [Tukey’s test requires the means to have equal sample sizes.
See, for example, Ott and Longnecker (2004, Section 8.6). For unequal sample
sizes, a modified version of Tukey’s test, due to Kramer (1956), can be used.].
If, however, the factor is quantitative, then it would be more informative
to test the significance of certain orthogonal contrasts among the means of
the factor for fixed levels of the other factor. These contrasts represent the
so-called polynomial effects of the factor (see, for example, Christensen, 1996,
Section 7.12).

In case A * B is not significant, it will be meaningful to compare the least-
squares means for the levels of A and B, if their effects are significant. If
the data set contains no empty cells, as was assumed earlier, then all least-
squares means are estimable. Their best linear unbiased estimates (BLUE)
are obtained by replacing the parameters in a given least-squares mean by

the corresponding elements of fi = (X'X)~X'Y, where X is the matrix given
in (10.37) and B is the vector of all model parameters. Hence, the BLUE of
LSM(ai)) and LSM(B () in (10.38) and (10.39), respectively, are

b

_ A T .

LSM(xi)) = L+ &) + 5 E (Bj+aBapl, i=12...,a,
=1

— ~ A 1 2 ~ - .
i=1
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where fi, the &g)’s, B j's, and &Ts(ij)’s are the elements of § = (X'X)"X'Y.
Since the columns of the matrix Hz = &7_,; 69}’:1 1,; span the column space
of X [see (10.37)], then i =0, &y =0 (i =1,2,...,a), Bjy=0(G=12...b),
ocﬁ(ij) =Y (i=12,...,4;j=1,2,...,b), as was seen earlier. Hence,

b
— 1 -
LSM(O((I‘)) = E E Yi]'., i= 1,2,. .., a,
j=1

— 1 a _ )
LSM(Bj)) = EZYZ']'., i=12,...,b.
i—1

The test statistic for comparing, for example, LSM(«;)) against LSM(« ),
i # i',is given by the same t-statistic shown in (10.35), except that, in this case,
the error mean square, MSg, has n, — ab degrees of freedom.

10.3.2 Type Il Analysis in SAS

We have seen that the testing of the no-interaction hypothesis in (10.62) was
done using the Type III F-ratio, F(xf3 | p, &, 3), which can be easily obtained
by invoking PROC GLM in SAS. In addition to this ratio, SAS also provides
Type III F-ratios for factors A and B. The latter ratios, however, are derived
after imposing certain restrictions on the parameters of model (10.36), namely,

a
Z g =0,
i=1

b
> B =0,
j=1

a
Z(ocﬁ)(i]-) =0, forallj=1,2,...,0,
i=1

b
> (@B)g =0, foralli=12,...,a. (10.63)
j=1

The need for such restrictions stems from the fact that the Type III sums of
squares for factors A and B for model (10.36) are actually identically equal
to zero. This model is said to be overparameterized because the number of its
unknown parameters, namely 1+ a + b + ab, exceeds the rank of X in (10.37),
which is equal to ab. For such a model, the Type IIl sum of squares for A is,
by definition,

R(‘X | W, B/ (XB) = R(M/ X, [3/ (XB) - R(H/ [3/ 0([3)



Unbalanced Fixed-Effects Models 323

But,
R(w, o0, B, o) = YXX'X)"X'Y
= Y'Hs;(Hs H3) " 'H3 Y, (10.64)
since the column space of X is spanned by the columns of H3 = &7_; EB]bzl L.
Furthermore,
R, B, aB) = YXo(Xo Xo) X Y, (10.65)

where X = [1, : Hy : H3] is obtained from X by removing the a columns
corresponding to ;) in the model. Since the column space of X« is also
spanned by the columns of H3, then

YXo(Xo Xo) XY = YHs5(H; Hy) 'H; Y. (10.66)
From (10.64)—(10.66) we conclude that
R(a |, B, ap) = 0. (10.67)
Similarly, it can be shown that
RPB | wx ap)=0. (10.68)

Now, let us reparameterize model (10.36) using the restrictions in (10.63).
Since the number of linearly independent equations in (10.63) is equal to 1 +
a+ b, the number of linearly independent parameters in model (10.36) under
these restrictions is ab, which is equal to the rank of X. Model (10.36) can then
be reparameterized and expressed in terms of only ab linearly independent
parameters to get the model,

Y = X*B* + e, (10.69)

where the elements of B* consist of ab linearly independent parameters and
X* is a matrix of order n_ x ab and rank ab. Thus, X* is of full column
rank and (10.69) is therefore a full-rank model. Using this model, the Type
III sums of squares for A and B are expressed as R(«* | p*, 3*, ap*) and
R(B* | u*, &*, af*), respectively, and are obviously not identically equal to
zero. These R-expressions are the Type III sums of squares given by SAS for
A and B, respectively.

It can be shown that R(«* | u*, p*, af*) and R(B* | u*, o*, afp*) are the
sameas 554 and S5p,, the sums of squares for A and B in (10.43) and (10.44),
respectively, which were derived using the method of weighted squares of
means (see, for example, Speed and Hocking, 1976, p. 32; Searle, Speed, and
Henderson, 1981, Section 5.2; Searle, 1994, Section 3.1). We can therefore
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conclude that on the basis of the reparameterized model in (10.69), the Type
III F-ratios for A and B, namely,

R(ax* | w*, B*, ™)

F((X* | u*/ 6*/ (XB*) =

(a — 1)MSg
R * *’ *, *
BB | o opt) = <P L B8,

are identical to the F-ratios, F4 and Fg, given in Lemma 10.5. The correspond-
ing hypotheses are the ones described in (10.50) and (10.51) which equate the
least-squares means for A and B, respectively.

Thus, in conclusion, the Type III analysis given in SAS can be used to
test the significance of factors A, B, and their interaction A * B. Note that the
Type III F-ratio for A * B, which is based on the overparameterized model
(10.36), is identical to the one obtained under the reparameterized model
(10.69), that is, F(xf | w, o, B) = F(xp* | w*, «*, p*). This is true because
R | w, &, B) = R(oP™ | p*, o, B*).

10.3.3 Other Testable Hypotheses

There are other testable hypotheses concerning the parameters of model
(10.36). The values of their test statistics can be obtained through the use
of PROC GLM in SAS. These hypotheses, however, are not desirable because
they are data dependent. We now give a brief account of these hypotheses
and their corresponding test statistics. More details can be found in Searle
(1971, Chapter 7) and Speed and Hocking (1976).

(a) Hypotheses tested by F(«x | n) and F(3 | 1)

By definition,
_ Rl
Flx | ) = @ DMs; (10.70)
_ RBIw
FBIw= @ DMS;’ (10.71)

where R(x | ) = R(p, o) — R(p) is Type I sum of squares for factor
A, if A appears first in the SAS model, Y = A B A x B. Similarly,
RB | w) = Ry, p) — R(p) is Type I sum of squares for factor B, if
B appears first in the SAS model. Hence, F(«x | p) and F( | p) are
considered Type I F-ratios.

The statistic, F(x | 1), tests the hypothesis,

Hp : WM(oy) equal foralli=1,2,...,4,
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(b)

where WM(w(;)) is the weighted mean of the cell means in row i
(=1,2,...,a) as shown in formula (10.41). This hypothesis can be writ-
ten as
1 b
Hp: x@j) + n— Zni]' [[3(]') + (0([5)(1']')] equal foralli=1,2,...,a.
1. .
j=1
(10.72)

The proof of the testability of this hypothesis by F(x | p) is similar to
the one given in Section 10.2.2.1. Similarly, the ratio, F(3 | p), tests the
hypothesis,

Hp: WM(Bj)) equal forall j=1,2,...,0,

or equivalently, the hypothesis,

1 & .
Ho: B+ - Zni]-[oc(i) + (xB)j] equal forall j=1,2,...,b, (10.73)
1 i=1
where WM((j) is the weighted mean of the cell means in column j
(=1,2,...,b) as shown in formula (10.42).

The hypotheses stated in (10.72) and (10.73) concern factors A and B,
respectively, but are not desirable because they depend on the cell
frequencies and are therefore data dependent.

Hypotheses tested By F(«x | p, 3) and F( | 1, &)
By definition,
)
Floe |, B) = @ DMs: (10.74)
_ RBIw®
FB | wo) = © - DMS; (10.75)

where R(e | 1, ) = R(p, &, B) — R(w, B) and R(B | p, &) = R, &, B) —
R(w, o) are Type II sums of squares for factors A and B, respectively.
Thus, F(« | 1, ) and F(B | p, x) are considered Type II F-ratios for A
and B, respectively.

The hypotheses tested by the Type II F-ratios are very complicated.
According to Searle (1971, pp. 308-310), F(x | p, ) tests the hypothesis,
Hy:¢p;=0foralli=1,2,...,a, (10.76)

where

b

a
1ij .
bi = Z (”ij Hij — n_jznkj ukj> , i=1,2,...,a,
J k=1

=1
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and F(B | p, «) tests the hypothesis,
Hp:yj=0forallj=1,2,...,5b, (10.77)

where

a

b
- '
11)J'ZX:(”i]'”ij—n—l,]2 ”ikllik), i=12,...,b
b k=1

i=1

Note that >"i_; ¢; = 0 and Z]l?:l ¥ = 0.

The hypotheses in (10.76) and (10.77), which concern factors A and B,
respectively, are also undesirable because they are data dependent by
being dependent on the cell frequencies. Furthermore, they are not easy
to interpret. Perhaps a more palatable formulation of these hypotheses
is the following:

b

1 .
Ho : WM(xp) = — > g WMPB), i=1,2,...,4, (10.78)

1. .

j=1

1 a
Ho : WM(B(j) = — > ngWM(e), j=1,2,...,b, (10.79)
1 =1

where, if we recall, WM(«;)) and WM(f;)) are the weighted means
of the cell means in row i and column j, respectively [see (10.41) and
(10.42)]. The hypothesis in (10.78) states that WM(«;) is the weighted
mean of the WM(B(j)’s (i=1,2,...,4), and the one in (10.79) states that
WM(j)) is the weighted mean of the WM(x;))’s (j = 1,2,...,b).

In conclusion, Type IIl analysis concerning model (10.36) is preferred over
Types I and II analyses because its hypotheses for A, B, and A x B are not data
dependent. Furthermore, they are of the same form as the ones tested when
the data set is balanced.

It should be noted that SAS also provides Type IV F-ratios for A, B, and
A x B. If the data set contains no empty cells, as is the case with model
(10.36), then Type III and Type IV F-ratios and hypotheses are identical. The
difference between the two can only occur when the data set contains some
empty cells. In general, a Type IV hypothesis for an effect, u, is a hypothesis
obtained by setting up linearly independent contrasts among the levels of
u derived from subsets of nonempty cells. These subsets can be chosen in a
variety of ways. Thus, a Type IV hypothesis is not unique when the data set
contains some empty cells. By expressing a Type IV hypothesis in the general
form given in (10.14), a test statistic can then be obtained by using the F-ratio
in (10.15), where, in this case, MSE is the error mean square for model (10.36)
with n, — g degrees of freedom, where g is the number of nonempty cells.
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In any case, the analysis of data containing some empty cells is not satis-
factory since even the Type III hypotheses become dependent on the pattern
of nonempty cells. More specifically, Type III hypotheses for factors A and
B, which equate all the least-squares means for A as well as those for B,
respectively, cannot be tested since some of the least-squares means will be
nonestimable. For example, if row i (= 1,2,...,a) contains at least one empty
cell, then LSM(«;)) is nonsetimable. Similarly, if columnj(=1,2,...,b) con-
tains at least one empty cell, then LSM(3 () is nonestimable. Consequently, it
is not possible to test equality of all the least-squares means for A and B in this
case. In addition, the hypothesis tested by F(f3 | 1, o, ) is no longer the no-
interaction hypothesis as in (10.62). This is because the interaction contrasts,
©jj, 7y, in (10.60) are not all estimable when some cells are empty (see Searle,
1971, p. 311). In fact, F(«xf | y, o, B) has, in this case, only g —a — b+ 1 degrees
of freedom for the numerator instead of ab —a — b + 1. Hence, a complete
analysis of the data cannot be carried out in this case. For this reason, we have
not considered the analysis of model (10.36) in situations involving missing
data. The interested reader is referred to Searle (1971, 1987), Speed, Hocking,
and Hackney (1978), and Milliken and Johnson (1984) for additional details
concerning this topic.

10.4 Higher-Order Models

The analysis of a fixed-effects model in the general unbalanced case, with
no missing data in the subclasses, can be done by first identifying certain
hypotheses of interest concerning the model’s parameters. Any of these
hypotheses is then tested using an appropriate F-ratio as in (10.15) (the usual
assumptions of normality, independence, and equality of error variances are
considered valid). A more convenient way to accomplish this is to do the anal-
ysis by relying on PROC GLM in SAS. The following is a brief overview of
what can be gleaned from the SAS output that may be helpful in the analysis
of the model.

(a) The E option

The E option in the model statement of PROC GLM gives the general
form of all estimable linear functions of  for a general model as the
one shown in (10.1). More specifically, if L denotes any given constant
vector, the linear function, L'(X’X)~X’Xp, is estimable. In fact, it is
easy to show that any linear function of f is estimable if and only if it
can be expressed as L'(X'X)~X'X for some vector L. The elements of
L'(X'X)~X'X are given in the SAS output as a result of invoking the E
option. It is interesting to note here that the number of elements of L
that appear in L'(X’X)”X'Xp is actually equal to the rank of X. Fur-
thermore, the coefficients of the elements of L in this linear combination
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(b)
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TABLE 10.6
General Form of Estimable Functions
Effect Coefficients
U8 Ly

X(1) Lz

X(2) L3

x(3) Li—Lp,—L3
B Ls

B Le

Ba) Li—Ls—Le

are all estimable and form a basis for the space of all estimable linear
functions of .

For example, consider model (10.10) along with the data set from
Example 10.1. In this case, B = (1, x(1), %), %3y, By, B2, Bi), L =
(L1,Ly,...,Ly). The information resulting from the use of the E option
in the SAS statement, MODEL Y = A B/E, is displayed in Table 10.6.

On the basis of Table 10.6, we get the linear function,

L'X'X)"X'XB = (u+ a@) + B3)L1 + (xq) — &)Lz + (x@2) — x3))L3
+ (Bay — Be)Ls + (Be) — Be)Le, (10.80)

which is obtained by multiplying the entries under “coefficients” by
the corresponding effects and then adding up the results. We note that
the number of L;’s in (10.80) is 5, which is equal to the rank of X as it
should be (in this case, the rank of X isa + b — 1 = 5). These L;’s are
arbitrary constants and can therefore be assigned any values. Hence,
the coefficients of the L;’s in (10.80), namely, 1+ x@3) + B 3), x1) — %(3),
x@2) — x3), Pay — B@), B — B are all estimable and should form a
basis for the space of all estimable linear functions of p according to
Lemma 10.1(b).

The E1, E2, and E3 options

These are options that are also available in the model statement of
PROC GLM. They give Type L, Typell, and Type Il estimable functions,
which give rise to Type I, Type II, and Type IIl hypotheses, respectively,
for each effectin the model. Inaddition, SAS provides the corresponding
Typel, TypeII, and Type III sums of squares and F-ratios. For example,
using model (10.10) and the data set from Example 10.1, the Types I, 1I,
and III estimable functions for A and B can be derived from Tables 10.7
through 10.9, respectively.

Using Table 10.7, Type I estimable functions for A and B are obtained
by multiplying the entries under A and B by the corresponding effects



Unbalanced Fixed-Effects Models 329

TABLE 10.7
Type I Estimable Functions
Effect A B
v 0 0
X(1) L2 0
(X(z) L3 0
{.X(g) —Lz — L3 0
Ba) 0.3143 % L, +0.1143 % L3 Ls
f.))(z) —0.0286 * L2 — 0.4286 * L3 L6
B3 —0.2857 x Ly +0.3143 « L3 —Ls — Lg
TABLE 10.8
Type II Estimable Functions
Effect A B
o 0 0
(1) Ly 0
o(2) Ls 0
o3) —L, — L3 0
Ba 0 Ls
B2 0 L
B 0 —Ls —L¢
TABLE 10.9
Type III Estimable Functions
Effect A B
n 0 0
(1) Ly 0
X(2) L3 0
x(3) —Ly — L3 0
Ba 0 Ls
B2 0 L
B3 0 —Ls — Lg

and then adding up the results. Thus, for factor A4, its Type I estimable
function is of the form

(o) — o3y +0.3143 B(1) — 0.0286 3(2) — 0.2857 3(3)) L2 +
(o) — x@3) +0.1143 B(1) — 0.4286 B(2) + 0.3143 B(3)) L3

Note that the number of L;’s in this combination is 2, which should be
equal to the number of degrees of freedom for A. Type I hypothesis for
A is obtained by equating the coefficients of L, and L3 to zero. Doing
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so, we get
o1y — «@3) + 0.3143 B(1) — 0.0286 B(2) — 0.2857 B3y =0 (10.81)
o) — x3) + 0.1143 B(1) — 0.4286 3 (2) + 0.3143 B3y = 0. (10.82)

Note that (10.81) and (10.82) can be written as

1 1
oty + 5(3 Bay+2Be) =ag) + ;(2 Bay+3B2 +2B@3) (10.83)

1 1
x@2) + 5(2 By +3B@E) =a3) + ;(2 Bay+3B2 +2hm). (10.84)
We recognize (10.83) and (10.84) as forming the Type I hypothesis for
A given in (10.27) whose test statistic value is F(ox | p) = 0.32 (see
Table 10.2). The Type I estimable function for B from Table 10.7 is
(Bay — Bi)) Ls + (B2) — Bm)) Le, which yields the hypothesis

Ho: B =Be) = BaE)-

This is the same as the Type II hypothesis for B in (10.32) whose test
statistic value is F(f3 | i, o) = 14.73 (see Table 10.2 or Table 10.3). Note
that since the SAS model here is written as Y = A B with A appearing
first and B second, Type I and Type Il hypotheses and F-ratios for B are
identical. In order to get the Type I hypothesis for B as shown in (10.28)
and its corresponding F-ratio, F(f3 | 1), a second SAS model should be
added to the SAS code in which B appears first and A second. In doing
so, we get F(3 | p) = 12.95.

Similarly, using Table 10.8 we get, after setting up the Type Il estimable
functions and equating the coefficients of the L;’s to zero, the Type II
hypotheses shown in (10.31) and (10.32), respectively. The correspond-
ing test statistics values are F(o | p, ) = 2.09 and F(B | p, @) = 14.73
(see Table 10.3). Table 10.9 gives the same information as Table 10.8
since for the two-way model without interaction, Type II and Type III
hypotheses and F-ratios are identical.

As was pointed out earlier in Section 10.3.3, Type III analysis is
preferred in general for testing hypotheses concerning all the effects
in the model. This is based on the assumption that the data set under
consideration contains no empty cells.

Least-squares means

The least-squares means (LSMEANS) statement in PROC GLM com-
putes for each effect listed in this statement estimated values of its
least-squares means. This was demonstrated earlier in Example 10.1 for
the case of the two-way model without interaction (see Table 10.4). As
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was mentioned in Example 10.1, one useful option in the LSMEANS
statement is “TDIFF” which gives the t-values for the pairwise com-
parisons of the least-squares means for a given factor along with the
corresponding p-values. If, however, it is desired to make multiple com-
parisons among all the least-squares means, for example, the ones for
factor A, then the option “ADJUST = TUKEY” should be used in the
LSMEANS statement as follows:

LSMEANS A / PDIFF ADJUST = TUKEY;

This provides a multiple comparison adjustment for the p-values for
the differences of least-squares means in a manner that controls the
experimentwise Type I error rate according to Tukey’s Studentized range
test. Note that “PDIFF” stands for “p-value for the difference.”

10.5 A Numerical Example

An experiment was conducted on laboratory rats to study the effects of a
hunger-reducing drug (factor A) and the length of time (factor B), between
administration of the drug and feeding, on the amount of food ingested by
the rats. Two dosage levels were applied, namely, 0.3 and 0.7 mg/kg, and
three levels of time were chosen, namely, 1, 5, and 9h. A total of 18 rats of
uniform size and age were initially selected for the experiment with three
rats assigned to each of the six A x B treatment combinations. At the start
of the experiment, the rats were deprived of food for a certain period of
time. Each rat was then inoculated with a certain dosage level of the drug
and after a specific length of time, it was fed. The weight (in grams) of the
food ingested by the rat was measured. However, during the course of the
experiment, several rats became sick and were subsequently eliminated from
the experiment. This resulted in the unbalanced data given in Table 10.10.
A plot of the data points is shown in Figure 10.1. The model considered is the
one in (10.36).

The error mean square for this data set is MSg = 0.1904 with 7 degrees of
freedom. Table 10.11 gives the Type Il analysis for A, B, and A « B.

The corresponding hypotheses for A, B, and A * B are the ones listed in
(10.50), (10.51), and (10.62), respectively. We note that all three tests are highly
significant.

Let us now apply formulas (10.43) and (10.44) to get the sums of squares
for A and B using the method of weighted squares of means. We find that
SS54w = 90.6558, SSpw = 115.4312, which are identical to the corresponding
Type III sums of squares for A and B, respectively, in Table 10.11, as they
should be.
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TABLE 10.10
Weights of Food Ingested (g)

B (time, h)
A (Drug Dosage, mg/kg) 1 5 9
0.3 5.65 11.62 13.98
5.89 12.38
6.14
0.7 1.37 4.71 7.74
1.65 5.82 8.29
1.93
14 H .
® 0.3 mg/kg
4 0.7 mg/kg .
12
L]
10
% o :
=
6 t a
4 -
271
A
T T T T
2 4 6 8
Time
FIGURE 10.1
Table 10.10 data points.
TABLE 10.11
Type Il Sums of Squares and F-Values
Source DF Type III SS MsS F p-Value
A 1 90.6558 90.6558 476.07 <0.0001
B 2 115.4312 57.7156 303.09 <0.0001
AxB 2 4.0017 2.0008 10.51 0.0078

Since the interaction is significant, it would be of interest to do some
further analysis by testing each factor at fixed levels of the other factor. As
was recommended in Section 10.3.1, since both factors are quantitative, we
can consider testing the polynomial effects of each factor at fixed levels of the
other factor. Taking into consideration that factor A has two levels and factor
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B has three levels, the polynomial effects of A consist of just the linear effect,
and those of B consist of the linear and quadratic effects.

In general, the testing of polynomial effects can be conveniently done
using PROC GLM in SAS. For example, to get the sums of squares for the
linear and quadratic effects of B at the fixed ith level of A (i = 1,2), which we
denote by By (i), Bo(i), we can use the following SAS statements:

PROC GLM;
CLASS A B;
MODEL Y =A B AxB;
PROC SORT;

BY A;

PROC GLM,;

BY A;
MODEL Y =B B % B;
RUN;

The SORT procedure sorts observations in the data set in Table 10.10 by the
levels of A. The first model statement provides information for setting up
Table 10.11. The second model statement is needed in order to get the sums
of squares for By (i) and Bg(i) (i = 1,2). For this purpose, we only need to
consider the Type I sums of squares for B and B * B in the second model
statement which correspond to Br (i) and Bg(i), respectively. These sums
of squares are additive, and therefore statistically independent. They mea-
sure the contributions of the orthogonal contrasts which represent these effects
(see, for example, Christensen, 1996, Section 7.12). It should be noted here
that the second model statement was not preceded by the “CLASS” state-
ment. The reason for this is that in the absence of the CLASS statement,
SAS treats the model as a regression model, rather than an ANOVA model,
where the model’s independent variables (B and B * B in this case) are treated
as continuous regression variables with one degree of freedom each. The
relevant Type I sums of squares are given in Table 10.12 along with the corre-
sponding F-values. Note that these F-values were obtained by dividing each
sum of squares by MSg = 0.1904 for the full two-way model (the F-values
obtained from using PROC SORT should not be considered since the error
mean squares used in their denominators are not based on the entire data set,
and are therefore different from 0.1904).

Similarly, to test the linear effect of A at the fixed jth level of B, which we
denote by AL(j) (j = 1,2,3), we can use the following SAS statements:

PROC SORT;
BY B;
PROC GLMV;
BY B;
MODEL Y = A;
RUN;
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TABLE 10.12

Polynomial Effects of B at Fixed Levels of A

Source DF TypeISS F p-Value
A=0.3

B 1 66.1865 347.6182 <0.0001
BxB 1 5.1088 26.8319 0.0013
A=0.7

B 1 49.9843 262.5226 <0.0001
BxB 1 0.2641 1.3871 0.2774

TABLE 10.13
Polynomial Effects of A at Fixed Levels of B

Source DF Type 1SS F p-Value
B=1
A 1 27.0088 141.8529 <0.0001
B=5
A 1 45.3602 238.2363 <0.0001
B=9
A 1 23.7208 124.5840 <0.0001

In this case, since factor A has one degree of freedom, A in the above model
statement represents the linear effect of A, which is the only polynomial effect
for A, at fixed levels of B. The results are given in Table 10.13.

As in Table 10.12, the error mean square, MSg = 0.1904, was used to
produce the F-values in Table 10.13. From Table 10.12 we can see that the
linear and quadratic effects of B are significant for level 0.3 of A. However,
only the linear effect of B is significant for level 0.7 of A. This can be clearly
seen from examining Figure 10.2 which is obtained by plotting the estimated
cell means (values of Yi]-,) against the three levels of B. Points with the same
level of A are connected. Figure 10.2 depicts the effect of the interaction and
is therefore considered an interaction plot. It shows a quadratic trend in the
mean weight under B for the low dosage, 0.3, but only a linear trend for
the high dosage, 0.7. On the other hand, we note from Table 10.13 that all
the linear effects of A are significant for any level of B. This is equivalent
to saying that the cell means of A are significantly different for any fixed
level of B.

In general, if one of the factors is qualitative, for example, factor B, and
if the interaction is significant, comparisons among the cell means of B can
be made using Tukey’s Studentized range test at fixed levels of A, as was
mentioned in Section 10.3.1. Alternatively, we can consider using PROC GLM
to get an F-ratio for testing B for fixed levels of A. This can be accomplished
by making use of the following SAS statements:
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MODELY =A B AxB;
LSMEANS A « B/ SLICE = A;

RUN:

14 ;
Dosage
--- 03
12 — 07
= 10 H
]
e
[}
g
2 6+
4 -
2 -
1 9
Time
FIGURE 10.2
Interaction plot for the data in Table 10.10.
TABLE 10.14
A x B Effect Sliced by A
A DF SS MS F p-Value
0.3 2 71.2953 35.6476 187.22 <0.0001
0.7 2 50.2484 25.1242 131.95 <0.0001
PROC GLM;
CLASS A B;

335

The use of the “SLICE = A” option in the LSMEANS statement amounts
to partitioning (slicing) the data according to the levels of A. For each of
the “sliced” portions of the data, an F-ratio is obtained which tests equality
of the least-squares means of B for the corresponding fixed level of A. The
denominator of this F-ratio is MSg, the same error mean square for the full
two-way model. The SAS output from applying the above statements to
the data set in Table 10.10 is shown in Table 10.14. We note that all tests are
significant, which indicates that there are differences among the least-squares
means of B for each level of A. Of course, in our case, B is quantitative and
it would be more informative to use Table 10.12 to test its polynomial effects

for each level of A.
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10.6 The Method of Unweighted Means

One alternative to the method of weighted squares of means is the method
of unweighted means (MUM), which was also introduced by Yates (1934). It
provides an approximate, but computationally simple method of analysis.
The MUM defines sums of squares that are analogous to those obtained for
balanced data situations with one observation per treatment combination,
namely, the sample mean of the corresponding cell. We shall demonstrate
this method in the case of a two-way model with interaction as in (10.36).
As before, we assume that the error terms in the model are independently
distributed as N (0, 02). In addition, we require that n;; > 0 for all i and j, that
is, the data contain no empty cells.

Using the same notation as in Section 10.3.1, let Xj; be defined as X;; =

1 Mij Y. 1y LY. 1N Loy — 1 a b
Yl] = n_zj Zk:l Yl]k' Let Xl. =3 Zj=1 Xl]/ X.] =3 Zi:l Xl]/ X =7p Zi:l ijl
Xij. The unweighted sums of squares corresponding to factors A, B, and their
interaction, A x B, are

a
SSau=1b Y (X —X)? (10.85)
i=1
b
SSpu =Tpa Yy (X;—X.)? (10.86)
j=1
a b
SSapu =1y »_ » (Xij—Xi — X;+X.)% (10.87)
i=1 j=1

where 71, is the harmonic mean of the cell frequencies given by
a b 1 -1
fip=ab | Y )" — - (10.88)
i=1j=1 "

The rationale for the use of #1;, in the above sums of squares is the following:
. - . . .
the variance of Xjj is ;-. The average of this variance over all the ab cells is
iy

Thus, 71, acts like 1, the common cell frequency, if the data set were balanced.
Now, let X = (X171, X12, ..., Xy) . Then,

Var(X) = o’K, (10.89)
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where K = diag(nl_ll, nl_zl, ey nb;l). If the data set is balanced, then nj=n for
alli,jand K = %Iab. The following lemma provides an added justification for
the use of the harmonic mean.

Lemma 10.7 The best approximation of K in (10.89) with a diagonal matrix

of the form cl, is achieved when ¢ = %
n

Proof. By “best approximation” of K with cI;;, we mean finding the value of
¢ which minimizes the Euclidean norm || K — cl;, ||, where

| K—cly I? = tr[ (K= cly)?
a b 2
ZZ(%—e) . (10.90)
Yy

Differentiating (10.90) with respect to c and equating the derivative to zero,
we get

-2 Z Z — + 2abc = (10.91)

11]11

Hence,

Since the derivative of the left-hand side of (10.91) with respect to c is 2ab,
which is positive, we conclude that || K —c 1, || attains its absolute minimum

when ¢ = . O
ny

The approximation of K with - 7; lap amounts to replacing the cell frequen-
cies by their harmonic mean. Thus, if we were to pretend that 71, is a positive
integer, and if in the (7, j)th cell we were to have 71;, observations, all equal to
Xij, then 5S4, SSpy, and SSapy, in (10.85), (10.86), and (10.87) would represent
the sums of squares for A, B, and A x B, respectively, based on this artificial
balanced data set.
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10.6.1 Distributions of $Sa,, SSgu, and SSag,
The sums of squares in (10.85), (10.86), and (10.87) can be written as

— (1 1 -

SSau = ﬁhX/ (Ela ®]h - ﬂ_bla &® ]b) X (1092)
_ o (1 1 -

SSpu = X (;l]g@)lb— E]a ®Ib>X (10.93)

_ S 1 1 1 -
SSapu = X' (Ia I, — EIa QJp— Elu I + %Ia ® Ih) X, (10.94)

where, if we recall, X = (X11, X12, ..., Xz)". Under the assumption of nor-
mality, independence, and equality of error variances, it can be seen that
X ~ N(u, 0%K), where p = (i11, 112, - - -, Hgp)' and K is the diagonal matrix
used in (10.89).

Unlike the case of balanced data, none of the sums of squares in (10.92),
(10.93), and (10.94) have scaled chi-squared distributions. For example, if we
consider éSS Au, We find that the matrix,

1 1
T_lh (Ela ®Ib - a_bI” ®Ib) K, (10.95)

is not idempotent, which implies that éSS Ay does not have the chi-squared
distribution (see Theorem 5.4). Furthermore, SS4,, SSg,, and SSap, are not

mutually independent. For, example, 554, and SSp, are not independent
since

11 ! K ! I ! 0
<E a®]b_a_b]a®]b> (E]a® b_a_b]a®]b>7'é

(see Theorem 5.5). However, all three sums of squares are independent of the
error sum of squares, SSg, in (10.45) since the Xj;’s (= Y;) are independent of
SSE (see Example 5.5).

Let us now apply Lemma 5.1 to éSS Au- In doing so, we can express
L85 4, as a linear combination of mutually independent chi-squared variates
o
of the form

Ky
1
—3554u = > i, M), (10.96)

i=1

where ki denotes the number of distinct nonzero eigenvalues of the matrix
in (10.95), 11; is the ith of such eigenvalues with multiplicity vy;, and ny; is
the corresponding noncentrality parameter (i = 1,2,...,k). Similarly, for
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1 1
QSSBu, ?SSABM, we have

ky
1
2558 = > i X5, (Nai) (10.97)
i=1
ks
_SSABu = T3 x5, M3i), (10.98)

i=1

where kj, Tji, Vji, and 1ji (j = 2, 3) are quantities comparable to k1, T1i, vii, M1 in
(10.96) and are obtained by replacing the matrix %Iu J, — ul—b J, ® J, with the
matrices of the other two quadratic forms in (10.93) and (10.94), respectively.

Lemma 10.8
(@) E(SSau) = ipb Y iy (. — k)*+ 0@ —1)
(b) E(SSpu) =1iya Yy (ftj — L)? + 02(b — 1)
() E(SSau) = iy Yty >y (i — i, — i + L)% + 02@— (b — 1),
where fi; = } Z]b:l Wi, =130 i = 2300 Z]b:l Hij-

Proof. We shall only prove part (a) since the proofs of parts (b) and (c) will
be similar.

Using Theorem 5.2, the expected value of SS4,, in (10.92) is given by

_ 1 1
E(SSay) = iy W' <EIH QJ,— Ela ®Ib) n

1 1
wor (ot - glen) (7)),

where u = (111, H12, . .., Hgp)'- Hence,

z 1 1
E(SSauw) = fipb Y (i — fL)* + o® ity tr [(Ela By — — ] ® ]b) K} . (10.99)

i=1

It can be verified that
1 1 1 LA
tr[(gla@)]b_ %]ﬂ®]b> ] = E;ZZ - —21:21:71—
= ﬁ_h(a —1).
By making the substitution in (10.99), we get

a
E(SSau) = by (i — L.)* + 0*(a — D). O
i=1
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10.6.2 Approximate Distributions of SSa,, SSgu, and SSagy

Let us again consider formulas (10.96), (10.97), and (10.98). The nonzero eigen-
values, t1; i = 1,2,...,k1), i i =1,2,...,k»),and t3; (i = 1,2,...,k3), are
all positive. This is true because, for example, the nonzero eigenvalues of the
matrix in (10.95) are the same as those of

1 1
i K2 (21, @, — — K2,
fy (b a®Jp abh®]b)

which is positive semidefinite. If the 7;;’s are close to one another, then 7, K ~
I, and Tji is approximately equal to one (i = 1,2,... ,kj; j =1,2,3). In this
case,

1

2SSau o~ Xa_1(m), (10.100)

where

i, 1 1
m=§u Ela®]b—%fa®]b p

ipb e~
= % PG
i=1
(see the proof of the sufficiency part of Theorem 5.4). Similarly, we have

1

—SSBu ~  Xp_1(M2) (10.101)
o approx.
1 2
ESSABM ap;;:ox. X(a_l)(b_l)(nS)/ (10.102)
where
i, 1 1
M=k | Ja®L =], ®J |1
ﬁha b
=7 D) (-1’
j=1
and

ny, I I 11 1 I 1
M=K 2 ® b_Ea®]b_EIa® b+a_b]a®jb u

- a b
ny _ — —
=2 > > (i — i — i+ )

i=1 j=1
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Consequently, the F-ratio

= S SAu

A= m (10.103)

tests the hypothesis thatn; = 0, that is,
Ho:pp =po =...=Hg.

This is the same as the hypothesis in (10.50), which equates the least-squares

means for factor A. Under Hy, F4 has approximately the F-distribution with
a—1and n_ — ab degrees of freedom. Similarly, the F-ratios,

_ SSBu

~ (b—1)MSg’

1~:AB _ SSABu )
(a—1)®»—-1)MSg

Ig (10.104)

(10.105)

test hypotheses for B and A * B that are identical to those described in Section
10.3.1.

Recall that the adequacy of the chi-squared approximations in (10.100),
(10.101), and (10.102) depend on the closeness of the eigenvalues, Tj;, to one
i=12,... ,k]-, j =1,2,3), that is, when the nji’s are close to one another, as
was mentioned earlier. This is equivalent to requiring that the values of

_ a—l)zl lvllTll

" . (10.106)
(Zi‘(il Vii T“)
b—1) YR v,
Ay — (b—1)32, Vai ;fzz (10.107)
(Zfﬁl Vi TZi)
—~DHb-1
P Al ) L vai T (10.108)

k . . 2
Zizl V3i T3i

be each close to one (see Theorem 9.3). Note that, in general, Ay > 1, Ap > 1,
Aap > 1. Thus, the use of the method of unweighted means (MUM) under
these approximations may be inappropriate if the data set is severely unbal-
anced. Snedecor and Cochran (1980) stated that the MUM is appropriate only
if the ratio of the largest 1;; to the smallest 7;; is less than two.

Gosslee and Lucas (1965) suggested an improvement on the chi-squared
approximations by amending the degrees of freedom for the numerator mean
squares in (10.103), (10.104), and (10.105) (see also Searle, 1971, pp. 365-367;
Rankin, 1974). In the special case of a factorial experiment with two levels
for each factor and unequal numbers of observations in the various cells,
Speed and Monlezun (1979) showed that all sums of squares generated by
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TABLE 10.15
Unweighted Analysis of the Data in Table 10.10

Source DF SS MS F p-Value
A 1 90.6558 90.6558 476.1334 <0.0001
B 2 102.8635 51.4318 270.125 <0.0001
AxB 2 3.0838 1.5419 8.0982 0.0151
Error 7 1.3330 0.1904

the MUM for A, B, and the interaction A x B are distributed exactly as o2 x%.
Hence, in this case, the MUM'’s F-ratios follow the exact F-distribution and
the hypotheses tested are the same as in a balanced data situation.

Example 10.2 Let us again consider the same data set as in Table 10.10.
Applying the unweighted sums of squares formulas in (10.85), (10.86), and
(10.87), we get the values listed in Table 10.15 along with their F-ratios and
approximate p-values. These F-ratios were computed on the basis of formulas
(10.103), (10.104), and (10.105).

We note that all tests are significant. This agrees with the results obtained
from Table 10.11. The difference here is that the F-tests and corresponding
p-values are approximate.

Exercises
10.1 Prove parts (a) and (b) of Theorem 10.1.
[Hint: To establish the formula for A, show that

B'X[X(X'X)" X — X1(X;X1) X,1XP
= BIX'X — X'X1(X; X1)" X, X1B
= Bo[X, X0 — X, X1 (X, X1) "X, X2185.]

10.2 (a) Prove formula (10.9).

(b) Show thatif X = [X : X5]is of full column rank, then the hypoth-
esis in (10.9) is equivalent to Hy : B, = 0.
[Hint: The matrix [I,, — X3 (X;Xl)_X/l]Xz is of full column
rank since its rank is equal to the rank of the matrix X/Z[In —
X1 (X/le)’X/l]Xz, which can be shown to be nonsingular.]

10.3 Consider model (10.10) with the following data set:
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B
A 1 2 3 4
1 9 — 8 11
11 6
2 12 — — —
3 — 4 16 —
1
8
4 11 12 14 22
15 10

(a) Show that o) — &y and Bj) — B(j) are estimable fori # 7', j # j'.

(b) State the hypotheses tested by F(e | p) and give the value of this
test statistic.

(c) Give a complete Type II analysis concerning factors A and B.

(d) Find estimates of the least-squares means for the levels of factors
A and B.

(e) Apply formula (10.35) to give a test statistic for testing the hypoth-
esis, Hp : LSM(o (1)) = LSM(«3)). State your conclusion at the 5%
level of significance.

10.4 Consider again the data set in Exercise 10.3.
(a) Let = w11 — 2 p12 + w3, where p;; is the mean of the (i, j)th cell.
Is ¢ estimable? If so, give the value of its BLUE.

(b) Test the hypothesis, Hp : ¢ = 0, and state your conclusion at the
5% level of significance.

(c) Obtain a 95% confidence interval on ¢.
10.5 Consider the data set in Exercise 7.4.

(a) State the hypothesis tested by F(3 | p) and give the value of this
test statistic.

(b) Test the hypothesis,
Ho: B =B =Be),
at the 5% level of significance.

10.6 A certain corporation developed a new wood glue and compared its
performance to the company’s standard product. Ten pieces of each
of eight types of wood were split and glued back together, five with
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the old glue and five with the new. The glue was allowed to dry, then
the pieces of wood were subjected to a test to measure the amount
of stress, in pounds per square inch (psi), required to break the glue
bond. However, some pieces of wood broke before the glue bond
broke, resulting in no measurement. The following table shows the
average stress and number of observations for each glue and wood

type:

Wood Type

Glue A B C D E F G H

New 2265 2743 21.06 2598 29.73 30.80 22.62 21.03
5) 3) 3) 4) ) () () 3)

Old 2415 31.85 2173 2645 26.04 3385 2599 2270
4) 3) ) 4) 4) ) () )

The error mean square is MSg = 6.93.

(a) Use the method of weighted squares of means to test the signif-
icance of the wood type and glue factors at the 5% level of sig-
nificance. State the null hypothesis and your conclusion in each
case.

(b) Compare the least-squares means for the new and old glues and
state your conclusion at the 5% level of significance.

(c) Compare the least-squares means for wood types E and H and
state your conclusion at the 5% level of significance.

Consider again the data set in Exercise 10.6.

(a) Usethe method of unweighted means to test the significance of the
wood type and glue factors, and their interaction . Let & = 0.05.

(b) Obtain a 95% confidence interval on the difference between the
least-squares means for the new and old glues.

An experiment was conducted to compare responses to different doses
of two drugs, denoted by A and B. Each drug was to be administered
at the three doses, 5, 10, and 15mg. A total of 18 subjects were ini-
tially selected to participate in this experiment after going through
a screening procedure to eliminate any possible extraneous effects.
Three subjects were assigned to each of the six drug x dose combina-
tions. The response of interest was the reaction time of a subject to a
drug dosage. However, during the course of the experiment, several
subjects decided to drop out. The data from the remaining subjects are
given in the following table:
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Dose (mg)
Drug 5 10 15
A 15 18 22
16 19 20
16
B 16 19 24
17 22
19

(a) There is a significant effect due to
(i) The drug factor
(i1)) The dose factor
(iii) The drug x dose interaction
In each case, state the null hypothesis and your conclusion at the
5% level of significance.
[Hint: Use Type III analysis.]
(b) Give the values of the Type II F-ratios and corresponding hypothe-
ses for the drug and dose factors.
(c) Test the significance of the linear and quadratic effects of dose on
reaction time for
(i) Drug A
(if) Drug B
State your conclusion at the 5% level of significance in each case.
(d) Compare the means of drugs A and B for each of the three doses.
Let & = 0.05.

(e) Suppose that the one observation in cell B-15 is missing. Which
least-squares means for the drug and dose factors would be
estimable in this case?

10.9 Consider the following data set for a two-way model with interaction:

B
A 1 2 3
1 10 9 —
8 7
2 13 — 8
3 — 3 14
2
7
4 12 13 14
16 10
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Use SAS to answer the following questions:

(a) Give a basis for the space of all estimable linear functions corre-
sponding to this data set.

(b) What hypotheses are tested by F(x | u) and F(3 | u)?

(c) What hypotheses are tested by F(ox | p, 3) and F( | p, 0)?

(d) Is there a test for the hypothesis Hy : LSM(ot(1y) = LSM(x(2))?

(e) Explain why the hypothesis

1 1
Hp: E(usz + us3) = E(Mz + 143)

is testable, where ;; is the mean of the (i, j)th cell. Give the value
of a t-test statistic for testing Hp, then state your conclusion at the
5% level of significance.

(f) Is the no-interaction hypothesis stated in (10.62) testable in this
case?

10.10 Consider a nested experiment involving factors A and B with B nested
within A. Factor A has two levels and factor B has two levels for level
1 of A and three levels for level 2 of A. The model is

Yijk = H+ o) + Big) + €ijy.

where o) denotes the fixed effect of level i of A and (;(j, denotes the
fixed effect of level j of B nested within the ith level of A, and the €;;)’s

are independently distributed as N(0, 6?). The data set corresponding
to this model is given in the table below.

(a) Show that B, — Bi(j) is estimable fori = 1,2, j # j/, and find its
BLUE.

(b) Test the hypothesis, Hy : B1(1) = B1(2), at the 5% level of signifi-
cance.

(c) Is the hypothesis

Ho : B2a) = B22) = B2
testable? If so, test Hy at the 5% level of significance. If not, explain
why not.

(d) Obtain simultaneous (1 — «)100% confidence intervals on all linear
functions of the elements of (012, 013)’, where

012 = B2y — B2
013 = B21) — B2@3)-
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[Hint: Use the methodology described in Section 7.5.]
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11
Unbalanced Random and Mixed Models

The purpose of this chapter is to provide a coverage of the analysis of unbal-
anced linear models which include random effects. As we may recall from
Section 8.4, if all the effects in a model are randomly distributed, except for
the overall mean, p, then the model is called a random-effects model, or just a
random model. If, however, some effects are fixed (besides the overall mean)
and some are random (besides the experimental error), then the model is
called a mixed-effects model, or just a mixed model. The determination of which
factors in a given experimental situation have fixed effects and which have
random effects depends on the nature of the factors and how their levels are
selected in the experiment. A factor whose levels are of particular interest to
the experimenter, and are therefore the only ones to be considered, is said
to have fixed effects and is labeled as a fixed factor. If, however, the levels of
the factor, which are actually used in the experiment, are selected at random
from a typically large population (hypothetically infinite), P, of possible lev-
els, then it is said to have random effects and is labeled as a random factor.
In the latter case, the levels of the factor used in the experiment constitute a
random sample chosen from P.

Such labeling of factors determines the type of analysis to be used for
the associated model. More specifically, if a factor is fixed, then its effects are
represented by fixed unknown parameters in the model. In this case, it would
be of interest to compare the means of the levels of the factor (these levels
are usually referred to as treatments), or possibly investigate its polynomial
effects, if the factor is quantitative. On the other hand, if a factor is random,
then it would be necessary to determine if a significant variation exists among
its levels, that is, if the variance of the population P (from which the levels
of the factor were selected) is different from zero. Thus, in this situation,
inference is made with regard to the population P itself rather than the actual
levels used in the experiment, as would be the case with fixed factors. For
example, in a paper manufacturing process, an experimenter is interested
in studying the effects of four different cooking temperatures of the pulp
on the tensile strength of the paper. Five batches of pulp were prepared
and three samples were taken from each batch and then cooked at one of
the four temperatures. In this example, temperature is considered a fixed
factor since the experimenter is interested in comparing the means of the four
specific temperatures in order to perhaps determine the temperature setting
that yields maximum tensile strength. The batch factor, however, should be

349
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considered as random since the batches used in the experiment represent
only a sample from many other batches that could have been prepared. In
this case, the experimenter would be interested in knowing if a significant
variation exists among the batches, which may be quite different with regard
to quality. The presence of such batch-to-batch variability should be taken
into account before making any comparisons among the means of the four
temperatures.

It should be noted thatin a mixed model situation, the primary interestisin
the estimation and testing of its fixed effects. The model’s random effects play
a secondary role, but are still considered important because their variances
can affect any inferences made with regard to the fixed effects, as will be seen
later. In the next section, methods for estimating the variances of the random
effects will be discussed. These variances, which, in general, are unknown,
are called variance components.

11.1 Estimation of Variance Components

The presence of random effects in a given model induces added variability in
the response variable under consideration. It is therefore important that the
model’s variance components be properly estimated. Section 8.6 dealt with
ANOVA (analysis of variance) estimation of variance components for bal-
anced data. In the case of unbalanced data, estimating variance components
is a more difficult task. This is due to several reasons that will be described
later in this chapter. In the present section, several methods for estimating
variance components, as applicable to unbalanced data, will be discussed.
These include ANOVA estimation in addition to two other methods based
on the principles of maximum likelihood and restricted maximum likelihood.

11.1.1 ANOVA Estimation—Henderson’s Methods

We may recall from Section 8.6 that ANOVA estimates of the variance com-
ponents in the balanced data case are obtained from a given ANOVA table
by equating the mean squares of the random effects to their corresponding
expected values, then solving the resulting equations for the estimates. The
same procedure can be applied whenever the data set is unbalanced, except
that we no longer have a unique ANOVA table, as is the case with balanced
data. Instead, there can be several ANOVA tables depending on how the
total sum of squares is partitioned (see Chapter 10). Consequently, ANOVA
estimates of the variance components are not unique for a general random
or mixed model in the unbalanced data case. Furthermore, they lack the nice
optimal properties (such as minimum variance) that their counterparts have
in a balanced data situation, as was mentioned earlier in Section 8.6.
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The early development of ANOVA estimation of variance components
for unbalanced data is mainly attributed to the pioneering work of Charles R.
Henderson (see Henderson, 1953). He introduced three methods for estimat-
ing variance components which came to be known as Henderson’s Methods I,
II, and III. These methods are similar in the sense that each method uses a
set of quadratic forms which are equated to their expected values in order to
derive the variance components estimates. In Method I, the quadratic forms
are analogous to those used in models for balanced data. These quadratic
forms can be negative since some of them are not actually sums of squares.
This method is computationally simple, but is not suitable for mixed models
since it yields biased estimates of the variance components in the presence of
fixed effects in the model (apart from p). It is only suitable for random mod-
els, in which case the variance components estimates are unbiased. Method 11
was designed to correct the deficiency of Method I for mixed models. The
data are first adjusted by using some estimate of the fixed effects based on
the observed data. Method I is then applied to estimate the variance com-
ponents from the adjusted data. This method produces unbiased estimates
of the variance components. However, it cannot be applied when the mixed
model contains interactions between the fixed and random effects (see Searle,
1968). If the data set is balanced, then Methods I and II are identical, and are
the same as the ANOVA method for balanced data.

Due to the stated shortcomings of both Methods I and II, no further
discussion of these methods will be given here. More details concerning the
two methods can be found in Searle (1968), Searle (1971, Chapter 10), and
Searle, Casella, and McCulloch (1992, Chapter 5).

11.1.1.1 Henderson’s Method 11l

This method is applicable to both random and mixed models, even when
interactions exist between fixed and random effects. It is therefore preferred
over Methods I and II. The procedure on which Method III is based uses a
sufficient number of reductions in sums of squares due to fitting submodels
of the model under consideration. These reductions are expressed using the
R-notation, as defined in Section 10.1, and are chosen so that their expected
values are free from any fixed effects. Estimates of the variance components
are obtained by equating these reductions to their expected values and then
solving the resulting equations. Thus, Method III differs from Methods I and
I in using positive R-expressions instead of quadratic forms that may not be
positive.

Before demonstrating how Method III can be applied, we need to estab-
lish a certain result that is needed for the development of this method. Let
us therefore consider, in general, the following model, which can be either
random or mixed:

Y=XB+e, (11.1)
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where
X is a matrix or order n x ¢q
B is a vector that contains fixed and random effects
€ is an experimental error vector assumed to be independent of § and has
a zero mean and a variance-covariance matrix, 02€ I,

Suppose that B is partitioned as B = (B : [5’2)/ and X is partitioned
accordingly as X = [X; : X»], where X; is of order n x g; (i = 1,2). Model
(11.1) can then be written as

Y=XiB1+XoB, + €. (11.2)
From (11.2) we can have the reduced model,
Y =XB1+e (11.3)
The development of Method III is based on the following lemma.

Lemma 11.1 Let R(B, | B1) = R(B) — R(B1), where R() and R(f31) denote
the regression sums of squares for the full model in (11.1) and the reduced
model in (11.3), respectively, that is,

RB) = YXX'X)"X'Y (11.4)
RBy) = Y'X; (XX1)” X,Y. (11.5)
Then,
EIR(B2 | )] = tr {[ X, Xz — XoX1 (X1X1)” X{ X2 | E (B285)]
+ 02 [rank(X) — rank(X1)]. (11.6)

Proof. The mean and variance-covariance matrix of Y in (11.1) can be
expressed as

E(Y) = XE(B) (11.7)
Var(Y) = XVar(B)X' + 021, (11.8)

Applying Theorem 5.2 to (11.4) in the light of (11.7) and (11.8), we get

E[R(B)] = E(B)X'X(X'X)" X'XE(B)
+tr {X(X’X)—X’ [XVar(B)X’ + cﬁln]}
= E(B)X'XE(B) + tr[XVar(B)X'] 4 02 rank(X). (11.9)

Formula (11.9) is true because X(X'X)~X'X = X by property (c) in Section
3.7.1, and tr[X(X'X)”X'] = rank[X(X'X)~X'] = rank(X) by property (b) in
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Section 3.9 since X(X'X)~ X’ is idempotent with rank equal to the rank of X.
Formula (11.9) can then be written as

E[R(B)] = tr[X'XE(B)E(B) + X' XVar(B)] + o2 rank(X)
= t[X'XE(BB')] + 02 rank(X), (11.10)

since Var(B) = E(BB') — E(B)E(R’). Similarly, by applying Theorem 5.2 to
(11.5), we get

E[R(B)] = E(B)X'X1 (X]X1) X1 XE(B)
+ 1 X0 (X X1) " X [XVar(B)X' + 021 ]
— tr [X’Xl (X, X1)” XQXE(BB/)] + 02 rank(X1)

= fr { [Xlle] (X1X1)” [X1X1 : X[ Xo] E(Bﬁ/)} + 02 rank(X1)

X, X1
X/ X, X)X, ,
= { I:X/zXl X)X (X1 X1) ™ XﬁXz] E(p )}
+ 02 rank(X1). (11.11)

From (11.10) and (11.11) we then have

E[R(B2 | B1)] = E[R(B)] — E[(B1)]
= tr{[XoXz = X3 (X1X1)” X1 X: | E (B28%) )
+ o [rank(X) — rank(X1)]. O

From Lemma 11.1, we note that if the elements of 3, consist of just random
effects, then E[R(3, | #1)] depends only on 026 and the variance components
that pertain to the random effects that make up the vector 3,. In addition, if 4
contains fixed effects, then E[R(f35 | $1)]hasno terms due to those effects. This
is necessary if we were to use R(3; | B1) to derive ANOVA estimates that are
not dependent on the fixed effects and are therefore unbiased. Furthermore,
if 1 contains elements that are random, then E[R(f3, | 31)] does not depend
on Var(f31) or any covariances that may exist between the elements of 3; and
;. Also, note that the application of Lemma 11.1 requires that 3; and f3,
make up the entire 3 vector for the full model.

With the help of Lemma 11.1 we can select as many R-expressions, of the
form considered in this lemma, as there are variance components (excluding
02) for the full model. Such expressions have no fixed effects in their expected
values. Equating the selected R-expressions to their expected values and solv-
ing the resulting equations along with the equation, E(SSg) = [n—rank(X)]o2,
we get unbiased estimates of the variance components, which we refer to as
Method III estimates. These estimates are not unique since the number of
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TABLE 11.1
Expected Values of R-Expressions for a Random Two-Way Model

R-Expression Expected Value

R(o, B, of | ) h1 02 + h12 0'%5 + hy3 O'%Xﬁ + (ab — 1)02
R(B,oxp | p, x) hyo 0'%3 + o3 O'%XB + (ab — a)o2

R((XB | H/ X, B) h33 O-%XB +(ﬂb—ﬂ—b+1)0'2€

SSE (n.. —ab)o?2

eligible R-expressions that can be used exceeds the number of variance com-
ponents for the full model.

All Henderson’s methods can give negative estimates of the variance
components. Other than being unbiased, ANOVA estimators have no known
optimal properties, even under normality, if the data set under consideration
is unbalanced.

Let us now demonstrate the application of Lemma 11.1 and Method Il by
considering the following example.

Example 11.1 Consider the random two-way model,

Yik = u+ o) + B + («xP)ap) + €jy, i=12,...,4;j=12,....b;
k=12,...,m.

The variance components for the model are therefore o2, G%, O'%XB, and o2.
In this case, we can consider the R-expressions whose expected values are
given in Table 11.1, where n__ is the total number of observations, and k11, hi12,
h13, h22, ho3, and ha3 are known constants that result from expanding the trace
portion of the expected value in formula (11.6). Equating SSg and the three
R-expressions in Table 11.1 to their respective expected values and solving

the resulting four equations produce Method III estimates of o2, 0‘%5, o2 B

2
and o%.

An alternative set of R-expressions can be chosen to derive Method III
estimates, as can be seen from Table 11.2, where h/23 is a constant possibly
different from hy3 in Table 11.1. This demonstrates the nonuniqueness of
Method III estimates of the variance components.

Let us now consider the same model as before, except that «; is con-
sidered fixed. Thus, the variance components are 0%3, O'%XB, and G%_. In this
case, to obtain Method III estimates of these variance components, we should
only consider R-expressions that are adjusted for at least p and o since p and
o (i =1,2,...,a) are the fixed effects in the full two-way model. We can
therefore consider the R-expressions, R(xf3 | 1, e, ), R(3, «f3 | 1, o), which
along with SSg can produce Method III estimates of 0%5, o2 p,and 02.
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TABLE 11.2
An Alternative Set of R-Expressions

R-Expression Expected Value

R(ot, 3, o3 | ) hi10% + h120%5 + h130§(;, + (ab—1)0%
R(et, B | 1, B) h210% + Iy 0% g + (ab — b)o%

R | w0, B) h330% g + (@b —a—b+1)og

SSE n. — ab)oz€

It should be noted that, in this example, Lemma 11.1 cannot be applied
directly to R-expressions of the form R(e | p) and R( | p, &) or R(B | n) and
R(oee | w, ), which are Type I sums of squares for factors A and B (depending
on how the model is written). This is so because the requirement of having
B1 and B, make up the entire  vector for the full model, as in Lemma 11.1,
is not satisfied in any of these expressions. However, it is possible to apply
Lemma 11.1 indirectly to such expressions. This is done as follows: suppose,
for example, that all the effects in the full model are random. We can use the
fact that

R(o, B, 0B [ ) =Rl | W) +R(B | w,00) + R(axP | p, , B) (11.12)
R(B, B |, 0) =R(B | 1, &) + R | 1, &, B). (11.13)

Solving Equations (11.12) and (11.13) for R(« | ) and R(B | 1, ®), we get
R(ec | ) = R(et, B, P | p) = R(B, o | 1, o) (11.14)
RB I w o) =RB, P |1 o) —R(@P | p, x, B). (11.15)

The R-expressions on the right-hand sides of (11.14) and (11.15) are of the
type considered in Lemma 11.1. We can therefore obtain the expected values
of R(x | ) and R(B | 1, ®) in terms of those of R(xf | 1, &, B), R(B, «f | 1, ),
and R(e, 3, 3 | p). Using Table 11.1, we get

EIR(x | W] = |In10% + 2o} +haok + (@b — 1ot |
- I:hZZO% +hp30% 5 + (ab — 0)0%;]
= h10% + (2 — h2) 0 + (h13 — h23) 05
+(@a—1)0o> (11.16)
EIR(B | 1, 0] = [ 20} +a3o,, + (@b — a)o? |
- [hssﬁfxﬁ +@—a—b+ 1)026]
= % + (ho3 — h33) 0% + (b — 12 11.17)
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Equating R(x | p) and R(f3 | p, ) to their expected values and combining the
resulting equations with the equations, E[R(af3 | u, &, )] = R(xp | p, x, B)
and E(SSg) = (n_ —ab) GZG, produce Method III estimates of O"ZX, 0%3, O'%XB, and

02. We can similarly get other estimates by considering the expected values
of R(B | w) and R(«x | 1, B).

Since R(ec | w), R(B | 1, &), and R(eB | 1, o, ) are Type I sums of squares
for factors A, B, and their interaction, A * B, if the corresponding SAS model is
writtenas, Y = A B A B, we conclude that, in general, Method III estimates
of the variance components can be obtained from equating Type I sums
of squares of all the random effects in the model, along with SSg, to their
expected values and then solving the resulting system of equations. Such
estimates can be easily computed using PROC VARCOMP in SAS (2000)
with the option “METHOD = TYPE1” included in the PROC VARCOMP
statement. For example, suppose that the two-way model in Example 11.1 is
random. Then, the SAS statements needed to get Method III estimates of o2,
6%5, G%Xﬁ, and O‘% are

DATA;
INPUTABY;
CARDS;
(enter the data here)
PROC VARCOMP METHOD = TYPEL,;
CLASS A B;
MODELY =ABAx*B;
RUN;

If only «; is fixed, then to get Method III estimates of 0%5, O'%Xﬁ, 026, we
can use the same statements as before, except that the MODEL statement
should be modified by adding the option “FIXED = 1,” that is, by using the
statement, MODEL Y = A B A « B/FIXED = 1;. In general, the MODEL option
“FIXED = m” tells PROC VARCOMP that the first m effects in the MODEL
statement are fixed. The remaining effects are assumed to be random. If this
option is left out, then all the effects in the model are assumed random. Thus,
when o is fixed in our two-way model, A should be placed first in the
MODEL statement and m set equal to 1. It is therefore important that all the
fixed effects, if any, be placed first in the MODEL statement.

Example 11.2 Consider the mixed two-way model,
Yik =+ o + Bg) + (B + €k,

where o) is fixed and B is random. The data set used with this model is
given in Table 11.3. Since «; is fixed, the needed Type I R-expressions are
R(B | w, ) and R(f | 1, «, B). The corresponding expected values are given
in Table 11.4. The expected values in Table 11.4 can be obtained from the out-
put of PROC VARCOMP, which also gives directly the solution of the system
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TABLE 11.3
Data Set for Example 11.2
B (Random)
A (Fixed) 1 2 3 4
1 20.9 25.0 23.8 70.1
25.2 30.1 26.9 102.1
28.9 23.6 101.2
25.3
2 28.9 30.9 39.8 65.3
44.3 28.6 415 62.1
33.9 31.0
30.9
3 30.1 32.1 41.8 50.9
28.9 35.9 443 50.8
34.5 28.9 39.2
38.1
TABLE 11.4
Expected Values of Type I R-Expressions
Value of
R-Expression DF R-Expression Expected Value
RB |, x) 3 8884.2827 25.6668 0%5 +8.8017 ofxﬁ +302
R(xp | w, & B) 6 2970.3412 16.8648 afxﬁ +602
Error 23 908.8150 2302

of three equations resulting from equating the values of the R-expressions
in Table 11.4 to their expected values. We thus have the following ANOVA
estimates of 0%, 0% 5, 0¢: 63 = 285.9459, 62,5 = 162.0671, and &7 = 39.5137,
which are considered Method III estimates of the three variance components.

11.1.2 Maximum Likelihood Estimation

An alternative approach to variance components estimation is that of maxi-
mum likelihood (ML). The ML approach is based on assuming normality of the
data under consideration. The likelihood function is then maximized over the
parameter space under nonnegative constraints on the variance components.
Hence, ML estimates must be nonnegative.

Let us consider model (11.1), which can be either random or mixed. Using
the same notation as in Section 8.4, this model is expressed as

v—p v+1
Y=) Hp;+ Y HpB, (11.18)
i=0 i=v—p+1
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where

v is the number of effects (excluding the experimental error term and the
grand mean) in the model

p is a positive integer such thatp <, Z?/:_Op H;p; is the fixed portion of the
model (B; is a fixed unknown parameter vector fori =0,1,...,v—p)

Z?’:ﬁ}_p 1 HiP; is its random portion

H; is a known matrix of order n x ¢; consisting of zeros and ones for
i=12,...,v+1(Hy=1y,)

If the data set is unbalanced, then H; is no longer expressible as a direct
product of identity matrices and vector of ones, as was the case in Section 8.2.
For the sake of simplicity, we shall represent the fixed portion as X g, where
X, =[Hp:Hy:...: Hy_p], and g is a vector containing all the fixed effects
in the model. Thus, model (11.18) is written as

v+1
Y=X.g+ Y H,;. (11.19)
i=v—p+1
The B,’s are assumed to be independently distributed such that p; ~

N (0,0%I;) fori =v—p+1,v—p+2,...,v+1. The data vector Y is therefore
normally distributed as N(X.g, X), where

v+1
= Z 02A;, (11.20)
i=v—p+1

andA;=HH,(i=v—p+1v—-—p+2,...,v+1). On the basis of formula

(4.17), the likelihood function associated with Y is

1
L=

2m)"/2[det(X)]1/2

1
exp [—E(y - X, 9L \(y - X. g)} . (11.21)

By definition, the maximum likelihood estimates (MLEs) of g and the variance

2 2 2 . . .
components, 0% _p417 On—py2s -+ 05 4y, ATE those that maximize £ subject to

the constraints, (71-2 >0,i=v—-—p+1,v—p+2,...,v+1 Equivalently, we
can consider maximizing the natural logarithm of £, called the log-likelihood
function, namely,

1 1
log(L) = —g log(2m) — 5 logldet(E)] — 5 (y — X, )Ty — X. 9). (1122)

To maximize log(L), we differentiate the two sides of (11.22), first with respect
to g, using Corollary 3.4 and Theorem 3.22, to get
d[log(L)]

- Xz ly-x1r'X,g (11.23)
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Differentiating now log(£) with respect to 0? (i = v—p+1,v—p+2,...,v+1)
and making use of the fact that,

8log[det(Z)] <Z 1 82)

do? do?
=tr(Z7A), i=v—p+Lv—p+2,...,v+1,
axr—! E)
5ol = 1= " Z 1 (see Theorem 3.24),
O-l

=-X 1Ai}: 1, i=v—-p+1l,v—p+2,...,v+1,
we get

0 [log(ﬁ)] 1

2 ST 1A,)+ S - X. )X ATy -X,g), (11.29)

fori=v—p+1,v—p+2,...,v+1 Equating (11.23) and (11.24) to zero and
changing y to the random data vector, Y, we get the equations,

X5 'x,5=x5"y (11.25)
HIE Al = (Y- X 95 AT (Y- X, D)
=YPAPY, i=v—-p+1,v—p+2,...,v+1, (11.26)

where
p=f i 'x, (X’Z X*) x i (11.27)
. v+1
I= ) &4, (11.28)
i=v—p+1

and § and &7 are, respectively, the MLEsof gand 0? (i=v —p+1,v —p +
2,...,v+1). Equation 11.26 follows from the fact that

Y-X.5= |:In 'S (X;i’lx*)f X;i1:| Y
= 2PpY.
Note that the left-hand side of (11.26) can be expressed as
~—1 el -1z
E A)=tr(E AL L)

A1 a1 v+1
=tr|Z AL Y. G4
j=v—p+1

v+1
O P | .
= > & AL A)S, i=v-p+lv-p+2,...,v+1L
j=v—p+1
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Formula (11.26) can then be written as

v+1
S E AL AT = YPAPY, i=v-ptlyv-p+2..v+l
j=v—p+1
(11.29)

Equations (11.25) and (11.29) are to be solved by iteration for g and 6]2. Only
nonnegative values of 6]2 (j=v—p+1,v—p+2,...,v+1)are to be retained.
A method for solving the maximum likelihood equations was developed
by Hartley and Rao (1967). It should be recognized that the solution of
these equations can be computationally formidable because of the need to
invert a variance—covariance matrix of large order. Computational aspects
of maximum likelihood estimation were discussed by several authors; see,
for example, Hemmerle and Hartley (1973), Jennrich and Sampson (1976),
Miller (1979), and Searle, Casella, and McCulloch (1992). Harville (1977) pre-
sented a comprehensive critique of the maximum likelihood approach to the
estimation of variance components and related topics.

In SAS, PROC VARCOMP can be used to compute maximum likelihood
estimates of variance components using the W-transformation developed by
Hemmerle and Hartley (1973). The option “METHOD = ML” must be spec-
ified in the PROC VARCOMP statement. Furthermore, the option “FIXED =
m” in the MODEL statement tells PROC VARCOMP that the first m effects in
the model are fixed. The remaining effects are assumed to be random. If this
option is left out, then all the effects in the model are assumed random. For
example, for the mixed two-way model, Yijx = p+ xgy + Bj) + () i) + €5k,
with o) fixed and {3j) random, the statements needed to get the MLEs of 0'%3 ,
(Y%xﬁ, and o2 are

DATA;
INPUT ABY;
CARDS;
(enter the data here)
PROC VARCOMP METHOD = ML;

CLASS A B;
MODEL Y = A B A*B/FIXED=1;
RUN;

PROC VARCOMP, however, does not provide maximum likelihood esti-
mates of the fixed effects in a mixed model. Furthermore, no continuous
effects are allowed since the model’s effects are limited to main effects, inter-
actions, and nested effects. This restricts the use of PROC VARCOMP to just
ANOVA models, but not, for example, response surface models with random
effects (see Chapter 12). Because of these limitations, the more recent PROC
MIXED in SAS is preferred for maximum likelihood computations.
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PROC MIXED accepts a variety of mixed linear models, including those
with continuous effects. It provides, among other things, maximum likeli-
hood estimates of the variance components as well as approximate tests
concerning the model’s fixed effects. In addition, a variety of covariance
structures can be specified for the data under consideration. The option
“METHOD = ML” should be specified in the PROC MIXED statement. The
MODEL statement (in PROC MIXED) includes only the fixed effects in the
model. If there are none, then the MODEL statement is written as MODEL
Y = ;. In this case, the model includes only random effects, in addition to ,
the overall mean. The RANDOM statement (in PROC MIXED) lists all the
random effects in the model. These effects can be classification or continu-
ous. Also, the REPEATED statement specifies the variance—covariance struc-
ture for the experimental error vector, e (see Section 11.9). If no REPEATED
statement is specified, then the variance—covariance matrix for € is assumed
to be 021,,.

Unlike ANOVA estimators, maximum likelihood estimators (MLEs) of
variance components have interesting asymptotic properties. Under certain
regularity conditions, MLEs of variance components are consistent (i.e., they
converge in probability to the true values of the variance components as the
sample size tends to infinity), asymptotically efficient (in the sense of attaining
the Cramér—Rao lower bound), and asymptotically normal. These properties were
investigated by Miller (1977). Searle (1970) and Rudan and Searle (1971)
derived large-sample variances of the MLEs of the variance components.

/
More specifically, if &2 denotes the MLE of 2 = (cr%fp 1 G%,fp YRR 03, +1> ,
then, as n — oo,

Var(6?) — 2T71, (11.30)
where I' = (v;;) and v;; is given by
yij=tr (z—lAl-z—lAj) , Qj=v—p+lv—p+2...,v+1 (1131

Example 11.3 Consider again the same model and data set as in Example 11.2.
The following is a listing of the SAS statements needed to get the maximum
likelihood estimates of 0%, 0%, 0% using PROC MIXED:

DATA;
INPUT ABY;
CARDS;

(enter the data here)
PROC MIXED METHOD = ML;
CLASS A B;
MODELY = A;
RANDOM B A*B;

RUN;

On the basis of the data set in Table 11.3, the following maximum likelihood

estimates were obtained: 6%5 = 210.65, 6%(6 =123.74, 6% = 39.445.
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11.1.3 Restricted Maximum Likelihood Estimation

This method is an adaptation of ML estimation of variance components
brought about by maximizing only that portion of the likelihood function
that is location invariant (i.e., does not depend on any fixed effects). It was
first proposed for unbalanced data by Patterson and Thompson (1971). They
called it modified maximum likelihood, but has come to be known as restricted
(or residual) maximum likelihood (REML).

In order to understand the development of REML estimation of variance
components, the following definition is needed.

Definition 11.1 An error contrast is a linear function, k'Y, of the data vector,
Y, that has zero expectation, that is, E k'Yy) =0.

Based on this definition, if Y is represented by the model in (11.19),
then E(k'Y) = k'X,g = 0 for all g. Hence, k'Y is an error contrast if
and only if KX, = 0, that is, k is orthogonal to the column space of X,.

Since [ I — X, (X/X.)” X,] X.. = 0 and the rank of I, - X. (X, X.)” X/ is
equal to n — r,, where r, = rank(X,), k' must belong to the row space of
I, — X. (X, X,)” X.Thus,

K =c[L- X, (X,X.)"X,], (11.32)

for some vector c. It follows that the number of linearly independent error
contrasts is equal to 1 — 7.

Now, let us confine our attention to the vector K'Y, where K’ is a matrix
of order (n — r,) x n and rank n — r, such that K’X, = 0. Thus, the n — 7,
elements of K'Y are linearly independent error contrasts that form a basis
for all such error contrasts. Under the assumptions made earlier in Section
11.1.2 concerning normality of the distribution of ¥, K'Y ~ N(0, K'ZK), since
K'X,.g=0.

Instead of maximizing the log-likelihood function of Y, as was done earlier
in Section 11.1.2 for ML estimation, we can now maximize the log-likelihood
function of K'Y, denoted by log (£,), which is given by

n—ry
2

log (271) — %log[det(K/ZK)] - %Y/K(K/ZK)‘lK/Y.
(11.33)

log (£y) = —

Formula (11.33) can be derived from (11.22) by replacing n, X, Y, X, g with
n—r., K'ZK, K'Y, and K'X, g = 0, respectively. Note that this log likelihood
depends only on the variance components. By definition, the REML estimates

. 2 2 .
of the variance components, 0% —pt17 On—py2r -+ Oy AT those that maxi-

mize log(L,) subject to the constraints 012 >0,i=v—p+1,v—p+2,...,v+1
It is interesting here to remark that log(£;) is invariant to the choice of
K’ as long as K’ has full row rank. To show this, suppose that we were



Unbalanced Random and Mixed Models 363

to choose another full row-rank matrix, K}, such that K/lX* = 0. Then,
there exists a nonsingular matrix M such that K' = MK]. Consequently,
det(K'£K) = det (MK} ZK1M') = [det(M)]*det (K} ZK1) and
YKK'ZK)'K'Y = YKiM' (MK, LK :M') ™" MK} Y
= YK, (K| ZK;) 'K, Y.

Making the substitution in (11.33), we get
n— Ty

2

1 -1
- Ey’Kl (K| ZK1) T K}Y.

log(L,) = —

log(2m) — log[det(M)] — 1lo det(K, ZK1)
g g 7108 1

Since the matrix M does not depend on the variance components, the maxi-
mization of log(L£,) with respect to the variance components is equivalent to
the maximization of

n— Ty

log(27) — %log [det (K\£K1)] — %Y’Kl (K| £K)) 'K,

which is of the same form as the right-hand side of (11.33), but with the
replacement of K with K’l. Thus, whether K or K’l are used, the REML esti-
mates remain unchanged.

To obtain the REML estimates of the variance components we can modify
the ML equations in (11.26) by replacing Y with K'Y, A; with K’A;K, X, with
K'X, =0, and Z with K'ZK. We therefore get the REML equations,

tr [(K/i,K)*l(K/AiK)] = YKK'E,K) " (K AK) (K Z,K) K'Y,
i=v—p+1lv—p+2,...,v+1, (11.34)
where

~ v+1
L= ) &A, (11.35)

i=v—p+1
and the 5%’s are the REML estimates of 0? (i =v—p+1,v—p+2,...,v+1).
Lemma 11.2
KK'ZK) 'K =P, (11.36)
where

p=x'_xx, (X;Z*lx*)_ x. 51, (11.37)
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Proof. The rows of K’ span the orthogonal complement of the column space
of X, because K'X,, = 0 and K’ is of full row rank equal to n — r,. Since the

rows of the matrix I, — X, (X, X,)~ X/, are also orthogonal to the columns of
X, we conclude that

I, - X. (X, X,)” X, =TK, (11.38)
for some matrix T. Taking the transpose of both sides of (11.38), we get
I, — X, (X/X.) X, =KT. (11.39)

Multiplying both sides of (11.39) by (K'K)~'K’, we get (K'K)"'K’ = T'. For-
mula (11.39) can then be written as

I, — X. (X.X,)” X. = KK'K)"'K. (11.40)
* *

Formula (11.40) also holds true if we were to replace X, and K by s 12x, and
r12K, respectively. This is so because (Z12Ky(z712X,) = K'X, = 0, and
12X, and £1/2K have the same ranks as those of X, and K, respectively
(212 is awell-defined and positive definite matrix since X is positive definite).
From (11.40) we therefore have

I, — £ 12x, (X;Z*X*)_ X512 - FI2KK'EK) K EY2. (11.41)
Formula (11.41) is equivalent to (11.36). O
Using the result of Lemma 11.2, formula (11.34) can now be expressed as
tr[P, A=Y P,A;PY, i=v—p+1,v—p+2,...,v+1, (11.42)

where,
p=%"-%'x, (x.£, 1X*>7 x5 (11.43)

We note that (11.42) is of the same form as the ML equations in (11.26), except

that £ on the left-hand side of (11.26) has been replaced by P;.
An alternative form to formula (11.42) can be derived as follows: it is easy
to show that PZP = P. Using this fact in (11.42), we get

tr(P,Z, P, A) =Y P, AP Y, i=v—p+1,v—p+2,...,v+1,

which can be written as

v+1
tr | P, A; P, Z aZjA]- =Y P,APY,
j=v—p+1

i=v—p+1lv—p+2,...,v+1
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We therefore have the equations,

v+1
Z tr(P, A; ﬁ,Aj)&fj =Y P,A P Y,
j=v—p+1

i=v—p+1lv—p+2,...,v+1, (11.44)

which should be solved by using iterative procedures to obtain the REML

estimates of 03/7 Y Giip 42 cri InE We note that (11.44) is of the same form

as (11.29) for ML estimation, except that P, on the left-hand side of (11.44)
replaces 5:71 in formula (11.29). An algorithm for simplifying the computation
of REML estimates was developed by Corbeil and Searle (1976a).

Let us now show that the REML estimates maximize that portion of the
likelihood function that does not depend on the fixed effects. To do so, let Z,
be an n x r, matrix of rank r, whose columns form a basis for the column
space of X. Let us also consider the following linear transformation of the

data vector, Y:
!
Y* = [i’f] Y

—Qv.

Since K’ is of rank n — r, and its rows span the orthogonal complement of
the column space of X, the matrix Q must be nonsingular. It follows that the
density function of Y* is equal to the density function of Y, namely £, divided
by | det(Q) |. Now, let us write Y* as

Y *

* j—

-

where Y1* = Z.Y and Y»>* = K'Y. Then, the density function of Y* can be
expressed as

8y =g1 (1" 19,") 82 (v3),
where g» (yz*) is the density function of Y>*, which is the same as £, whose
natural logarithm was given earlier in (11.33), that is,

&2 (yz*) =Ly
2m) 2 [det(K'ZK)]1/2

and g1 (y;* | y,*) is the conditional density of Y1* given Y>* = y,*. Hence,
the likelihood function of Y can be written as

L=]det@Q g1 (y1" 11,") &2 (1,") (11.45)

Formula (11.45) shows that the REML estimates maximize only the portion
of the likelihood function of ¥, namely, ¢» (y,*), which does not depend on
the fixed effects.

1
xp [—Eyz* (K/ZK>‘1yz*} :
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11.1.3.1 Properties of REML Estimators

REML estimators of variance components have properties similar to those of
ML. Under certain conditions, REML estimators are asymptotically normal
and asymptotically equivalent to ML estimators in the sense that the normal-
ized differences of the corresponding estimators converge in probability to
zero. These asymptotic properties were studied by Das (1979).

One interesting feature of REML estimation is that for balanced data,
the solutions of the REML equations in (11.44) are identical to the ANOVA
estimates (see Searle, Casella, and McCulloch, 1992, p. 253). Because of this
feature, some users favor REML over ML. Comparisons between REML and
ML estimators were made by Hocking and Kutner (1975), Corbeil and Searle
(1976 b), and Swallow and Monahan (1984).

Furthermore, if 6'% denotes the REML estimator of o2 = (O‘i_p 1

o2

/
2
V_p+2,...,crv+1>,thenasn — 00,

Var (&3) 217t (11.46)
where I'; is a matrix whose (i, j)th element is equal to
Yrij = tr(PAiPAj), i,j=v—-p+1Lv—-p+2,...,v+1, (11.47)

and P is given in (11.37). This result was reported in Searle, Casella, and
McCulloch (1992, p. 253). We note that formula (11.47) is similar to formula
(11.31) for ML estimation, except that P is used here in place of ~1in (11.31).

Example 11.4 REML estimates can be easily obtained by using PROC MIXED
in SAS. The statements needed to activate REML are the same as those for
ML, except that the option “"METHOD = ML” in the PROC MIXED statement
should be changed to “METHOD = REML,” or dropped altogether since
REML is the default estimation method in PROC MIXED.

Using, for example, the model and data set for Example 11.2, along with
the SAS code shown in Example 11.3 (with “METHOD = ML” changed to
“METHOD = REML,” or removed completely), we get the following REML
estimates of 0%, 0% 5, and 0%: 675 = 279.76, 57, 5 = 169.60, &7 = 39.477.

Example 11.5 A data set consisting of the weights at birth of 62 single-birth
male lambs was reported in Harville and Fenech (1985). The data originated
from five distinct population lines. Each lamb was the progeny of one of 23
rams, and each lamb had a different dam. The age of dam was recorded as
belonging to one of three categories, numbered 1 (1-2 years), 2 (2-3 years),
and 3 (over 3 years). The data are reproduced in Table 11.5, and the model
considered for this experiment is given by

Yij = w+ oy + By + Sk + €ijkarys (11.48)
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TABLE 11.5
Birth Weights (in Pounds) of Lambs
Dam Age (i) Line ()
1 2
1 Sire (k) Sire (k)
1 2 3 4 1 2 3 4
6.2 13.0 9.5 104 — — 120 115
10.1
11.4
2 Sire (k) Sire (k)
1 2 3 1 2 3 4
— — 11.8 85 — 101 — —
3 Sire (k) Sire (k)
1 2 3 4 1 2 3 4
— — 129 — 13.5 11.0 — 10.8
13.1 14.0
15.5
3 4
1 Sire (k) Sire (k)
1 2 3 4 1 2 3
— 11.0 11.6 — 9.2 102 11.7
10.6 10.9
10.6
2 Sire (k) Sire (k)
1 2 3 4 1 2 3
9.0 101 — 12.0 —_ = -
11.7
3 Sire (k) Sire (k)
1 2 3 4 1 2 3
95 85 13.0 — 77 — 99
12.6 8.8 10.0
9.9 11.2
10.9
11.0
13.9

(continued)
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TABLE 11.5 (continued)
Birth Weights (in Pounds) of Lambs

Dam Age (i) Line ()
5
1 Sire (k)
1 2 3 4 5 6 7 8
11.7 9.0 — — — — — 10.7
12.6 11.0
12.5
2 Sire (k)
1 2 3 4 5 6 7 8
— — — — 13.5 10.9 10.0 —
12.7
3 Sire (k)
1 2 3 4 5 6 7 8
— 11.0 9.0 9.9 — 5.9 13.2 9.0
12.0 13.3 10.2
Source: Reprinted from Harville, D.A. and Fenech, A.P., Biometrics, 41, 137, 1985. With
permission.

i=123j=12345k=12...,¢l= 0,1,... m (¢j is the number of
rams in the jth line, and n;j is the number of lambs that are the offspring
of the kth sire in the jth population line of a dam belonging to the ith age
category), where «;) is the effect of the ith age, 3j is the effect of the jth line,
8j(k) is the effect of the kth sire within the jth population line, and Yjj; denotes
the weight at birth of the Ith of those lambs that are the offspring of the kth
sire in the jth population line and of a dam belonging to the ith age category.

Note that (11.48) represents a submodel of the full model for the popula-
tion structure [(7)(j : k)] : . The age and line effects are considered fixed, but
the sire effect (nested within population line) is assumed to be random and

distributed as N (O, 0'%([5)), independently of the €;j()’s, which are assumed

to be mutually independent and have the N (0,02) distribution. The SAS
statements needed to obtain the ML and REML estimates of 0'%(6) and o2 are

DATA;
INPUTABCY;
CARDS;

(enter here the data from Table 11.5)
PROC MIXED METHOD = ML,
CLASSABC;
MODELY =A B;
RANDOM C(B);

RUN;
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TABLE 11.6

ML and REML Estimates

Variance Component ML REML
o33 0 0.5171
02 2.9441 2.9616

€

Recall that for REML estimation, “"METHOD = ML” can be either dropped
or changed to “"METHOD = REML.” The corresponding ML and REML esti-
mates of 0%( p) and o2 are displayed in Table 11.6.

By comparison, ANOVA’s Method III estimates of G%(B) and o2 are
63y = 0.7676 and 62 = 2.7631.

11.2 Estimation of Estimable Linear Functions

Using model (11.19), the mean response vector is
EY)=X.g (11.49)

and the variance-covariance matrix, X, of Y is given by (11.20). Let A’'g be an
estimable linear function of g. Its best linear unbiased estimator (BLUE) is

Ng=N(xiz7x.) XLzl (11.50)

This is called the generalized least-squares estimator (GLSE) of N'g (see Section
6.3). It is easy to show that the variance of A’g is of the form

Var(Wg) = A’ (X;Z*lx*)_ A (11.51)

Formulas (11.50) and (11.51) require knowledge of X. In general, however,
X is unknown since it depends on the unknown variance components,
Gf/_p 1 0'3/_]0 YR 03/ 41 Itis therefore necessary to first estimate the vari-
ance components using either their ML or REML estimators. For example,
if in (11.50) we were to replace the variance components with their REML
estimators, 62 (i = v—p+1,v—p+2,...,v+1), we get the so-called estimated
generalized least-squares estimator (EGLSE) of A'g, denoted by A'g,, which is of

the form,
I~ 1 ;&1 Ty el
Ng, = A (X*Z, X*) X5y, (11.52)

where I, is given by (11.35). A comparable estimator of A'g can be obtained by
using ML estimators of Gi_p 1 0‘3/_]0 LTI cr%/ 41 in place of their REML esti-
mators in (11.50). Using (11.51), an approximate expression for the variance
of N'g, is

VarNg) ~ N (X.E,'X.) A (11.53)
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It should be noted that A'g, is no longer the BLUE of A'g since £, is random
and is therefore not equal to the true fixed value of Z. Furthermore, the right-
hand side of (11.53) is an estimate of Var(A’g) in (11.51), but is not an estimate
of the true value of Var(A'g,).

Kackar and Harville (1981) proved an interesting result concerning unbi-
asedness of the EGLSE of N'g. Before giving details of the proof of this result,
let A'g* denote an estimator of A'g derived by replacing the variance com-
ponents in (11.50) by their corresponding estimators, which can be of the
ANOVA, ML, or REML types, or any other “suitable” estimators. By a “suit-
able estimator” we mean an estimator that is even and translation invariant.
By definition, a statistic S(Y) is an even function of Y if S(=Y) = S(Y) forall Y.
Also, S(Y) is said to be translation invariant if S(Y — X, &) = S(Y) for all Y and
any constant vector &.

Theorem 11.1 (Kackar and Harville, 1981) Let 02 = (63/_p+1, Gi_pﬂ, ceey
cr%, +1)/' and o*2(Y) be an estimator of o2 whose elements are translation

invariant and even functions of Y. Suppose that A'g* is an estimator of A'g
obtained by using 6*2(Y) in place of 62 in (11.50). Then, A'g* is an unbiased
estimator of A'g provided that the expected value of A'g* is finite.

The proof of Theorem 11.1 depends on the following lemma.

Lemma 11.3 (Kackar and Harville, 1981) If Z is a random vector with a
symmetric distribution around zero in the sense that Z and —Z are identically
distributed, and if f(Z) is a random variable that is an odd function of Z, that
is, f(—=Z) = —f(Z), then f(Z) has a symmetric distribution around zero.

Proof. Let x be any real number. Then,

PIf(Z) = x] = P[-f(Z) < —x]
= P[f(-Z) < —x]. (11.54)

Since Z and —Z are identically distributed, f(Z) and f(—Z) are also identically
distributed. Hence,

Plf(—Z) < —x] = P[f(Z) < —x]
= Plf(-2Z) > x]. (11.55)

From (11.54) and (11.55) we conclude that

PIf(Z) = x] = PIf(-Z) = x]
=P[-f(Z) = x].

This means that f(Z) and —f(Z) are identically distributed. O

Proof of Theorem 11.1 We need to show that E(A'g*) = A'g. Since A'g is
estimable, we can write A’ = ¥ X, for some vector . We have that

Ng* —Ng=rX, (X;z*—lx*)_ X zly —rX, g,
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where I* is obtained from (11.20) by replacing o with 6*2(Y). But,
X, (X;z**lx*)_ X, 51X, = X,
since it is known that
2, (XETIXL) X ETIX, = 2K
Hence,
Ng* —Ng=rX, (X;z*—lx*)_ X 2Ny - X, g)
e (X;z*—lx*)_ X,z V(H, B,), (11.56)

where H, 3, = Zzy:t}_p +1 HiB;. Now, since 0*2(Y) is even and translation
invariant, then

a*2(Y) = o*2(Y — X, 9
= o2 (H, B,)
= o*2(—H, B,).

From (11.56) it follows that N'g* — A'g is an odd function of B,. But, by
assumption, (3, is normally distributed with a zero mean vector, hence it
is symmetrically distributed around zero. Consequently, by Lemma 11.3,
N'g* — N'g has a distribution that is symmetrically distributed around zero.
Hence, if E(A'g*) is finite, then E(N'g* — N'g) = 0, thatis, EN'g*) =ANg. O

All three procedures for estimating variance components (Henderson’s
Method III, ML, and REML), as described in Section 11.1, yield even and
translation invariant estimators (see Kackar and Harville, 1981). Thus, the
EGLSE, N g,,in (11.52) is an unbiased estimator of N'g. The same is true if ML
is used instead of REML.

Recall that the expression in (11.53) is just an approximation that pro-
vides a measure of precision for A'g,. More specifically, it is an estimate of

A (X;Z_lX*)_ A, which is regarded as the variance-covariance matrix of

the asymptotic limiting distribution of A’g, as the number of observations,
n, goes to infinity. In small samples, however, the expression in (11.53) may
not provide a good approximation for Var(A'g,). Kackar and Harville (1984)
proposed an alternative, and a generally more satisfactory, approximation
for Var(N'g,) given by

Var(Ng,) ~ N (X;Z‘lX*>_ A+NTAA, (11.57)
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where
v+1 v+1

" | £ e

i=v—p+1lj=v—p+1

x (X;z—lx*)_ (11.58)

Gj=X,Z AL AZX,, ij=v-p+lv—p+2,...,v+1 (1159
Fi=-X2'Ax7'X,, i=v—p+1v—p+2,...,v+1, (11.60)

and wj; is the (i, j)th element of the asymptotic variance-covariance matrix of
6'3, the vector of REML estimators of the criz’s i=v—p+1l,v—p+2,...,v+1),
which is given in (11.46). [If &2, the vector of ML estimators of the variance
components, is used in place of 62 to obtain the EGLSE of A'g, then the

asymptotic variance - covariance matrix of &2 given in formula (11.30) should
be used instead of (11.46)]. The expression in (11.57) was also reported in
McCulloch and Searle (2001, p. 165).

An alternative expression for A'T,A in (11.57) is obtained as follows: let

v =N (X;Z_lX*>7 X, 2. Using (11.59) and (11.60) in (11.58) we get

v+1 v+1

AT A= > > wT[AZ 4

i=v—p+1j=v—p+1

—AZX, (X;z—lx*) X,z Ajlr

v+1 v+1

= Z Z wij T/Al'PAjT
i=v—p+1lj=v—p+1
= tr(QV), (11.61)
where P is the matrix defined in (11.37), Q = (wijj), and V is the matrix whose
(i, j)th element is T'A;PA;t. Using (11.61) in (11.57) we get the expression
Var(Ng,) ~ N (X;Z_lX*)i A+ t(QV). (11.62)

This approximation of Var(A'g,) is the one derived by Kackar and Harville
(1984, p. 854) and is also reported in McCulloch and Searle (2001, p. 166).
Obviously, an estimate of X must be used in (11.62) in order to obtain
an approximate computable expression for Var(A'g,). Kackar and Harville
(1984) indicated that tr(QQV) in (11.62) is nonnegative, which implies

that A’/ (X;Z_lX*)_A represents a lower bound for Var(A'g,), that is,

A (X;Zle *)_ A underestimates the variance of 'g,.
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Kenward and Roger (1997, Section 2) noted that A’ (X;ir_ 1X*)_ A, where
L, is given in (11.35), is a biased estimator of A’ (X;Z_lX*>_ A. Using a

. . o1 -
second-order Taylor’s series expansion of A’ (X;Zr X*> A around o2, the
vector of true variance components, it was established that

E [N (X;i,‘ 1X*>_ 7\} ~ N (X;z—lx*)f A — NT,A. (11.63)

Hence, an approximate unbiased estimator for the right-hand side of (11.57)

~ 1 -
is given by A’ (X;Zr X*) A+ 2N T, A. An estimate of £ can then be used in

T in order to obtain a computable expression for this estimator.

In Sections 11.3 through 11.8, we concentrate on the study of tests and
confidence intervals concerning the parameters of some unbalanced random
or mixed models. Unlike balanced models, the analysis of unbalanced models
can be quite complicated. This is due to the lack of a unique ANOVA table
in the unbalanced case, as was stated earlier in Chapter 10. Furthermore,
the sums of squares in an unbalanced ANOVA table are not, in general,
independent or distributed as scaled chi-squared variates under the usual
assumptions of normality, independence, and equality of variances of the
individual random effects. As a result, there are no general procedures for
deriving, for example, exact tests or confidence intervals concerning variance
components or estimable linear functions of the fixed effects in an unbalanced
mixed model situation. There are, however, certain techniques that apply to
particular models. For example, the analysis of the random one-way model
is discussed in Section 11.3. The random and mixed two-way models are
considered in Sections 11.4 and 11.6, respectively. Sections 11.7 and 11.8 deal
with the random and mixed two-fold nested models, respectively. These are
not the only models for which tests and confidence intervals can be derived.
However, they do provide good examples that illustrate how inference mak-
ing is carried out in the case of unbalanced models with random effects.
Extensions to higher-order random models are discussed in Section 11.5, and
in Section 11.9, a review is given of some approximate tests for the general
mixed model.

I
11.3 Inference Concerning the Random One-Way Model
Consider the unbalanced random one-way model,

Yi]‘=u+06(i)+€i(]'), i=1,2,...,k;j=1,2,...,n1-, (11.64)

where o) and € are independently distributed as normal variates with
zero means and variances o2 and 02, respectively. The objective here is to
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derive a test concerning the hypothesis, Hy : 02, = 0, and to obtain confidence
intervals on 0% and o2 /c%.
Taking the average of Yj; over j, we get

Vi=p+oan+e, i=12...k (11.65)

where Y; = nll Z]”;l Yij, €. = nl, 27;1 ei(j)- Formula (11.65) can be written in
vector form as

Y=yl +a+e, (11.66)

where Y, &, and € are vectors whose elements are Y;, oGy, and €;. (i =
1,2,...,k), respectively. The variance—covariance matrix of Y is

Var(Y) = o2 I; + 03B, (11.67)

B:diag(l,l l)

7 7
ny mnp ny

where

/

Let now P; be a matrix of order (k — 1) x k such that [\/L]?lk : P/l] is an

orthogonal matrix of order k x k (the choice of P; is not unique). Hence,
the rows of Py form an orthonormal basis for the orthogonal complement
of 1; in the k-dimensional Euclidean space. Let U = P;Y. Then, U is nor-
mally distributed with a mean equal to 0 and a variance—covariance matrix
given by
Var(U) = P, (o%xlk 4 GzeB) P,
= 0%l 1 + ozl (11.68)

where Ly = P1BP;. The unweighted sum of squares, SS,,, corresponding to &
in model (11.64) is defined as

k
SSu =iy Y (Yi —Y*)?, (11.69)
i=1
where Y* = % Z;‘zl Y;. and 7, is the harmonic mean of the 7;’s, namely,

K -1

iy =k anl

Using (11.69), SS,, can be written as

_ 1 _
SS, =, Y (Ik - %]k) Y
= i, U'U, (11.70)
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since I — %]k = P} Py, where ] is the matrix of ones of order k x k. Thus, U'U

is invariant to the choice of Py. Since U ~ N (0, 6% Ix_1 + 02L1), the random
variable,

-1
X, =U (ofxlk_l + GZELl) u, 11.71)

has the chi-squared distribution with k — 1 degrees of freedom.
Thomas and Hultquist (1978) introduced an approximation to X;, in (11.71)
given by

- 1 -1
X, = (cr%x + n—hoi> u'u. (11.72)

This approximation results from replacing B with ,—%hlk/ and hence L; in
(11.71) with ﬁlhIk—l' This causes Var(U) in (11.68) to be approximately equal
to (G%X + Z—E) I_1. Tt follows that X,, in (11.72) is distributed approximately
as Xifl‘ From (11.70) and (11.72) we therefore have

SS, = muu
= (o +0?) X,

= 2 2 2
~ npo o .
approx. ( "o €> Xk-1

Under Hy : 02 =0, 565%“ is then distributed approximately as x,%_l. Since 5SS,

is also independent of the error sum of squares, SSg = Zle Z}il (Yij— Y;)?,

then under Hy,

_ SSu/tk—1)

F
" MSE

(11.73)

has approximately the F-distribution with k—1 and n. — k degrees of freedom,
where MSg = SSg/(n. —k) and n, = Zi-;l n;. The statistic F,, can then be used

; ; . g2 Oc
to provide an approximate F-test for Hy. Under H, : o5, > 0, ol ool
distributed approximately as F_1 ,, —x. The power of the test statistic F,, can
therefore be obtained approximately for a given value of 62 /02 on the basis
of this F-distribution. The following lemma provides some justification for

using 1, in setting up the approximate chi-squared distribution in (11.72).

F, is

Lemma 11.4 Let || . |2 denote the Euclidean norm of a matrix (see Section
3.12). The best approximation of the matrix L; in (11.68) with a diagonal
matrix of the form cp Ix_1 (co is a positive constant), in the sense of minimizing

| L1 — co Ix—1 ll2 with respect to cp, is achieved when ¢y = ﬁl_h
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Proof. We have that

I Ly —coly_q1 II5= Il P1(B—coI)P; |3
= tr[P1(B — ¢co I)P{P1(B — o I;) P} ]
=tr [P/1P1 (B—cg Ik)P/1P1 (B—cg Ik)]

1 1
=tr [(Ik - %Ik) (B —coly) <1k - Elk) (B —co Ik)] :

Differentiating the right-hand side with respect to ¢y and equating the deriva-
tive to zero, we get

20k — 1)
k

ko
Z—+260(k—1)
n

i=1

- L1—C()I_ 2:—
o I k-1 112

=0.

The solution of this equation is

1=

|
o = Zn—l

i=1

| =

h

Iyl

Since || L1 — co Ix—1 ||% is a quadratic function of ¢y and its second derivative
with respect to ¢ is positive, the solution, cp = %, must be a point of absolute

minimum for || L1 — ¢ Iy_1 ||§. O

11.3.1 Adequacy of the Approximation

In this section, we examine the adequacy of the approximation of the dis-
tribution of X, in (11.72) with the chi-squared distribution. Since U ~
N (0, 0211 + 02 L), the exact distribution of X, can be determined by using
Davies’ (1980) algorithm (see Section 5.6). More specifically, X,, can be written
as a linear combination of independent central chi-squared random variables
of the form

S
Xi=) 05, (11.74)
i=1
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where the 8;s are the distinct nonzero eigenvalues of

ﬁVar(U) = — ! — (AL 1+ 02Ly)
0 + ﬁ—; 05 + n—;
2
= ﬁ |:<O‘%x + %) I+ 0‘%: <L1 - ﬁllk—l)]
0%+ 7 h h
02 1
=I 1+ —602 <L1 — ﬁ_Ik—l) , (11.75)
o5 + 5 h

and v; is the multiplicity of 0; (i =1,2,...,9) such that Z?:l vi = k—1.
Note that §; > 0 for i = 1,2,...,s. Let 4; denote the ith eigenvalue of

2 _1
(ng n Z_h) (L1 — £I;_y). Then,

-1
2 -1
fi:(g§x+¥> ()\i—_—>, i=1,2,...,k=1, (11.76)

where A; = ith eigenvalue of L1 (i = 1,2,...,k — 1). Since L1 = P1BP;
is positive definite, Ai > 0 for all i. Note that the A/s are invariant to
the choice of the matrix P; since they are equal to the nonzero eigen-
values of BP{P; = B(I; — % Jx), or, equivalently, the symmetric matrix
Ix— % J)BIx— % Ji). Furthermore, from (11.75), if k; denotes the ith eigenvalue

A
of (0‘“ + % ) Var(U), then
Ri=1+02%, i=1,2,... k-1 (11.77)

Thus, the 6;’s in (11.74) are the distinct values of the k;’s whose average value
is equal to one. This follows from Equations 11.76 and 11.77, namely,

k-1 2 k-1
1 1 < 1
D DL U (S ) M
=1 o5 + % T "
=1, (11.78)
since
1 k—1 _

A= 1 tr[B(I 1
z—mr[ (k_E]k)]

T
i
1

Il
—_

1 1.,
= [tr(B) - ElkBl"}
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1 | &1 1&
=m{zn— 4

From (11.78) it follows that the approximation of the distribution of X,, with
XI%—l’ as proposed by Thomas and Hultquist (1978), results from formula

(11.74) by replacing all the 8;’s by their weighted average, ¢ 1 Z 1 Ki, which
is equal to one. Thus, the closer the 7;’s in (11.77) are to zero, that is, the closer
the A;’s are to ﬁlh [see formula (11.76)], the better the approximation. Note that
for all values of i,

min{&;} < 6; < max{g;}, (11.79)
] ]

where from (11.76) and (11.77),

2

L. o ~ 1

min{k;} =1+ —ecz [A(k_l) — _—}
] O%c 4+ Z€ ny

ny

_ 0%( + 5\(](_1)0‘26
2
O + E
2

0% 1
max{kj} =1+ —G |:7\(1) - _—]
] 0‘%( + E
_ 05+ A0t

= =

2 i
0% + 75

4

and A1) and 5\(;{_1) are, respectively, the largest and the smallest of the A;’s
(i=1,2,...,k—1). From (11.79) and the fact that the weighted average of the

éi's is one, we get
0'%( + 7\(k_1)0'2€ <1 < 0'2 + 5\(1)0‘2
—— 55— <1< —.
0%+ 38 0% + %%

ny

(11.80)

Since A¢1y < m and Ag_1) > n( o , where n(1) and n, are, respectively, the
largest and the smallest of the n;’s (i = 1,2, ..., k), we conclude that

2
+ n
<1< —G(’;) (11.81)

o2 O 2 e
cx+ ox t+ 7,

O "(1)
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Thus, the closer the upper and lower bounds in (11.80) are to each other,
the better the approximation of the distribution of X, with Xi—l' On the
basis of (11.81), this occurs when the data set is nearly balanced (in this
case, nay ~ ny, ~ i), or when 02 /02 is large. The same observation was
made by Thomas and Hultquist (1978). The adequacy of this approximation
was assessed by Khuri (2002) using graphical techniques based on the ideas
presented in this section.

11.3.2 Confidence Intervals on ¢ and 0?/02

An approximate confidence interval on 02, /02 can be easily obtained by using

2
the fact that ﬁh;zyﬁ F, is approximately distributed as Fy_y ,, _x, where F,, is

given by (11.73)0.c We thus have

5 -1
_ O

Fiog 1k < (ﬂh—g‘ +1> Fy < Fg g 10k
(o)

€

with a probability approximately equal to 1 — «. Hence, an approximate
(1 — ®)100% confidence interval on 0% /02 is given by

2
;[E_l}fﬁfl[ﬂ‘ _1] (11.82)

A confidence interval for 62 can be formed by modifying the interval for
02, in the balanced case. Using this approach, Thomas and Hultquist (1978)
developed the following approximate (1 — «)100% confidence interval on o2,
on the basis of the so-called Williams—Tukey formula [see Williams (1962) and

Boardman (1974 )]:

1
— (854 — (k= DMSgFg 41, 4] = o
% k-1
1
< [$8u— = DMSEF1_g 51,
MXa_g k-1

(11.83)
Other approximate confidence intervals on o2 are also available. A compar-
ison of the coverage probabilities of these intervals was made by Lee and
Khuri (2002) using Monte Carlo simulation. It was reported that the approx-
imation associated with the interval in (11.83) was adequate, except in cases
where O'%X / Gze was small (less than 0.25) and the design was extremely unbal-
anced. With the exclusion of these cases, the interval in (11.83) maintained its
coverage probabilities at levels close to the nominal value.
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11.4 Inference Concerning the Random Two-Way Model

In this section, we discuss the analysis concerning a random two-way model
with interaction of the form

Yik =+ g + B + (B + €k,
i=12...,4j=12..,bk=12..n; (11.84)

where ), B, () j), and € are independently distributed as N(0, 02),
N (O, 0%), N(O, O'%Xﬁ), and N (0, 0%), respectively. Note that the data set is
assumed to contain no empty cells. Of interest here is the testing of hypotheses
concerning o2, 0%5, and O'%X p- in addition to setting up confidence intervals

concerning these variance components.

11.4.1 Approximate Tests Based on the Method
of Unweighted Means

We recall that the method of unweighted means (MUM) was used in Section
10.6 to provide approximate tests concerning the parameters of a fixed-effects
two-way model. We now consider applying this method to the same model,
but with the added assumption that the model’s effects are all assumed to be
randomly distributed.

Consider again the unweighted sums of squares (USSs) described in
(10.85), (10.86), (10.87) corresponding to factors A, B, and their interaction
A x B, respectively. A display of these expressions is shown again for conve-
nience.

a
SSau=1pb Yy (Xi — X.)? (11.85)
i=1
b
SSpu =ipa Y (Xj—X.)* (11.86)
j=1
a b
SSapu =1 y_ > (Xij—Xi —Xj+X)?, (11.87)
i=1 j=1

where Xij = Yi]-, and 71y, is the harmonic mean of the cell frequencies, namely,

-1

a b
fip=ab|y Y nll] . (11.88)

i=1 j=1
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Let X = (X11, X12, ..., Xap)" be the vector of cell means. The variance-
covariance matrix of X is given by

Var(X) = Aj 0% + A, c% + 1y G%er +Ko?, (11.89)

where A1 =1, ],, A2 =], ® I, and
- 1 1 1
K = diag (—, —,...,—). (11.90)
nip ni2 Ngp

Note that the model,
Xij=u+ i+ B+ @B +&., i=12,...,4j=12..,>b (11.91)

is considered balanced with one observation, namely Xj;, in the (i,j)th cell
(i=1,2,...,a;,] =1,2,...,b). Hence, the rules of balanced data, as seen in
Chapter 8, can apply to model (11.91). In particular, formulas (11.85), (11.86),
and (11.87) are now expressible as

SSau = 1, X P1X (11.92)
SSpy = iy X PrX (11.93)
SSapy = ity X P3X, (11.94)
where
.1 1
P=-A - —-A 11.95
1= 541 - Ao ( )
.1 1
Py=-A, — —A (11.96)
a ab
8 1 1 1
P;=A3— -A1 — -Ay + —Ay, (11.97)
b a ab

and Ag = J, ® Jp, A3 = I; ® I,. An application of formula (8.20) in this
case gives

AP =&;iP;, i,j=0,1,2,3, (11.98)

where Py = aLhAO and kjj is a scalar [see formula (8.21)]. Note that P; is
idempotent fori = 0,1,2,3 and P;P; = 0 for all i #j.

Let Q be an orthogonal matrix that simultaneously diagonalizes both
A1 and A; (this matrix exists by Theorem 3.9 since A1A; = AzA;1). The
actual construction of Q is given in Appendix 11.A where it is shown that
Q=10: 0 : 0 : Q3 sothat @y = ﬁl;h and the rows of Qy; are
orthonormal and span the row space of P; (i = 1,2,3). Now let Z = QX,

which correspondingly can be partitioned as (Zl,Z’“,Z’ ,Z’cxﬁ) , where
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Z1 = Qlox, ZO( = Q11X, ZB == QlZX’ ZCX[?) - Ql?)X In addition, let l:l == le,
where Q; = [an : Q/u : Q/13] .Thus, I = (Z’(X,Z/ ,Z/(xﬁ) , which is normally

distributed with a zero mean and a variance—covariance matrix given by
Ty — ¢ 2 2 2 216
Var(ll) = O, [Al 02 + Ay 0% + Ly 0% + Kce] 0,
2 A ~/ ~/ ~/ 0_2 ~ ~/ ~/ ~/
=0, Q1 [AlQn 1 A1Q12 3A1Q13] + 053 Q; [A2Q11 1 A2Q10 1A2Q13]
~ o~ ~
+ 0%p Lap-1 + 02 Q1KQ;
~ - ~/ ~/ ~ /
= 0o Q [Kll Q111 K21 Qo1 K31 Q13]
P Y WY
+05 Q [K12 Q1 :K22 Qpp: K32 Q13]
+ 0%([3 Ip_1 + 02 L (see Appendix 11.A)
~ ~/ ~ ~/ g
=05 Q [lel 3030]+0%5Q1 [Oiﬂleio]‘*‘G%qsIahfl‘i‘UiL
= diag (81 Lo—1,82Ip_1, 83 L(_1)p—1)) + 0% L, (11.99)

as can be seen from applying properties (i), (ii), and (iii) in Appendix 11.A
and the fact that k11 = b, Kp1 = K31 =0, K12 = 0, K2 = a, K3p = 0 [see formula
(8.21)~], where L = QJ(Q;, 51 =0 O'(ZX + O'(ZXB, b =a 0%5 4:0%(6, o3 = O'%Xﬁ. Note
that L is not diagonal unless the diagonal elements of K are equal. This only
occurs when the data set is balanced.

As in Lemma 11.4, it can be shown that the best approximation (in terms
of the Euclidean norm) of L with a diagonal matrix of the form ¢I,,_; is

1

achieved when ¢ = i where 71y, is the harmonic mean in (11.88). Using this

fact, Var(UI) in (11.99) is approximately equal to

2
. ) o
Var(U) ~ diag(d1 In—1, 82 Ip—1, 83 I(a—1)p—1)) + ﬁ—; Ip_q. (11.100)

This implies that Z, Zpg, Zyp are approximately mutually independent
and that
02
Var(Zy) ~ 61 + ﬁ—e (11.101)
h
02
Var(ZB) ~ 0y + ﬁ—e (11.102)
h

2
Var(Zap) ~ 85 + % (11.103)
h

Lemma 11.5 The USSs in (11.85), (11.86), and (11.87) are equal to #;, Z, Z ,
ny ZyZg, and m,Z\, o Z«p, respectively.
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Proof. From Appendix 11.A we have QlizVif’i for some matrix V;, i =
0,1,2,3. Hence, IBiQ/li = f’if’iW = 13ng = 9/11 since P; is iderr}potent
(i = 0,1,2,3). It follows that the columns of Q;; (or the rows of Qy;) are

orthonormal eigenvectors of P; corresponding to the eigenvalue 1. Hence, we
can write

Pi=Q,;Qu i=01,23. (11.104)
It follows from (11.92), (11.93), and (11.94) that

_ S
i ZyZo =i, X Q11Q11 X

We can similarly show that 71, Z’BZB = SSpy, 1y, Z/(XBZM;, = SSABy. O
On the basis of Lemma 11.5 and formulas (11.101), (11.102), and (11.103),

we conclude that

Z.Z4 SSau
2 b 2
5 + g_he ny, 81 + 0%

Z/(szﬁ . SSBu
2 T 2
8 + Z_; ny, 0o + Oe

Z. s Zup _ S54Bu
7 = = 2
85 + Z_,f i, 83 + 0%

are approximately distributed as mutually independent chi-squared variates
witha —1,b -1, and (@ — 1)(b — 1) degrees of freedom, respectively. This
is similar to a balanced data situation with SSa,, SSg,, and SSap, acting as
balanced ANOVA sums of squares and 7, being treated like #, the common
cell frequency for a balanced data set. It follows that

_ SSau/a—1)
~ SSapu/@— DB -1

(11.105)

X

can be used to test the hypothesis, Hy : 02 = 0. Under Hy, F« has an approxi-
mate F-distribution witha—1 and (2 —1)(b—1) degrees of freedom. Similarly,
to test Hy : 0'%3 = 0, we can use

SSBu/(b—1)

= , 11.106
B SSapu/@— )b —1) ( )
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which under Hy has the approximate F-distribution withb—1and (a—1)(b—1)
degrees of freedom. In addition, the interaction hypothesis, Hy : cr%xB =0,
can be tested by using the statistic

SSau/(@@—1)(0 - 1)
SSg/(n.—ab) '

Fap = (11.107)

where SSk is the error sum of squares,
a b "
SSE=) ) Vi — Vi)™
i=1 j=1 k=1

Under Hy, F«p has the approximate F-distribution with (@ — 1)(b — 1) and
n.. — ab degrees of freedom.

Approximate confidence intervals on continuous functions of o2, 0%3 ,
o2 p-and 02 canbe easily derived by modifying the methodology presented in
Section 8.7 for balanced models. Here, we treat SSa,, SSgu, SSAp, as mutually
independent scaled chi-squared variates, which are independent of SSg, and
use 71, in place of n, the common cell frequency in a balanced data situation.

11.4.1.1 Adequacy of the Approximation

As was done earlier in Section 11.3.1, the adequacy of the approximate dis-
tributional properties concerning the USSs is examined here.

Let the right-hand side of the expression in (11.100) be denoted by W.
Thus,

2
. O
W = diag(d1 In—1, 82 Ip—1, 83 g1y p—1)) + ﬁ_ZIab—l- (11.108)

The properties of approximate mutual independence and chi-squaredness of
S54u, SSpu, and SS4p,, hold exactly if and only if l:I/W_ll:I, which is equal to

SSAM SSBu SSABM

aUwir = - S+ = S+ = =,
nyd1+ 02 npdy+o0s 1,03+ 0%

is distributed as a chi-squared variate (see Exercise 11.4). This amounts to
requiring that I';, = W Var(lI) be idempotent, that is, its nonzero eigenval-
ues be equal to 1 (recall Theorem 5.4). Using (11.99) and (11.108), I'y, can be
written as

=1
r,=Ww [w + (L = =—Ip-1) 026} )
h
The nonzero eigenvalues of I'y, are the same as those of the matrix
= 1
rs =w1/2 [w + (L= —Iyp1) 02€:| w172
h

=TIy 1+ A0, (11.109)
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where
|
A=W - ﬁ—Iab,l)W*l/Z. (11.110)
h

Hence, for an adequate approximation, the eigenvalues of A must be close
to zero. We therefore require max; | ©7 | to be small, where tF is the ith
eigenvalue of A (i = 1,2,...,ab — 1). The following lemma gives an upper
bound on max; | Tf |. The proof of this lemma can be found in Khuri (1998,

Lemma 3).
Lemma 11.6
7 1 1 1 1
max | T/ | < = Z”h 5 max{ - —, < - _—)}, (11.111)
i 0 + 0% Nmax M Nmin M

where nmin and nmax are, respectively, the smallest and the largest of the nj’s.

The upper bound in (11.111) serves as a measure to assess the adequacy of
the approximation associated with the distributions of the USSs. Small values
of this upper bound indicate an adequate approximation. This occurs when

o 3 . .
G"‘ZB is large, or when the data set is nearly balanced, since when n;; = 7,
€

fmax = Nmin = 1y = 1, and the upper bound is equal to zero. It is interesting

to note that the upper bound depends on 0%‘[3 and o2, but does not depend

on 02 and 0%.

The closeness of the upper bound in (11.111) to the actual value of max;
| T¥ | was evaluated numerically by Khuri (1998). The following observations
were noted concerning max; | T} |:

(a) It is sensitive to changes in the values of G%XB. It decreases as O‘%XB
increases. However, it is less sensitive to changes in ¢ and 0%5.

(b) It remains fairly stable across a wide spectrum of unbalanced data
situations. Its value drops significantly when the data set is nearly
balanced.

2
xpB
0%

o

(c) Itis small when is large under varying degrees of data imbalance.

(d) Itisfairly close to the upper bound value in (11.111), especially when the
data set is nearly balanced. This upper bound is therefore an efficient
measure of adequacy of the USSs as approximate balanced ANOVA
sums of squares.

11.4.2 Exact Tests

We now show how to obtain exact tests concerning the variance components,

02, 0%3, O'%xﬁ. The test regarding O'%Xﬁ was developed by Thomsen (1975), and

earlier by Spjetvoll (1968) using a similar approach. The tests concerning o2,
and 0%3 were developed by Khuri and Littell (1987).



386 Linear Model Methodology

Let us again consider X = (X11, X12, . - ., Xap)', the vector of cell means, and

~ U
the vector U = (Z’(x, Z’B,Z’cX B) whose variance—covariance matrix is given

in (11.99). The vectors, Zy, Zg, and Z4p are normally distributed with zero
means and variance—covariance matrices of the form

Var(Zy) = (b o2 + afxﬁ) I+ 0214 (11.112)
Var(Zp) = (a o} + a%xﬁ) I_1 + 02 Ly (11.113)
Var(Zuop) = 0%p Ia—1)0-1) + 0% L3, (11.114)

~ ~ ~ ~/ =~ ~ ~ ~/ ~ ~ ~ ~/
where L1 = Q11KQyy, L2 = Q1,KQyp, and L3 = Q13KQ;3.
11.4.2.1 Exact Test Concerning Hy : (rfx B = 0 (Thomsen, 1975)

Using (11.114) we can write
F -1 2
O__%:Z/oq?, (Atxﬁ I(a—l)(b—l) + L3) Zoc[S ~ X(ﬂfl)(h,l)/

2
where Aypg = % It follows that

Z, s (Dap La-1y-1) + L3) ' Zap /1@ = (b = D]
SSE/(n.. — ab)

F(Aup) = (11.115)

has the F-distribution with (@ — 1)(b — 1) and n_ — ab degrees of freedom,
where SSg is the error sum of squares for model (11.84). Under Hp : Ay =0
(i-e., O'%XB =0),

/ocBi‘;ltiﬁ/[(a - Db -1)]

FO = SSE/(n. —ab)

(11.116)

has the F-distribution with (2 —1)(b — 1) and n. —ab degrees of freedom. Since

1 PR |
E[(a—l)(b—l) apls Z“B]

2
_ Tup il
=oe+ @a—nho-1 " <L3 )

we can reject Hy : Axp = 0 in favor of H; : Agp > 0 at the a-level if
F0) > Foc,(afl)(bfl),n“fah‘
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It should be noted that F(0) is invariant to the choice of the matrix Q3
whose rows, if we recall, are orthonormal and span the row space of P; [see
formula (11.104)]. To show this, let Q7; be another matrix whose rows are also

orthonormal and span the row space of P5. Then, there exists a nonsingular
matrix, A3, such that Q3 = A3 Q7. It follows that

wpls Zap = X Qs [ KQla] @ik
= X'Qf3 A13lA1 Q13 K Q13 A3l ' A1s Q7pX
= XQi[Qinken]  enk.
It is also interesting to note that F(0) is identical to the Type III F-ratio,

R | W, & B)

Flap | w, o B) = (a—1)(b—1)MSE’

(11.117)

which was used in Section 10.3.1 [see formula (10.52)] to test the no-interaction
hypothesis shown in (10.62) when all the effects were considered as fixed in
the model. This fact was proved in Thomsen (1975). The F-test in (11.117) is
known as a Wald’s test and is described in Seely, and El-Bassiouni (1983).
Let us now consider the power of the above test. For the alter-

. ~—1 . ..
native value, Ayp = A‘Zxﬁ (# 0), ;—ZZ’“BL3 Zyp is distributed as
Zf:l K;-ﬁx,%/*, where ki, k3,..., k% are the distinct nonzero eigenvalues of
~—1 = . T .
Ly (Afxﬁ Ig—pyp-1) + L3> with muliplicities v} (i = 1,2,...,5*) such that

Zfil vi=(a—1)(b—1),and the x%/f ’s are mutually independent chi-squared
variates (see Lemma 5.1). It follows that under H, : Ayp = A‘fxﬁ, F(0) is
distributed as

YL ki, /@ =1 - 1)

X2 /(. —ab)

which is basically a linear combination of F-distributed random variables. Its
power function for an «-level of significance is

*

n, —ab N
- KiXyr = Foa=1)-1)1n —ab
@-Db-1E ; P b
n.—ab d 2 2
=P @G-Do-1D ZKin,* = Foa-1) -1y —ab Xy _gp = 0|, (11.118)

i=1

which can be computed using Davies’” (1980) algorithm since all the chi-
squared variates in (11.118) are mutually independent (see Section 5.6).
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Formula (11.115) can be used to obtain an exact confidence interval on
2
Axp = % More specifically, we have
PIF1_g @-1yo-1)n.—ab < FBap) < Fg a-yo-nn -l =1 -0 (11.119)

Since F(Ap) is a decreasing function of Ay, the double inequality in (11.119)
can be solved to obtain an exact (1 — «)100% confidence interval on Ayg.

11.4.2.2  Exact Tests Concerning o7 and o, (Khuri and Littell, 1987)

Let us write model (11.84) in matrix form as

Y=upl, +Hiax+H;p+H3(xp)+e, (11.120)
/
where Hy = &{_,1,,, H» = [@Jb 11;11 @b 11;12 T, ':@]b:ll;'laj] , Hy =

@{1 @b =1 1Hl]/ x = ((Xl/ 0(2/-“10611) ’ B - (Bl/ BZ/“-/Bb)// and (O‘B) =
[(oc[3)11,(oc[3)12, .., (aP)gp]’. The variance-covariance matrix of Y, namely
X, is therefore of the form

I = 0% HiH) + o} HyH) + 0% 3 H3Hj + 02 1, . (11.121)

Furthermore, the error sum of squares, SSg, can be expressed as a quadratic
forminY,

SSE = Y'RY, (11.122)
where R is the matrix,
@ ]n,] (11.123)
i=1 j= 1

which is idempotent of rank n1| — ab. It can be verified that

DR =0, RH; =0, RH, =0, RH3 =0, (11.124)
where D = ea] . nl] 1, . From (11.121) and (11 124) it follows that

DR = 0. Consequently, the vector of cell means, X, which can be writ-
ten as X = DY, is independent of SSg (see Theorem 5.6). Since U = QlX, u
is also independent of SSk.

By the Spectral Decomposition Theorem (Theorem 3.4), the matrix R in
(11.123) can be expressed as

R = CAC, (11.125)
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where
C is an orthogonal matrix
A is a diagonal matrix of eigenvalues of R which consist of n.. —ab ones and
ab zeros

We shall assume that
n >2ab—1. (11.126)
Under condition (11.126), A and C can be partitioned as

A = diag(I,,, I,,0) (11.127)
C=[C1:Cy:C3l, (11.128)

wherea; =ab—1,ap, =n_—2ab+1,0is a zero matrix of order ab x ab, and C1,
C, C3 are the corresponding matrices of orthonormal eigenvectors of orders
n.xaj, n, xay, and n,_ x ab, respectively. The integer a, is positive because
of condition (11.126). It should be noted that the choice of C; depends on
which a7 columns are selected from the first n. — ab columns of C. The latter
columns are orthonormal eigenvectors of C corresponding to the eigenvalue
1. The matrices, C1 and C,, are therefore not unique. Formula (11.125) can
then be written as

R = C1C]| + GG, (11.129)
This results in a partitioning of SSg in (11.122) as
SSg = SSg1 + SSpp, (11.130)

where SSp1 = Y'C1C}Y, SSpx = Y'C,C,Y. Note that SSg1 and SSg; are inde-
pendently distributed such that %5551 ~ xﬁl, GLZSSEZ ~ xﬁz.
Now, let the random vector w be defined as

W = U+ Amax I, — L)Y CLY, (11.131)

where L is the matrix used in (11.99) and Amay is its largest eigenvalue. In
(11.131), (Amax e, — I:)l/ 2isa symmetric matrix with eigenvalues equal to the
square roots of the eigenvalues of AmaxIs, — L, which are nonnegative, and its
eigenvectors are the same as those of L (this results from applying the Spectral

~ ~ /
Decomposition Theorem to L). Since U = (Z/(x, Z’ﬁ, Z’cx B) , W can likewise be

/
partitioned as w = (w’“, wi, w’cxﬁ) . The distributional properties of W,
wp, and wyp are given in the next lemma.
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Lemma 11.7

(i) wa, wp,and wp are mutually independent and normally distributed

with zero means and variance-covariance matrices given by
Var(we) = (b0% + 0% + Amax 02 ) Lot
Var(wg) = (a 0%5 + 0%([5 + Amax 02€> I,_4

Var(wyp) = (crfxﬁ + Amax Gi) Ia-1yp-1)-

(i) wg, wp,and wyp are independent of SSg».

Proof.

(i) From (11.123) we have that R1, = 0. Thus, (C1C] + C2C3) 1, = 0, by

virtue of (11.129). Hence, Cj1, = 0 (since C;C; = I, and C;C, = 0)
and E (C’lY) = uCj1, =0.Since U has a zero mean, the mean of w in
(11.131) is then equal to 0. The means of w «, wg,and w«p are therefore
equal to zero.

Now, it is obvious that w is normally distributed. Furthermore, U is
independent of C}Y since DZR = 0, and therefore DZC; = 0. This

implies that X, and hence U, are independent of C} Y. From (11.131) we
then have

Var(w) = Var(ll) + (Amax Lo, — L)Y?>C{ZC1 Amax I, — L)Y2. (11.132)
But,

CiECy = C) (05 HiH] + o HoH) + 0%, 3 H3Hy + 021, )Cy
=02 I, (11.133)
since C|Cy = I,;;, and C;{H; = 0, i = 1,2,3, by virtue of RH; = 0 for
i=1,2,3[see(11.124) and (11.129)]. From (11.99), (11.132), and (11.133),
we get
Var(w) = diag(81 Ii-1,82 Ip—1,83 Ia—1)-1)) + 0% L+ 0% (Amax Iy — L)
= diag[(51 ~+ Amax 0'2€)Ia,1, (62 + Amax O%)Ib—l/

(85 + Amax 02 ) Ta-1y0-1)) (11.134)
where, if we recall, 61 = b G%X + O'%Xﬁ, 0 =a 0%5 + O'%XB, and b3 = O'%Xﬁ.
From (11.134) we conclude that wy, wp, and w g are mutually inde-
pendent and their variance—covariance matrices are as described in (i).
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(i) It is easy to see that U is independent of C,Y (since DZC, = 0), and
hence of SSpp = Y'CoCY. It is also true that C}Y is independent
of C,Y, and hence of SSg (since C;1ZC, = 0 because of C}H; =0,
i = 1,2,3, and C;C; = 0). This implies independence of w
from SSp». [

From Lemma 11.7 we conclude that the sums of squares, Sy = W, Wy,
Sp = w/[3 wpg, Sap = w/(xﬁwaﬁ, and SSgp are mutually independent and
Soc/ (b 0%( + O—%Xf) + Amax 02€> ~ Xg_l
sﬁ/ (aa% +a2g +?\max02€) ~ X1

Scxﬁ/ (G%xﬁ + Amax G%:) ~ X%a—l)(b—l)
SSE2/0% ~ Xay
where, if we recall, a; = n_ —2ab + 1. A test statistic for testing Hp : cr%C =0
is therefore given by
_ Safa-1
Sap/la—1){b -1
which under Hy has the F-distribution witha —1 and (a — 1)(b — 1) degrees of

freedom. The null hypothesis is rejected at the a-level if F > Fy ;_1 (4—1)—1)-
Similarly, the hypothesis Hj : 0‘%3 = 0 can be tested by

F (11.135)

Fo Sg/ b-1
Sap/l@a—1){-1Y
which under Hp has the F-distribution with b — 1 and (@ — 1)(b — 1) degrees
of freedom. Note that the statistic,
Sap/lla—1({b—-1)]
}\maxSSE2/a2

(11.136)

F:

can be used to test Hy : O'(ZX p= 0, but is not recommended since it has fewer
denominator degrees of freedom than the test given in (11.116).

Note that since the matrix Cj is not chosen uniquely, the actual value of w
in (11.131), and hence the test statistic values in (11.135) and (11.136), depend
on the choice of C1. However, the distributions of these statistics (under the
null and alternative hypotheses) are invariant to that choice.

If the data set is balanced, then K in (11.90) becomes %Iub/ where n is

the common cell frequency. Hence, L = QJ(Q; = % ab—1- Consequently,

Amax = % and the vectors, w and U in (11.131) become identical. In addition,
nS«, 1Sp, and nSyp reduce to the balanced ANOVA sums of squares for
factors A, B, and their interaction A * B, respectively.
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Power values concerning the test statistics in (11.135) and (11.136) can be
easily derived. For example, the power of the test for 02, is given by

P[ Safla—1)
Sap/l@a—1)(b— 1)] -

2
Foa-1,a-10-1) | 0% > 0:|

zﬁ‘i‘}\maxo_z
+ o2 [3"‘7\max0‘2

=P|:Fa La-Do-1) = bol ch,a—l,(n—l)(b—l):|/ (11.137)

since under H, : 0%, > 0,

Safla—1) y cx[S +7\max0 ~F ,
bo? + G%XB +Amax 02 Sap/ll@a—1(®-1)] a=1a=De-D-

From (11.137) it can be seen that the power is a function of &, Amax, which
depends on the design used, and the variance ratios, 02,/02, O'%xﬁ /o2, through

the value of O'%X / ( wp T Amax O ) We note that the power in (11.137) is a

(i) Monotone increasing function of o2 /02 for a fixed value of o2 «p /o2
and a given design.

(i) Monotone decreasing function of o2 wp/ o2 for a fixed value of 02 /02
and a given design.

(iii) Monotone decreasing function of Amax for fixed values of G%x / G%: and
G?XB / 0%:. Hence, small values of Ayax are desirable. Lemma 11.8 gives
lower and upper bounds on Amax.

A similar power study can be made with regard to the test for 0%3 in (11.136).

Lemma 11.8 1

Flh Mmin

where fpmin is the smallest cell frequency and #; is the harmonic mean
in (11.88).

~ ~

Proof. We have that L = Q;KQ;. Hence,

1

Nmin
1

= Iah—1/
Nmin

/

QiQ

M~

=

where

Q1 means that the matrix ;=— Q1 Ql — Lis positive semidef-
inite. It follows that Apax < ﬁ
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On the other hand, Apax is greater than or equal to tr (QJ(Q;) / (ab—1),

which is the average of the eigenvalues of L. But,
s oy it a =
tr(QiKQ)) = tr(Q1Q:K)
1 -
= tr{(Lap — %L{b)K]/
since alh]ab + Q/l Ql = I,;,. Hence,

1 - 1., -
Amax > a—_ tr(K) — _1gbK1ab

- 7 ZZ—— ZZ

i=1 j=1 11]1

3

11.4.2.2.1 Simultaneous Confidence Intervals

Simultaneous confidence intervals on all continuous functions of (T%X, 0'%3 ,
(Y%XB, and o2 can be easily obtained on the basis of Lemma 11.7, just like in a
balanced data situation (see Section 8.7). To accomplish this, we first need to
set up individual (1 — &) 100% confidence intervals on the following expected
values:

E( S« )_bo‘z "‘Goch"')\ma"G

E((ﬂ— D -1

<SSE2

Such intervals are given by

_a02+ +7\maxcze

1)
)=t
)=

S S
Cqy: 5 x <bU +0‘2|3+)\maxo‘2 52—(X
Xo/2,a-1 X1—w/2a-1
S5p 2 2 2 Sp
Cp: <a0p + 055 +Amax 0 =

2 2
Xo/2,b-1 X1—o/2,p-1
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S S
C‘xﬁ S E— xB =< 0—%,([5 + Amax 025 = - b
Xoes2,(a=1)(b—1) X1—a/2,(a—1)(b—1)
SS SS
Ce: E2 < 026 < i.
XOL/Z,IZQ leoc/z,llz

Since S«, Sp, S«p,and SSg» are mutually independent, the Cartesian product,
Cuxpe =Coa x Cpg x Cyxp x Ce

represents a rectangular confidence region on the vector of the four expected
values with a confidence coefficient equalto 1 — a* = (1 — o)®.

Now, if f* (cr%(, 0%3, G%(B, 026) is any continuous function of the variance
components, then it can be expressed as a continuous function, f, of E(S«/
(a—1)),E(Sg/(b—1)), E(Sxp/[(a—1)(b —1)]), and E(SSg2/a2). Then, by the
method described in Section 8.7, the intervals, [minyec,, be f(®), maxyec, be fxl,
for all continuous functions f (x), x € Cxp e, provide simultaneous confidence
intervals on all such functions with a joint confidence coefficient greater than
orequal to 1 — o*.

Example 11.6 Khuri and Littell (1987) reported an example that dealt with
a study of the variation in fusiform rust in Southern pine tree plantations.
Trees with female parents from different families (factor B) were evaluated
in several test locations (factor A). The number of plots in each family x test
combination ranged from 1 to 4. The proportions of symptomatic trees in
each plot are reproduced in Table 11.7.

Since the data are proportions, the arcsin (square root) transformation was
applied before doing the analysis. Thus, in this case, Yjj is the transformed
observation from the kth plot at the ith location for the trees coming from the
jth family.

Let us first do the analysis using the approximate tests based on the
method of unweighted means. The values of the USSs in (11.85), (11.86),
(11.87), and the error sum of squares, SSg, in addition to the corresponding
F-ratios are given in Table 11.8.

Note that the F-values for A, B, and A * B were obtained by applying
formulas (11.105), (11.106), and (11.107), respectively. It can be seen that the
test concerning Hj : O'%X p= 0 is not significant, but the tests for Hy : 0%‘ =0
and Hy : 0'%3 = 0 are significant with p-values, 0.0025 and 0.0234, respectively.

In this example, i1, = 1.9835, tmin = 1, max = 4. By applying formula
(11.111), we get

max | T/ | < 1'9235 x 0.4958
i 1.9835 0% + 0%
1

NZG%,CB—FG%'
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TABLE 11.7
Proportions of Symptomatic Trees
Family Number
Test Number 288 352 19 141 60
34 0.804 0.734 0.967 0.917 0.850
0.967 0.817 0.930
0.970 0.833 0.889
0.304
35 0.867 0.407 0.896 0.952 0.486
0.667 0.511 0.717 0.467
0.793 0.274
0.458 0.428
40 0.409 0.411 0.919 0.408 0.275
0.569 0.646 0.669 0.435 0.256
0.715 0.310 0.669 0.500
0.487 0.450
41 0.587 0.304 0.928 0.367 0.525
0.538 0.428 0.855
0.961 0.655
0.300 0.800
Source: Reprinted from Khuri, A.I. and Littell, R.C., Biometrics, 43, 545, 1987. With permission.
TABLE 11.8
F-Tests Based on the Method of Unweighted Means
Source DF SS MS F p-Value
A 3 1.13967 0.37989 8.654 0.0025
B 4 0.73925 0.18481 4.210 0.0234
AxB 12 0.52676 0.04390 1.284 0.2738
Error 33 1.12869 0.03420

Thus, a large value of 2 O"ZXB + 02 results in a good approximation concerning
the distribution of the USSs.

Now, let us apply the exact testing procedure outlined in Sections 11.4.2.1
and 11.4.2.2. To accomplish this, the following steps are needed:

(a) The matrices Py, P>, and P3 are obtained using the expressionsin (11.95),
(11.96), and (11.97), respectively, where a = 4, b = 5, Ag = J4 ® Js,
Al =14QJ5, A =];®I5,and A3 = I, ® Is.

(b) The orthonormal eigenvectors of P; corresponding to the eigenvalue 1
are obtained (i = 1,2, 3). This can be easily done by using, for example,
the “CALL EIGEN” subroutine from PROC IML in SAS (1999). These
eigenvectors form the rows of Qy;, Qy,, and Qy3, which are of orders
3 x 20,4 x 20, and 12 x 20, respectively.
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The vectors, X, Zy, ZLg, 043, and U are computed where X is the 20 X 1
vector of cell means, Zy = QHX Zp = 01X, Zop = Qi3X, U = Q1 X,

and Q; = [Qu Qi : le]

The matrices Lz = Q13I~<Q/13 and L = Q11~<Q/1 are computed, where K is
given in (11.90).

Formula (11.116) is applied to produce the value of F(0) for testing
Hy: O'%XB = 0. Recall that from Table 11.8, SSg/(n.. — ab) = 0.03420.

The matrix R in SSg = Y'RY is decomposed as in (11.129). In this case,
C1 and C; are of orders 53 x 19 and 53 x 14, respectively. This can also
be carried out by using the “CALL EIGEN” subroutine as mentioned
earlier. Recall that the columns of [C : C;] are orthonormal eigenvectors
of R corresponding to the eigenvalue 1 of R, but the choice of C; is not
unique.

/
The vector w = (w wﬁ, [3) in (11.131), and hence S = W/, W,
Sp = Wpwp, Sap = W, sWap, are comp~uted; Note that, in this
example, Amax = 1, and upon decomposing L as L = Pg/\gp/e, where
A¢ is a diagonal matrix of eigenvalues of L and Py is an orthogonal

matrix of corresponding eigenvectors, the matrix (Amax Iz, — L)Y/2 canbe
written as

Omax Iy = D12 = (09 — PeAP)) 2
= Pediag[1 =A%, A -A2)"2, .., (1=Auo)' /2] P

where Ay; is the ith diagonal element of A, (i =1,2,...,19).

Formulas (11.116), (11.135), and (11.136) are then applied to compute the

F-statistics for testing the significance of O‘%XB, 02, and (7%3, respectively.

On the basis of the above outline and the data set in Table 11.7, we find
that S = 0.78495 with 3 degrees of freedom, Sg = 0.68653 with 4 degrees of
freedom, and Sy = 0.35762 with 12 degrees of freedom. The corresponding
test statistics values concerning 0%, 0%, and 0% 4 are given in Table 11.9.

TABLE 11.9

Exact Test Statistics Values

Source DF F p-Value
A 3 8.780 [formula(11.135)] 0.0024
B 4 5.759 [formula (11.136)] 0.0080

AxB 12 0.982 [formula (11.116)] 0.4852
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The testfor Hy : cr%x[5 = Oisnotsignificant, but the tests for Hy : G%x = (0and
Hp : 0%3 = 0 are significant. This agrees to a certain extent with the results
from Table 11.8. Note that the F-statistic value for A * B, namely 0.982, is
identical to the value of the Type III F-ratio in (11.117), which can be obtained
directly from the main ANOVA table for a fixed-effects two-way model.

11.5 Exact Tests for Random Higher-Order Models

The exact testing procedure outlined in Section 11.4.2 can be easily extended
to higher-order random models. This extension applies to any unbalanced
random model provided that the data contain no empty cells and that the
imbalance occurs only in the last stage of the associated design. Such a model
can be written as

v
Yo = go.a; + €0/ (11.138)
i=0
where 8 = {k1,ky, ..., ks} is a complete set of subscripts that identify a typical
response Y. The ith effect in the model is denoted by gq.5,), where 0; and 6;
denote the corresponding sets of rightmost and nonrightmost bracket sub-
scripts (i = 0,1,...,v), and eg is the experimental error term. This notation
is the same as the one used in Chapter 8 for balanced data (see Section 8.2).
The only difference here is that the range of subscript ks is not constant as it
depends on k1, ky, . . ., ks—1, which have constant ranges, that is,

o — 1,2,...,4 for]:=1,2,...,s—1
] 1,2,...,n¢ for j=s,
where ¢ = {k1,k,...,ks—1}. For example, we can have the three-way model,

Yiik = w+ iy + Bg) + Y + (@B)ij + (@) xy + BY) iy + («BY)aj + €ijkay
wherei=1,2,3,7=1,2,3,4,k=1,2,3,and [ =1,2,.. o Mijke-
In general, it is assumed that
s—1
N>2]]ai-1, (11.139)

i=1
where N = } . n¢ is the total number of observations, and the summation,
> ¢, extends over all (s — 1)-tuples of the form (ky, ks, ..., ks—1). Condition
(11.139) is a generalization of condition (11.126). By averaging Yg over ks,
we get

N
Yo=) 8o+ (11.140)
i=0
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where Y, = % ZZSC=1 Yo, €¢ = % ZZSC_Zl €o. Model (11.140) is considered
balanced with one observation, namely Y, at the (s — 1)-tuple, C.
The model in (11.138) can be written in matrix form as

v
Y=> Hif;+e,
=0
where
H; is a matrix of zeros and ones of order N x ¢;
B3, is a vector consisting of the elements of 80,8, i=0,1,...,v)

We assume that 31, B,, ..., B+, and € are mutually independent such that
B; ~ N (0,07I,) fori=1,2,...,v,and € ~ N (0, 02 Iy).

Khuri (1990) used the above setup to derive exact F-tests concerning the
hypotheses, Hy : 01-2 =0(@=12,...,v), by combining the use of balanced
models properties, as applied to model (11.140), with an extension of the
methodology described in Section 11.4.2.2 for the two-way model. We shall
not provide here details of this extension. The interested reader is referred
to Khuri (1990) for a more thorough discussion of this topic [see also Khuri,
Mathew, and Sinha (1998, Chapter 5)].

11.6 Inference Concerning the Mixed Two-Way Model
(Gallo and Khuri, 1990)

Let us again consider the two-way model in (11.84) under the assumption
that o) is fixed, but B, («p);), and €ij(k) TEMAin independently distributed

random variables such that 3 ~ N (0, 6%3), (aP)aj ~ NQ, O‘%x B)’ €ijtky ~
N(O, 026), i=12,...,4j=12...,bbk=12,... ,Mij. The matrix form of this

model is given in (11.120). In this case, the variance-covariance matrix of Y is
of the form

L = o HoHy + 0,3 H3H + 02 1, . (11.141)

The purpose of this section is to derive exact tests concerning the variance
components, 0%5 and O'%xf’, and estimable linear functions of the fixed effects.
These tests were initially developed by Gallo and Khuri (1990) using an
approach similar to the one described in Section 11.4.2.2.

2
ap

As bef_ore, let X = (Xq1,X12, ..., Xu) denote the vector of cell means, where
Xij=Y (i=12,...,4;j=1,2,...,b). The mean of X is

11.6.1 Exact Tests Concerning 0?5 and o
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EX)=ply+ L1, (11.142)

and its variance—covariance matrix is given by
Var(X) = 0j Ay + 05l + 02 K, (11.143)

where A, and K are the same as in (11.89). Since E(X) contains the fixed
parameter vector «, a linear transformation is first needed to eliminate « in
order to obtain exact tests for the variance components. This is accomplished
by considering the following transformation:

Z* = T, X, (11.144)

where T1 = I, ® T, and T» is a matrix of order (b — 1) x b defined as

p— 1 1 —
7 a0 0
1 1 _2 0
NG NG NG
’I"2 — . . .
1 1 R
LJvo-1)  JSoo-1y T T A/bb-1) J

The matrix T1 has a(b — 1) rows and ab columns. Its rows define orthogonal
contrasts in the elements of X. Hence, E(Z*) = 0, and the variance—covariance
matrix of Z* is

Var(Z*) = T1Var(X)T}
= 04 T1AT; + 0%y 1T} + 0% T1KT;
=05 Jo ® Ip—1 + 0% Lop—1) + 02 TIKT},  (11.145)

since ToTy =1I,_1, and hence, T1A,Ti =L, @ T))(J, ® Iy) (L, ®T)) = ], ®
T,T, = J, ® I_1. In addition, 1T} = I, ® T>T), = I, ® Iy_1 = Lp-1)-
Note that the matrix J, ® I,_1 has eigenvalues a and 0 with multiplicities
b—1and (a — 1)(b — 1), respectively. Since this matrix is symmetric, there
exists an orthogonal matrix, P*, of order (ab — a) x (ab — a) such that P*(J, ®
I,_1)P* = D*, where D* is a diagonal matrix whose diagonal elements are
the aforementioned eigenvalues of J, ® Ij,_;.

In the remainder of this section, the development of the exact tests con-
cerning 0%5 and G%(B will be similar to the one used in Section 11.4.2.2.

Let U* = P*Z*. Then, E(U*) = 0, and by using (11.145), we get

Var(U*) = P*(0% J, ® I_1)P* + 0% P*P* + o2 P*TKT{P*
= 0'%3 D* + 0'%([3 Ia(bfl) + (726 L*,
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where L* = P* Tlf(T/lP*,. Thus, Var(U*) can be written as
VarU") = diag [ (a0 + 0% ) 11,055 Lu-nyen | + 02 L. (11.146)

Let us now consider the matrix R in (11.125) (recall that SSg = Y'RY).
Since R is symmetric and idempotent of rank n2_ —ab, it can be decomposed as

R=C,A,C,,

where C, is an orthogonal matrix and A, is a diagonal matrix whose eigen-
values are 1 of multiplicity #.. — ab and 0 of multiplicity ab. Assuming that n_
satisfies the condition,

n.>2ab—a, (11.147)
the matrix A, can be partitioned as

Ay = diag(la(b—l)/ Inu—2ub+u/ 0),

where 0 is a zero matrix of order ab x ab. Likewise, the matrix C, is parti-
tioned as
C. =[Cy1:Ci: Cy3l,

where C,q, C,o, C,3 are matrices of orders n_ x [a(b — 1)], n. x (n_ — 2ab +
a), and n_ x ab, respectively. The columns of [C,; : C,;] are orthonormal
eigenvectors of R corresponding to the eigenvalue 1, whereas those of C,3
are orthonormal eigenvectors corresponding to the eigenvalue 0. Note that,
as in Section 11.4.2.2, the choice of C,; is not unique. We can then write R as

R =C,C + CinCly,
and, consequently, the error sum of squares is partitioned as
SSg =SS, + SSp», (11.148)
where SS§, = Y'C,1C,; Y and 555, = Y'C,oC,,Y.
Let us now define the random vector, w?*, as

w* = U* + (N -1y — L) /7 CLLY, (11.149)

A ax s the largest eigenvalue of L*.
The following lemma is analogous to Lemma 11.7 and its proof is therefore

similar.

/ ’ 4
Lemma 11.9 Let w* in (11.149) be partitioned as w* = <w’[*3, w*‘;ﬁ> , where
w, consists of the first b—1 elements of w* and w7, ; consists of the remaining
(@ —1)(b — 1) elements. Then,
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(1) w’[“3 and w’&ﬁ are independent and normally distributed with zero
means and variance—covariance matrices given by

Var (w*é) = 0'%3 + G%xﬁ 4+ Nax O
Var (w’&(s) = (U%xfs + Anax Ui) Ta-10-1)
(i) w® and w* , are independent of SS*%, in (11.148).
B B p E2

From Lemma 11.9 we conclude that S’é = w?‘; w’g and S”&B = w’;ﬁ w’fxﬁ
are independently distributed such that

E/(a 0—%3 + 0-%([3 + )\;knax 0%) ~ X[Z;_l
2 2
57;(3/(0%43 + )\;knax Ge) ~ X@=1)(b-1)

Furthermore, S’E and Sfxﬁ are independent of SS},, which is distributed as
Gze X721 oabtar Therefore, for testing Hy : 0%3 = 0, we can use the test statistic,

Sy
CShe/l@—D -]

which has the F-distribution with b — 1 and (a — 1)(b — 1) degrees of freedom
under Hy. Similarly, to test Hy : O'%XB = 0, we can use the test statistic

b= Sxpe = DO D) (11.150
" Noax SSt,/(n. — 2ab+a)’ 150)

which has the F-distribution with (@ — 1)(b — 1) and n — 2ab + a degrees of
freedom under Hj.

An alternative test statistic for testing Hy : O'%XB = 0 is given by the Type
III F-ratio, F(xf | p, &, 3) in (11.117) (see Exercise 11.7). The advantage of this
test over the one in (11.150) is that it has more degrees of freedom for the
denominator.

11.6.2 An Exact Test for the Fixed Effects

In this section, we give an exact test for the hypothesis Hy : Ax = a9, where
A is a matrix of order t x a and rank f (<a — 1) such that the f elements of Ax
are linearly independent contrasts among the means, p+ « (i =1,2,...,4),
of the fixed factor, and ag is a constant vector.

Let us again consider the random vector, U = Q;X, which was defined

~ ~ ~ ~ / ~ —
in Section 11.4.1, where Q; = [Q/ll : Q/12 : Q/13] . We recall that Z» = Q11 X,
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~ — /
Zyp = Q13X. Let ®@ be defined as ® = (Z/OC,Z/“B) . Then, from (11.142), the
mean of @ is

E(®) = 9“} (g + (I ® 1)
1 Q13

= -Q“} I,®1
Q13 o ® T

= —Q“(I“O@’ 1b)“] (11.151)

since inab =0, Q13lab =0, and Q13(I,1 x 1) = 0 by virtue of Q13A1 =0,
where A1 = I; ® J;, (see Appendix 11.A). The variance—covariance matrix of
@ is given by

Var(®) = [gﬂ (o8 A2+ 0% Ly + 02 K) [ Q) : Qi

= 05 Iya—1) + 02 L', (11.152)

~ ~ ~ VT =
by the faCt that Q11A2 = 0, Q13A2 = 0, and I:Q/ll . Q13] [Qll : Q/13] = Ib(a_l)
(see Appendix 11.A), where L° is defined by

L= [gﬂ K [Q/H : Q’13] . (11.153)

In addition, the idempotent matrix R of rank n_—ab, which was used earlier to
define the error sum of squares in (11.122), can be decomposed as in (11.129),
but with different C; and C, matrices. Here, R is decomposed as

R=C.C, + G0, (11.154)

where C; and C, are of orders n_ x [b(a — 1)], and n_ x (n. — 2ab + b),
respectively, such that the columns of [C; : Cy] are orthonormal eigenvectors
of R corresponding to the eigenvalue 1. Here, again the choice of C; is not
unique. Note that this partitioning is possible provided that

n.>22ab—>b (11.155)
In order to satisfy both (11.147) and (11.155), n must satisfy the condition
n. > max (2ab — a,2ab — b).
Now, let us define the random vector ¥ as

1/2

~/
Y=®+ Ny Ine1) — L°) 2 CLY, (11.156)
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o0
where Ay,

is the largest eigenvalue of L°. It is easy to verify that E (C’ll Y) =0,
® and C/l Y are independent, ¥ is normally distributed, and that

Var (é’ly) = 2 Iye_1). (11.157)

It follows from (11.151), (11.152), (11.156), and (11.157) that ¥ has the normal
distribution with mean

E(ll’) — |:Q11(Ia0® 1b)0(i| ,

and a variance—covariance matrix given by

Var(¥) = G%XB Ib(ﬂ—l) + 026 L’ + (Afnax Ib(u—l) - LO) O_2€
= (Gfxs + Amax Gi_) Iya-1)- (11.158)

We can therefore represent the observable random vector, ¥, by the linear
model

Y= X*a+ e*. (11.159)

where X* is the [b(a — 1)] x a matrix

X* = [Qndg x 1h)],

and e* is distributed as N [0, ((T%Xﬁ + AfnaXGZG) Ih(a_l)]. The model in (11.159)
satisfies the usual assumptions of normality, independence, and equality of
error variances.

Note that the matrix X* is of rank a2 — 1 since

— diag(bI,_1,0), (11.160)

which is of rank a2 — 1 [formula (11.160) is true because QHAl Q/ll =bl,1,
where A1 = I; ® J;, (see Appendix 11.A)]. Thus, the submatrix, QH(I,Z ®1p),
of X* is of full row rank equal to a — 1. Furthermore, the nonzero elements of
X*a, namely the elements of Qy; (I, ®1;)cx, are linearly independent contrasts
among the elements of & due to the fact that QH(Ia 1)1, = Q]]lub =0 (see
Appendix 11.A). Since the number of such contrasts is a — 1, they must form
a basis for all contrasts among the elements of &, or equivalently, among the
means p+ xg (i=1,2,...,a) of the fixed factor.
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Now since the rows of A for the hypothesis Hy : Ax = ag are such that the
elements of Ax are t linearly independent contrasts among the means, p+ ;)
(i=1,2,...,a), the rows of A must belong to the row space of X* in model
(11.159). Hence, A« is an estimable linear function of & under model (11.159).
It follows that a test statistic for the hypothesis Hp : Ax = ag is given by

_ (A& — ag) [AX XA (A& — ap)

F
£ MS;,

(11.161)

where , ,
MSE = ¥ [Tye_1) — X* (X X)X ¥/[@@ - Db - D),

and & = (X*/X *)‘X*/‘l’ (see Section 7.4.2). Under Hy, F has the F-distribution
with t and (@ — 1)(b — 1) degrees of freedom. In particular, if A and ag are
chosen so that

Ao = (o) — &), X(1) = A@), -+, A1) — @),
and ap = 0, then F serves as a test statistic for the hypothesis
HO (1) = X2 = .0 = Kg)-

Example 11.7 This example is taken from Gallo and Khuri (1990) and deals
with the average daily gains (in pounds) of 67 steers from 9 sires (factor B) and
3 ages of dam (factor A). The data are given in Table 11.10. The age-of-dam
effect, «(;), is fixed and the sire effect, B, is random.

(i) Tests concerning the variance components

These tests are based on formula (11.149). Here,a = 3,b = 9, A}, = 1,and
U* = P*Z*, where P* is an orthogonal matrix of order 24 x 24 whose rows
are orthonormal eigenvectors of J; ® Is, and Z* = T:1X,T1 = 3T, (T, is the
8 x 9 matrix defined in Section 11.6.1). Also, L* = P* T11~<T’1P*/, where K is a
diagonal matrix with diagonal elements equal to the reciprocals of the 27 cell
frequencies, and C,; is the matrix that consists of the firsta(b—1) = 24 columns
of the 67 x 67 matrix, C, = [C41 : Ci2 : Cy3], of orthonormal eigenvectors of
R [recall that SSg = Y'RY in (11.122)].

Using formula (11.149) and the data set in Table 11.10, the vector w* is
computed and then partitioned into w} and w?, ; of orders 8 x 1and 16 x 1,
respectively, as in Lemma 11.9. It follows that the test statistic for testing
Hy: 0%5 = 0, namely,

Si/tb—1)

T Sip/la—Do -1

has the value 0.871 with 8 and 16 degrees of freedom (p-value = 0.559). This
gives no indication of a significant sire effect. Also, from (11.150), the value of
the test statistic for testing Hy : O'(ZXB = 0is F = 1.3398 with 16 and 16 degrees
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TABLE 11.10
Average Daily Gains (in Pounds) for 67 Steers

Age of Dam (Years) Age of Dam (Years)
Sire 3 4 5-Up Sire 3 4 5-Up
1 2.24 241 2.58 6 2.30 3.00 2.25
2.65 2.25 2.67 2.49 2.49
2.71 2.02
2.47 2.31
2 2.15 2.29 1.97 7 2.57 2.64 2.37
2.26 2.14 2.37 2.22
244 1.90
2.52 2.61
1.72 2.13
2.75
3 2.38 246 2.29 8 2.16 2.45 1.44
2.30 2.33 1.72
2.94 2.52 2.17
4 2.50 244 2.54 9 2.68 2.43 2.66
2.44 2.15 2.74 2.36 2.46
2.50 2.44 2.52
2.54 2.42
5 2.65 2.52 2.79
2.67 2.33
2.67
2.69

Source: Reprinted from Gallo, J. and Khuri, A.L, Biometrics, 46, 1087, 1990. With permission.

of freedom (p-value = 0.283). Hence, no significant interaction effect can be
detected.

(ii) Testing the fixed effects

Let us now consider the hypothesis, Hy : &1y = &2) = 3). The test for
/

. . . Ry -
this hypothesis depends on formula (11.156). In this case, ® = (Z 4 (XB) ,

where Zy = Q1 X, Zop = Q3 X. Furthermore, the matrix L° is described in
(11.153) and its largest eigenvalue, AY, ., is equal to 1; the matrix C; consists
of the first b(a — 1) = 18 columns of the matrix [C; : C»] of orthonormal
eigenvectors of R for the eigenvalue 1 [see (11.154)]. Using these quantities
in (11.156), we get the value of the vector ¥, which is then used in model

(11.159) to obtain & = (X* X*)~X* W, where X* is the 18 x 3 matrix, X* =
~ /
[Q/ll 10 ] (I3 ® 19). Finally, from (11.161) we get the test statistic value, F =

0.3132, with 2 and 16 degrees of freedom (p-value = 0.735). Hence, there is no
significant effect due to the age of dam.
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11.7 Inference Concerning the Random Two-Fold
Nested Model

In this section, we address the analysis of a random two-fold nested model
of the form
Yijk = n+ oy + Bigy + €ije),
i=12,...,4j=12..,b;k=12...,n; (11.162)
where
() and B;(j are random effects associated with the nesting factor, A, and

the nested factor, B, respectively
€ij(k) is a random error term

It is assumed that o), i), and €;j) are independently distributed as
N(0,0%), N (0, 0%3 ( a)>, and N (0,02), respectively. Of interest here is the
. . 2 2
testing of hypotheses concerning o7 and o35 .-
Model (11.162) can be written in matrix form as

Y=ul, +[0 1] a+ [@?:1 S 1,1,,],] Bl + €, (11.163)

where o« = (1), %@2),...,%@), B = By, Bi@y---, Biwy, - - - Pat),

bi : . bi
Ba@y, - Baw)'s mi. = Y, i = 12,4, = >, i nij. The
variance—covariance matrix, X, of Y is

2 bi
L =0y [ ], ]+ OB () [@?:1 b ]ni]-] + oIy

An exact F-test concerning the hypothesis Hy : 0%3 () = 0 can be easily
obtained as it is equal to the Type III F-ratio for the nested factor, namely,

_RB@) | 1,0/, —a)
T SSp/n—b)

where b, = Y7 ; b, R(B(x) | p, o) is the Type III sum of squares for factor B
which is nested within factor A, and SS is the error sum of squares,

F (11.164)

a b M
SSE=) > Y Vi —Yy)?
i=1 j=1 k=1
=YRY, (11.165)

n

where Yj; = ”Lu > kil Yij, R is the matrix

a b
1
R=1, -PPH n_i]-]”if’ (11.166)

i=1 j=1
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which is idempotent of rank n_— b.. It can be verified that R(B(x) | u, &)
is independent of SSg, SSp/o% ~ X721 _p» and under Hyp : G%((x) =0,
R(PB(x) | W, oc)/crz€ ~ Xﬁ _,- Hence, under Hy, the statistic in (11.164) has
the F-distribution withb —aandn_— b, degrees of freedom. The test is sig-
nificant at the a-level if F > F , _,, _; . Note that this test is similar to the
one used in Section 11.4.2.1 to test the interaction variance component, O'(ZX B
[see formula (11.117)]. Hence, as was the case in (11.117), the F-test in (11.164)
is also referred to as a Wald’s test.

The test concerning Hy : 02, = 0 is more involved. Tietjen (1974) used the
conventional F-ratio,

o iami(Yi =Y. ?/@=-1)
S Yy (V= Yi )2 /b — )

to test Hy. This test, however, does not have the exact F-distribution since
neither the numerator nor the denominator in (11.167) are, in general, dis-
tributed as multiples of chi-squared variates, even under Hy. Furthermore,
they are not necessarily independent. Note that if the data set is balanced,
then (11.167) reduces to the usual F-test concerning 02, which has the exact
F-distribution as was seen in Chapter 8. Cummings and Gaylor (1974) rec-
ommended an alternative approximate F-test that can be obtained by using a
linear combination of mean squares for the error term and the nested factor
in place of the denominator of the statistic in (11.167). The linear combination
was chosen so that its expected value coincides with the expected value of
the numerator when o2 = 0. Satterthwaites’s approximation was then used
to approximate the distribution of the denominator as a multiple of a chi-
squared variate. Cummings and Gaylor (1974) also investigated the size of
the resulting approximate F-test under certain unbalanced nested designs.

(11.167)

11.7.1 An Exact Test Concerning o (Khuri, 1987)

The derivation of an exact F-test for Hy : 02, = 0 is similar to the one used
in Section 11.4.2.2 for testing the main effects” variance components for a
random two-way model.

From (11.162) we get by averaging over k,

Y,‘j. = U+ &g + Bi(j) + éi]‘,, i=12,...,4j=12,...,b; (11.168)
where €;; = "lu ZZL €jjk- We then have
Y =pl, +Bra+1I, B(x) + €, (11.169)

where Y and € are vectors consisting of the Yij_’s and €;;.s, respectively, and
By = @7_;1,. The variance-covariance matrix of Y is

Var(Y) = 0% A; + 6%3(“) I, +o2 K, (11.170)
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where A; = B1B] = @7_,];,, and K is the diagonal matrix

1 1 1
IC:diag(—,—,... >

7
ni1 ni2 Mgp,

By the Spectral Decomposition Theorem, the matrix R in (11.166) can be
expressed as

R =cCYC, (11.171)

where C is an orthogonal matrix of eigenvectors of R and Y is a diagonal
matrix of eigenvalues of R. Since R is idempotent of rankn_ — b, Y and C
can be correspondingly partitioned as

Y= diag(Ibsl/InA_72b,+1/0)
C = [C1 :CZ : C3]/

where C1, C», and C3 are of orders n,. x (b. — 1), n_. x (n_.—2b. +1),n_x b,
respectively. The columns of [C1 : C] are orthonormal eigenvectors of R cor-
responding to the eigenvalue 1, and those of C3 correspond to the eigenvalue
0. This partitioning is possible under the assumption that

n. >2b —1. (11.172)

Note that the choice of C; is not unique. Formulas (11.165) and (11.171) can
then be written as

R=C1C,+C2C) (11.173)

where S5%, = Y'C1 C}Y, S5, = Y'C, C,Y.

Let us now consider the matrix .A; = ®}_,J},, which is of order b. x b, and
rank a. Its nonzero eigenvalues are equal to by, by, ..., b,. Then, there exists
an orthogonal matrix, P, of order b. x b such that

PAIP =A, (11.175)

where A, = diag(by, by, . . ., by, 0) and 0is a zero matrix of order (b, —a) x (b.—a).
The first a rows of P are orthonormal eigenvectors of .A; corresponding to
the eigenvalues by, by, . . ., b,. These eigenvectors should therefore be the same
as the rows of the a x b. matrix, P1, where

Pi=D (1)

i=1
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Let P; be the (b. — a) x b. matrix consisting of the remaining b. — a rows of
P.Thus, P = [P} : P,]'. Let Uy = PY. Then, from (11.169) and (11.170) we
have E(U1) = uP1,, and

Var(U) = PVar(Y)P’
= 0% Ag+ 0% o Ip, + 02 PKP'. (11.176)

Note that the mean of U is not equal to zero, so another linear transformation
is needed to get a zero mean.
There exists an orthogonal matrix, Q, of order b, x b_such that the first row

of QP is \/Lbfl; (see Appendix 11.B). Let U be defined asU = Q U1, where
Q) is such that @ = [e1 : @1]'. Here, e7 is a vector of order b, x 1 such that
e1 = (c},0'), where ¢} = \/Lb»(\/b_l, \/b_z,...,\/b—a). Then, EU>) = QIEU) =
uQ’l P1, =0, since QP is o'rthogonal and its first row is \%12} In addition,
from (11.176) we have

Var(U») = Q) Var(U1) Qi
= Q)[R Aut 0} o I + 02 PXP'| @1
= 02 QIAQ1 + 0% o Ip_1 + 02 QPKP'Qy.  (11177)

We now show that the matrix Q/l A, Qg is of rank a — 1. For this purpose, let
Q) be partitioned as [Q}; : Q},], where Q}; is (b. — 1) x a and Q}, is of order
(b. —1) x (b. —a). Then,

Q1N Q1 = Q) diag(by, by, ..., b)) Q1.

Hence, the rank of Q] A,;Q; is the same as the rank of Qjj, or the rank of
Q11Q);- But, from Appendix 11.B, c1c] + Q11Q); = I, by the fact that the a
columns of [¢; : Q11" are orthonormal. Thus, 91197, = I, — c1cy, which is
idempotent of rank a — 1. Consequently, the rank of Q11 Q}; is a— 1. It follows
that there exists an orthogonal matrix, S, of order (b, — 1) x (b, — 1) such that

Q/l AH Ql = S dlag(D/ 0) s,/

where D is an (2 — 1) x (a — 1) diagonal matrix of nonzero eigenvalues of
Q1A; Q1 and 0 is a zero matrix of order (b, —a) x (b, —a).

Now, let ®* = S’U;. Then, ®* has a zero mean, and by (11.177), its
variance—covariance matrix is

Var(®*) = 8'[0%, QAcQ1 + 04y I 1 + 02 QPKP Q118

= 0%, diag(D,0) + 0% o Ip -1 + 0% L,
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where £ = 8’ Q| PKP’ Q8. Furthermore, let Q* be defined as

QF = @ + (tmaxly 1 — £)1/2C}Y, (11.178)
where Tmax is the largest eigenvalue of £ and C; is the n. x (b. — 1) matrix in
(11.173). Finally, let Q* be partitioned as Q* = [Q”;; : QE/]/, where QF and

Q7 are vectors of 2 — 1 and b, — a elements, respectively. Using arguments
similar to those in the proof of Lemma 11.7, the following lemma can be
established [a detailed proof is given in Khuri (1987)].

Lemma11.10 QF and Qf, are independent and normally distributed random
vectors with zero means and variance—covariance matrices given by

Var (Q%) = o2 D + (Gé(cx) + Tmax c%.) ) P

Var (.QE) = (0‘%5(“) + Tmax 026) I,
Using Lemma 11.10, we can state that

Qi[o—%x D + (0—%5(0() + Tmax O—Ze)lu—l]_lgfx ~ Xazfl
1

0505~ 2,
0% (o + Tmax 02 00

It follows that under Hy : 02, =0,

. QX0 /(a—1)

X

=—0 (11.179)
Q[g (3/(17.—11)

has the F-distribution with 4 — 1 and b. — a degrees of freedom. The test is
significant at the «-level if F > F, ;15 _,.

Under the alternative hypothesis, H, : 02, > 0, Q’(‘iQ’fx is distributed as
Zf;ll Af Wi, where the W;’s are independently distributed such that W; ~ x%,
i=1,2,...,a—1,and A} is the ith eigenvalue of Var (Q%), thatis, A} = d; 0% +
0%5(“) + Tmax cr%, where d; is the ith diagonal elementof D,i=1,2,...,a — 1.
Thus, under H,, the test statistics, F, in (11.179) can be written as

b —a 5 S AW
(a-1) (0'%5(0() + Tmax 0%) Q}g E/(O%((x) + Tmax 0%)

where Q’EQE / (0%5( ) T Tmax O%) ~ Xif o Consequently, at the a-level, the
power of the test in (11.179) is given by

F=

7

p [F > Foaa-1b—al O-%X > O:I

b — a—1
_p S Y A Wi — Faa1p-aXs_o 20
_ > RW: Aa—=1,b. )
@a—-1 (O-ﬁ((x) + Tmax Gg) i=1
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This probability value can be computed by using Davies’ algorithm (see
Section 5.6) for given values of O'%X / 626 and 0%3( ) /025.

11.8 Inference Concerning the Mixed Two-Fold

Nested Model
In this section, we consider again the two-fold nested model in (11.162),
where o) is now fixed and B;(;) is random such that B;; ~ N (O, 0%3 ( “))
independently of €;), which is distributed as N (0, 02). Hence, the variance-
covariance matrix of ¥ in (11.163) is of the form

bi
T = 0% [69?=1 DL In,,] +021,. (11.180)

The purpose here is to derive exact F-tests concerning 0%3( « and estimable
linear functions of the fixed effects. This is done in a manner similar to the
one used in Section 11.6.

‘ 2
11.8.1 An Exact Test Concerning 05 ()

From (11.169) , the mean and variance—covariance matrix of Y are
E(Y) =ul, + B (11.181)
Var(Y) = ofm) I, + o2 K. (11.182)

As before in Section 11.6.1, a linear transformation of Y is needed in order
to eliminate the dependence of the mean of Y on «. For this purpose, we
consider the following linear transformation:

Y =T"Y, (11.183)
where T* = @7_; T and T7 is the matrix
-1 1 -
7 a0V
1 1 _2 0
V6 NG NG
T = . . . ’
1 1 b1
L Vi) /bibi=1) o o A/ bi(bi=1) |

which has b; — 1 rows and b; columns, i = 1,2,...,a. Thus, the Z?:l _(bi -1 =
b. — a rows of T* define orthogonal contrasts in the elements of Y. Hence,
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E(Y") = 0 and from (11.182) and (11.183) we get

Var(Y") = 0} o Ip—a + 02 T*KT* .
It follows that

1 _v 1=
p Y @I+ TKT) 'Y ~ x5,
€

where b = 0'%3 (%) / 0'26. Since the error sum of squares, SSg = Y'RY, in (11.165)
is independent of Y, and hence of Y*, and SSg/ 026 ~ xﬁ _p » we conclude that

Y (61, _, + TKT) 1Y /b, — a)
SSg/(n.—b)

F(§) = (11.184)
has the F-distribution with b, —a and n_ — b degrees of freedom. We can
therefore utilize F(4) to obtain a confidence interval on §, and use F(dg) to test
the hypothesis

Hp:0 < against H;: 6 > &,

where 8¢ is some known quantity. Since F(9) is a decreasing function of 5, we
can reject Hy at the o-level if F(89) > Fy j —5n —p - In particular, if the data set
is balanced and if 59 = 0, then it can be shown that (11.184) reduces to the
conventional F-test used in Chapter 8 to test Hy : 0%3 (o) =0

11.8.2 An Exact Test for the Fixed Effects

Consider again the matrix R in (11.171). Let us partition C and Y as C = [C] :
C3:C3land Y = diag(Iy,I,, —5p,0), where C7, C3,and Cj are of ordersn. xb,,
n.x (n,—2b),andn_ x b, respectively, and 0 is a zero matrix of order b, x b..
The columns of [C} : C}] are orthonormal eigenvectors of R corresponding
to the eigenvalue 1. This partitioning is possible under the condition

n.>2b.

Formula (11.171)can then be written as

R =CiC} +C5C5. (11.185)

Let us now define the random vector Q° as
Q° =Y+ (W, I —10Y2CY, (11.186)
where 9, is the largest diagonal element of KC. It is easy to see that Y and

C’{/Y are independent and Q° has the normal distribution. Furthermore,

Var(Q°) = Var(Y) + o2 (Tax I — KC)
= 0he I + 02 K+ 02 (W Ip — K)

= (Ué(oc) + Thax Gze) Ip. (11.187)
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The first formula in (11.187) is true because

Var[(t°

max

I, —10Y2C Y] = (W Ip — K)V2CT ZCH (00 Iy, — KO)V2,

max max
where X is given in (11.180). But,
’ / hl
i £¢; =¢f {oho (O ®fLi T, |+ 02 I | €
- eie;

=oely.
This follows from the fact that [ i1 @?;1 J ni}] ‘R = 0. Consequently,
b; * % *
[@;‘1:1 eaj:l ]”ij] [Cl Cl + CZ Cz ] = 0
Multiplying both sides on the right by C7, we get
bi *
I:éelil:l 69]-:1 ]71[]’] C€1=0,

since CT/C’{ =1I, and C;CT =0.
Now, from (11.163), (11.181), and (11.186), the mean of Q° is written as

E(Q°) = E(Y) + (G I, — K)"? CYE(Y)
=l + By o+ (T Iy — )2 € {uly + [00_11,] &)
(11.188)
But,
ci (@ 1,]=0 (11.189)
Ci1, =0. (11.190)

Formula (11.189) is true because
bi
R [@?:11711] = R [@?zl [(69]:11”1]) lbl]}
b;
= @?=11ni4 - 65?:1 {[69]:1 Un,]/nl]) 11’!,‘]‘] 1b1}
bi
= &1y, — &L, [ (©)41) 1]

= EB?:117111 - EB?:11"1,
=0. (11.191)

From (11.185) and (11.191) we conclude (11.189). Formula (11.190) follows
directly from (11.189) since 1, is the sum of the columns of ®¢_;1;,. From
(11.188) we then have

E(Q°) = uly + B . (11.192)
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Using (11.187) and (11.192), we conclude that ©° can be represented by the
linear model

Q° = XoB + €, (11.193)

where Xo = [1; : B1], B = (1, &), and €° ~ NI0, (0%5(00 + ¢ U%)Ib'].

max
Now, suppose that we are interested in testing the hypothesis

Hp: AB = by,

where b is a known constant vector and A is a full row-rank matrix of rank
1o (< a) such that A is estimable. Then, the corresponding test statistic is

A _ -1 A
L (AB by [AXX0) A (AR -/

/ - (11.194)
Q" [1, - Xo (XgXo)~ X | Q°/6. — o)

which, under Hy, has the F-distribution with g and b, —a degrees of freedom,
where § = (X{Xo) X[Q°. The testis significant at the o-levelif F > F 5 p —a-.
In particular, we can test the hypothesis that (1) = x@2) = ... = (.

Example 11.8 Consider the following example where a manufacturer is inter-
ested in studying the burning rate of a rocket propellant from three produc-
tion processes (factor A). Three batches of propellant were randomly selected
from each of processes 1 and 2, but only two batches were selected from
process 3. The batch effect is random. Several determinations of burning
rate (in minutes) were made on each batch. The data set, which is given in
Table 11.11, is a modification of the data given in Montgomery (2005, Problem
14-1, p. 554) where some of the data were deleted to illustrate the analysis of
an unbalanced nested design.

TABLE 11.11
Burning Rate Data
Process Batch Burning Rate (in Minutes)
1 1 25,30
2 19
3 15,17, 14
2 1 19,17,14
2 23,24,21
3 35,27,25
3 1 20
2 25,33
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On the basis of this data set, we find that for testing Hy : 6 = 0 against
H, : 6 > 0, the test statistic, F(0), from (11.184) has the value F(0) = 7.53 with
5 and 10 degrees of freedom (p-value = 0.004). There is therefore a significant
variation due to batches.

For testing Hp : (1) = x(2) = (3, we find that the test statistic in (11.194),

with bg = 0 and
01 -1 0
A= [0 10 —1} ’
has the value F = 0.288 with 2 and 5 degrees of freedom (p-value = 0.762).

Thus, no significant differences can be detected among the means of the three
processes.

11.9 Inference Concerning the General Mixed
Linear Model

A more general version of a mixed linear model than what has been consid-
ered thus far is written as

Y=XB+Zy+e, (11.195)

where
B is a fixed parameter vector
v is a vector that contains all the random effects
X and Z are known matrices associated with the fixed and random effects,
respectively
€ is a random error vector

It is assumed that y and e are independent and have the normal dis-
tributions such that E(y) = 0, Var(y) = G, E(e) = 0, Var(e) = ®. The
variance—covariance matrix of Y is therefore of the form

I =Z2GZ + % (11.196)

Model (11.195) is more general than the previously considered mixed models
in the sense that G does not have to be a diagonal matrix containing variance
components along its diagonal, as was the case in Sections 11.4-11.8. Further-
more, f does not have to be of the traditional form, O'ZE I,,. Such a model can
therefore apply to many experimental situations that could not have been
accommodated by the traditional mixed model under the standard assump-
tions. Examples of such situations can be found in a variety of articles and
books (see, for example, Stram and Lee, 1994; Verbeke and Lesaffre, 1996;
Littell, 2002; Littell et al., 1996; Verbeke, 1997; Verbeke and Molenberghs,
1997, 2000, 2003; McCulloch and Searle, 2001).
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The statistical analysis for model (11.195) can be conveniently performed
by using PROC MIXED in SAS (2000). It allows the specification of particular
structures for G and % through the use of the “RANDOM” and “REPEATED”
statements in PROC MIXED. The first statement is used to define the random
effects in the model and the structure of the G matrix. The second statement is
used to specify the matrix ®. Littell et al. (1996) provide a general discussion
on the use of PROC MIXED.

The purpose of this section is to review some basic tests for the general
mixed linear model using PROC MIXED.

11.9.1 Estimation and Testing of Fixed Effects

Let HB be a vector of estimable linear functions of 3, where H is a full row-
rank matrix of rank r. Then, the generalized least-squares estimator (GLSE) of
Hp is

HB =HWX'z 'x)yx'zly, (11.197)
whose variance—covariance matrix is of the form
Var(HB) = HX'L'x) H. (11.198)

Since X is unknown in general, it should be replaced by an estimator, . PROC
MIXED estimates X by using either maximum likelihood (ML) or restricted
maximum likelihood (REML) estimates of the unknown parameters in G and
% [see (11.196)]. For this purpose, “METHOD = ML” or “METHOD = REML”
can be used as options in the PROC MIXED statement. REML is the default
option. Using S in place of X in (11.197) results in the so-called estimated

generalized least-squares estimator (EGLSE) of Hf3, which is denoted by H B.
Thus,

Hp =HX'E 2 x5 Y. (11.199)

Kackar and Harville (1984) showed that H B is unbiased for Hp. Using
(11.198), the variance—covariance matrix of H B is approximately given by

Var(HB) ~ HX'E ™ X) H'. (11.200)

A better approximation than the one in (11.200) was given by Kenward
and Roger (1997). The latter approximation is preferred in small-sample
settings.

In particular, if H consists of a single row vector, I', then a statistic for
testing the hypothesis,

Ho : h/[.’) = ay,
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where a9 is a known constant, is given by

n
p hfl b (11.201)
W (x'E " 20)-m)12

which, under Hy, has approximately the t-distribution with n degrees of
freedom. There are five methods available in PROC MIXED for estimating
7. These include the method based on Satterthwaite’s approximation and
the one introduced by Kenward and Roger (1997), which is based on their
improved procedure for approximating Var(#'B), as was mentioned earlier.
Guerin and Stroup (2000) conducted a simulation study that demonstrated
that the Kenward-Roger method substantially improved the degrees of free-
dom approximation (see also Littell, 2002). These two methods can be imple-
mented in PROC MIXED by using the options, “DDFM = SATTERTH"” and
“DDFM = KENWARDROGER,” respectively, in the MODEL statement. On
the basis of (11.201), an approximate (1 — &) 100% confidence interval on k'
is then given by

WB+WXE X)) 12 b . (11.202)

In general , for testing the hypothesis, Hy : HB = 0, PROC MIXED constructs
the statistic,

_ HBYHE'E X)H ) #Hp)
r 4

F

(11.203)

where, if we recall, r is the rank of H. Under Hy, F has an approximate
F-distribution with r and 1 degrees of freedom.

It should be noted that the output from PROC MIXED includes the so-
called “TESTS OF FIXED EFFECTS” table which contains hypothesis tests for
the significance of each of the fixed effects specified in the MODEL statement.
By default, PROC MIXED computes these tests by constructing a particular
H matrix for each fixed effect, which is then used in (11.203) to compute a
Type Il F-ratio for the effect under consideration.

11.9.2 Tests Concerning the Random Effects

Tests of significance concerning the random effects’” variance components
are usually performed using the likelihood ratio test. The corresponding test
statistic is

maxg, £,(0)
= 11.204
maxgo L£,(0) ( 04)
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where

L,(8) denotes the likelihood function for model (11.195) for a sample of
sizen

0 is the vector containing the unknown parameters of the model (including
the variance components of the random effects)

maxy, £,(0) denotes the maximum of £,(0) under a null hypothesis, Hy,
for a given variance component

maxq L£,(0) denotes the maximum of £, (0) over the entire parameter space
for ©

Usually, the null distribution of —2log (A;,) is approximated with that of a
chi-squared variate. The asymptotic behavior of the likelihood ratio test was
discussed by Stram and Lee (1994). Using results by Self and Liang (1987),
they showed that for testing a single variance component, the asymptotic null
distribution of —2 log (A,) is a mixture of x3 and x3 with weights equal to 0.5
(see also Verbeke, 1997, Section 3.9.1). Here, X% denotes a discrete distribution
that takes the value 0 with probability 1. Thus, if F(x) denotes the asymptotic
cumulative null distribution of —2 log (A;), then

F(x) = %[H(x) +1], (11.205)

where Fj(x) is the cumulative distribution function of x‘%. For example, the
5% critical value for such a combination is obtained by solving the equation,

%[Fl(x) + 1] =095,

for x, or equivalently, F1(x) = 0.90, which gives the value, x = X%.lo, 1 =271
In general, it can be easily shown on the basis of formula (11.205) that the
p-value for the likelihood ratio statistic is one half of the p-value that could
have been obtained from a chi-squared distribution with one degree of
freedom.

The actual value of —2log(A;) can be easily obtained from the PROC
MIXED output by fitting the model twice, with and without the random effect
being tested, then subtracting the corresponding values of —2 log (likelihood)

since by (11.204),
—2log (A\y) = —2log [nll{ax L£,(8)] +2log [mgx L,(0)].
0
The —2 log (likelihood) value can be found in the PROC MIXED output under

a table entitled “FIT STATISTICS”. To do so, “METHOD = ML” should be
included as an option in the PROC MIXED statement.

Example 11.9 Let us again consider the data set of Example 11.7 concerning
the average daily gains (in pounds) of 67 steers. The corresponding model is
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TABLE 11.12
Type III Test Concerning Factor A

Effect Numerator DF Denominator DF F  p-Value
A 2 19.60 0.38 0.6870

the one given in (11.84) where «;), the effect of level i of factor A (age of dam),
is fixed (i = 1,2,3) and B;, the effect of level j of factor B (sire), is random
(G=1,2,...,9). The assumptions concerning the random effects are the same
as in Section 11.6.

The F-test concerning the fixed effect of A is obtained from the output
of PROC MIXED under “TYPE III TESTS OF FIXED EFFECTS” as shown in
Table 11.12.

On the basis of this table, no significant differences can be detected among
the three means of the age-of-dam factor. This agrees with the conclusion in
Example 11.7 (part (ii)) regarding the same factor. Note that the value of the
denominator degrees of freedom in Table 11.12 is based on the Kenward-
Roger method.

The tests concerning the random effects of B and A * B are based on the
likelihood ratio log statistic, —2 log (A,;). Thus, for testing Hy : 0‘%3 =0, we
have the test statistic value,

—2log (An) = —2log [rr}{aox Ln(e)] — { ~2log [méx cn(e)]}

=102-938
—04. (11.206)

The first entry on the right-hand side of (11.206) is obtained from the PROC
MIXED output concerning “- 2 LOG LIKELIHOOD” under the “FIT STATIS-
TICS” table for model (11.84), but without the effect of B. The second entry in
(11.206) represents the same quantity, but for the full model with the effect of
B included. In both models, “METHOD = ML” should be used in the PROC
MIXED statement. The corresponding p-value for the test statistic value in
(11.206) is 0.2635, which is half the p-value for a chi-squared test with one
degree of freedom (=0.5270). Thus, no significant variation can be detected
among sires. This also agrees with the conclusion in Example 11.7 (part (i)
regarding factor B. Similarly, by repeating the same steps, we find that the

test statistic value for Hy : G%xﬁ =0is

—2log (Ay) =11.8 —9.8
=2.0.
The corresponding p-value is 0.0786, which indicates some significant vari-

ation due to A * B (the p-value for a chi-squared test with one degree of
freedom is 2 x 0.0786 = 0.1572). We may recall that the test concerning the
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same hypothesis in Example 11.7 (part (i)) was not significant according to
the exact test described in Section 11.6.1.

The SAS statements needed to do the aforementioned computations are
given below:

DATA;
INPUT ABY @@;
CARDS;

(enter here the data from Table 11.10)
PROC MIXED METHOD = ML,
CLASS A B;

MODEL Y = A/DDFM = KENWARDROGER;
RANDOM B A*B;

PROC MIXED METHOD = ML,;
CLASS A B;

MODELY = A;
RANDOM A*B;

PROC MIXED METHOD = ML,
CLASS A B;

MODELY = A;
RANDOM B;

RUN;

Note that the “MODEL” statement in PROC MIXED contains only the fixed
effects. The “RANDOM” statement includes all the random effects. The first
PROC MIXED statement is needed to get the test results concerning the fixed
effects (as shown in Table 11.12) as well as the value of —2 log (likelihood) for
the full two-way model. The second PROC MIXED statement is needed to get
the value of —2 log (likelihood) for a model without B, and the third PROC
MIXED statement gives the same quantity, but for a model without A * B.

Example 11.10 Consider the data set of Example 11.8 concerning the burn-
ing rate of a rocket propellant from three production processes (factor A).
Batches (factor B) are nested within A. Here, A is fixed and B is random. The
assumptions concerning the random effects in the two-fold nested model in
(11.162) are the same as in Section 11.8.

By repeating the same steps as in Example 11.9, we find that the test for
A can be obtained from the following table:

Effect Numerator DF Denominator DF F  p-Value
A 2 8.61 0.43  0.6644

Hence, no significant differences can be detected among the means of the
three processes. This agrees with the conclusion in Example 11.8 regarding
the hypothesis, Hp : &1y = &@2) = x(3).
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The test for Hy : 0'%3 (0 = 0 has the test statistic value

—2log(A,) = 113.7 — 107.7
= 6.0.

The corresponding p-value is 0.0072, which indicates a significant variation
among batches. This also agrees with the conclusion in Example 11.8 regard-
ing the nested effect of B.

The corresponding SAS statements needed for this example are:

DATA;
INPUT ABY @@;
CARDS;

(enter here the data from Table 11.11)
PROC MIXED METHOD = ML;
CLASS A B;

MODEL Y = A/DDFM = KENWARDROGER;
RANDOM B(A);

PROC MIXED METHOD = ML;
CLASS A B;

MODELY = A;

RUN;

Appendix 11.A: The Construction of the Matrix Q in
Section 11.4.1

Let m; denote the rank of P; [i = 0,1,2,3withmo=1,m;y =a—1,my =b—1,
mz = (a—1)(b—1)]. Let Qli be a full row-rank matrix of rank m; whose rows
are orthonormal and span the row space of 131- (i=0,1,2,3). Then, it is easy
to see that

(i) Qi = \/L;bl;b

- ~/ . =~ ~/ . .
(i) Q1 Qu=1TIm,1=0,1,2,3, and Qy;Qy;=0,i#].
(iii) A; Q) = & Qy;, 1,j=0,1,2,3.

Properties (ii) and (iii) follow from writing le‘ = V;P; for some matrix V;,
i=0,1,2,3, and using formula (11.98) and the fact that f’if’j =0,i #j. Now,
let Q be defined as

Q=[Qly: Qly: 0 QU] - (11.A.1)
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Then, on the basis of properties (i), (ii), and (iii), the matrices QAj Q/, must
be diagonal forj = 0,1, 2, and 3 since

QA; Q= QA; [Qllo Q0 Q/L%]
= Q[RoQ1o : k1Q11 : ko Qs : K Q31,1 =0,1,2,3. (11.A2)

The right-hand side of (11.A.2) is obviously diagonal. In particular, Q diago-
nalizes A; and A simultaneously. O

Appendix 11.B: The Construction of the Matrix Q in
Section 11.7.1

Let e; be the b x 1 vector, e; = (c’l,O’)/, where ¢} = %(/E, Vb2, ..., \/ba),
and 0 is a zero vector of order (b, —a) x 1. Then, (I, —ej€])e; = 0. The matrix
I, — e1¢€] is idempotent of rank b, — 1 and ey is an eigenvector of unit length
of this matrix corresponding to its zero eigenvalue. Let Q = [e; : Q11, where
Qqisof order b, x (b. — 1) and rank b. — 1 whose columns are orthonormal
eigenvectors of I, — eje} corresponding to its eigenvalue one. Hence, Q is an
orthogonal matrix and the first row of Q P is

e1P =c P
- 2 () ()

1. O

Sl -

Exercises
11.1 Consider the data set of Example 11.5.

(a) Obtain Henderson’s Method III estimates of 0'%([3) and G%: and
verify the values given at the end of Section 11.1.

(b) Give a test statistic for testing the hypothesis Ho : 0% ) = 0. What
distribution does this statistic have under Hy?

(c) What distribution would the test statistic in part (b) have if Hy
were false?

11.2 Five batches of raw material were randomly selected. Several samples
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were randomly taken from each batch and the purity of the material
was determined from each sample. The following data were obtained:

Batch

1 2 3 4 5

1093 1472 997 21.51 18.45
1271 1591 10.78 20.75 17.25
11.35 17.10 19.69 16.95
13.50

The corresponding model is the one-way model in (11.64), where ;)
denotes the effect of the ith batch (i = 1,2,3,4,5) such that g ~
N (0, 0%) independently of €.

(a) Use R(x | w) to construct a test statistic for Hy : O'%X =0.
(b) What distribution does the statistic in part (a) have if Hy is false?
(c) Show how you can compute the power of the test in part (a) for an

2
. o (e P o
«-level of significance and a specific value of —%.

€

11.3 Consider again the data set in Exercise 11.2.

(a) Test the hypothesis Hy : 0% = 0 using the statistic described in
(11.73).

(b) Give an approximate value of the power of the test in part (a) for

2
. ) P (e}
an a-level of significance and a specific value of .

€

2
(c) Obtain an approximate (1 — &) 100% confidence interval on %

(d) Obtain an approximate (1 — )100% confidence interval on o2, [see
the double inequality in (11.83)].

11.4 Consider Section 11.4.1.1. Show that the sums of squares, SSa,, SSgu,
and SSap, are mutually independent and distributed as multiples of

chi-squared variates if and only if 'w~1I is distributed as a chi-
squared variate.

11.5 Consider the data set in Table 11.3. Suppose that the effects of factors
A and B are random.

(a) Testthe significance of A, B, and A*B at the 5% level of significance
using the method of unweighted means in Section 11.4.1.

(b) Apply Lemma 11.6 to assess the adequacy of the approximate
distributional properties concerning the USSs in this data situation

2
[compute the upper bound in (11.111) for several values of U(;‘zﬁ ]
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(c) Use the method of unweighted means to obtain an approximate
95% confidence interval on o3 / (O‘%x + 0%5 + 0% p T G%).

[0 8
11.6 Consider again the data set used in Exercise 11.5.

(a) Test the interaction hypothesis, Hp: O‘%XB =0, using F(0) in (11.116).
State your conclusion at the o = 0.05 level.

2
(b) Obtain a 95% confidence interval on Ay = % using the double

inequality in (11.119).

(c) Find the value of an exact test statistic for testing Hy : (r%x = (. State
your conclusion at the o = 0.05 level.

(d) Redo part (c) for H : 0%5 =0.

(e) Obtain an expression for the power function of the test in part (c).

11.7 Consider the mixed two-way model discussed in Section 11.6. Show
that F(xf3 | 1, o, ) can be used as an exact F-test statistic for testing
Hy: 0% =0.

11.8 Consider the data set in Table 11.3 where factor A is fixed and factor
B is random.

(a) Test the hypothesis Hy : 0% p = 0intwo ways:
(i) Using the test in (11.150).
(ii) Using F(B | p, &, B).
Give the p-value for each test.

(b) Test the hypothesis H : 0%5 = 0 and state your conclusion at the
5% level.

(c) Determine if there is a significant difference among the means of
A. Let « = 0.05.

2
Uocfi
ol -

(d) Obtain a 95% confidence interval on

11.9 Consider Section 11.7. Verify that the F-ratio in (11.164) has the F-
distribution under the null hypothesis, H : 0‘%5( o =0

11.10 Consider the F-test statistic in (11.179) concerning the hypothesis, H :
02 = 0, for the random two-fold nested model. Show that if the data
set is balanced (i.e., the n;;’s are equal and the b;’s are also equal), then
this statistic reduces to the ANOVA-based F-test statistic used in the
balanced case to test H.

11.11 Consider a random two-fold nested model (see Section 11.7), where
a=4;b1 :1,b2 =2,b3 =3,b4 =4,'1’111 =4,Tl21 = N =3,
Nn31 = MNnzp = N3z = 2, Ng1 = N4y = Ny3 = Nyq4 = 1. The following
ANOVA table is obtained:
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(a)
(b)

(0

Source DF SS MS

A a—-1=3 Roc | W) Roc | w)/3
B(A) b—a=6 R(B(et) | w, ) R(B() | b, 00/6
Error n.—b =10 SSg MSEg

Find the expected values of the mean squares in this ANOVA table.

Find an approximate F-test for testing the hypothesis, Hy : 02, = 0,
using R(x | w)/3 in the numerator and an appropriate linear com-
bination of mean squares in the denominator. Use Satterthwaite’s
approximation to compute the denominator degrees of freedom,
then state your conclusion at the approximate 5% level.

Suppose that the test statistic in part (b) is written as F = %,

where Q; is such that YQ;Y = R(x | n)/3 and Q, is the matrix
associated with the linear combination of mean squares in the
denominator. The actual size of the test for a nominal & = 0.05
level is

YQ,Y
P > F
[Y/QZY_ 0053 | 0% O]

where v is the denominator degrees of freedom. This probability
can be expressed as

p I:Y/(Ql — Fo53+v Q)Y >0] 0% = 0] .

Compute the value of this probability given that E’“"’ = 4, then

compare the result with « = 0.05. [Hint: Use DaV1es algorithm
(see Section 5.6)].

11.12 Consider Section 11.7.1. Show how to construct an exact (1 — o) 100%

2 0'2
. . o . . .
confidence region for (G—g‘, %) Can you use this region to obtain
€ €

o2

simultaneous confidence intervals on "‘ and B . with a joint confi-

dence coefficient greater than or equal tol— oc7

11.13 A certain manufacturing firm purchases its raw material from three
different suppliers. Four batches of the material were randomly
selected from each supplier. Several samples were randomly taken
from each batch and the purity of the material was determined from
each sample. The resulting data are given in the following table:
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Batch
Supplier 1 2 3 4
1 18.60 21.01 2696 2345
1950 2272 20.68 21.86
19.95
2 2457 2080 1955 16.05

23.70 16.57 18.01 18.11
20.85 21.59 21.50  20.90

3 28.66 2258 19.03 18.25
23.80 2155 2230 21.22
19.30

(a) Is there a significant variation due to batches? State your conclu-
sion at the 5% level.

(b) Determine if there is a significant difference among the means of
the three suppliers with regard to purity of the material. State your
conclusion at the 5% level.

2
B0

ot

ance associated with the batch effect and o2 is the error variance.

(c) Obtain a 95% confidence interval on

, where 0'%5 () is the vari-

(d) Obtain a 95% confidence interval on the difference between the
mean purities for suppliers 1 and 3. Can we conclude that these
means differ at the 5% level?

11.14 Consider again Exercise 11.8.
(a) Test the hypothesis Hy : 0% p = 0 using the likelihood ratio test in
Section 11.9.2. Let « = 0.05.

(b) Determine if there is a significant variation due to factor B using
the likelihood ratio test. Give the corresponding p-value.

(c) Redo part (c) of Exercise 11.8 using PROC MIXED.
11.15 Consider again Exercise 11.13.

(a) Redo part (a) using the likelihood ratio test.
(b) Redo part (b) using PROC MIXED.

(c) Obtain an approximate 95% confidence interval on the difference
between the mean purities for suppliers 1 and 3 using formula
(11.202) (obtain first the maximum likelihood estimates of 0%5( )

and ¢2).
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Additional Topics in Linear Models

This chapter covers a variety of more recent topics in linear models. These
include a study of heteroscedastic linear models, where the error vari-
ances and/or variances of some random effects are not necessarily constant,
response surface models with random effects, and the analysis of linear mul-
tiresponse models.

12.1 Heteroscedastic Linear Models

Inference-making procedures concerning the fixed and random effects in a
mixed linear model are often based on the assumption that the error variances
are equal. However, in many experimental situations, such an assumption
may not be valid. For example, in a production process, the quality of a
product may be subject to some variation caused by occasional machine
malfunction or human error. It would therefore be unreasonable to assume
that the variance attributed to the error term in the model remains constant
over the course of the experiment. Furthermore, variances attributed to some
random effects in the model may also be subject to change. For example, in
an industrial experiment, batches of raw material are obtained from different
suppliers. The measured response is the purity of the raw material. In this
case, the variation of purity among batches may be different for the different
suppliers.

Interlaboratory studies performed to test, for example, a certain drug
provide another example where heterogeneous variances can be expected.
Measurements taken from several laboratories are made by different tech-
nicians using different equipment. It is therefore very possible that the
within-laboratory variances differ substantially (see, for example, Vangel and
Rukhin, 1999).

In all the above situations, lack of homogeneity of variances pertaining to
the error term, or to some random effects in the model, can seriously affect
the testing of the various effects in the model. A variety of models subject to
such experimental conditions will be considered in this chapter.

427
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12.2 The Random One-Way Model with Heterogeneous
Error Variances

The analysis of a random one-way model with heterogeneous error variances
was first studied by Cochran (1937). The analysis of the same model, but with
fixed effects, is not considered in this chapter. Unlike the former model, the
latter has for many years been given a great deal of attention by researchers.
Welch (1947), James (1951), and Box (1954) were among the first to address
the problem of heterogeneous error variances. It has long been established
that the standard F-test for testing equality of the treatment means is sensitive
to a failure in the assumption of equal error variances, especially if the data
set is unbalanced. Several test procedures were proposed to compare the
treatment means in such a situation. See, for example, Brown and Forsythe
(1974c), Bishop and Dudewicz (1978), Krutchkoff (1988), Draper and Guttman
(1966), and Smith and Peddada (1998).
Let us now consider the random one-way model,

Yi]‘ =u+ xig + €i(j)s i=1,2,...,k j: 1,2,...,n; (12.1)

where a) ~ N(0,0%), i) ~ N(0,07), and the x(;)’s and €j)’s are mutually
independent. Note that the error variances are equal within groups, that is,
for a fixed i, but are unequal among groups, that is, for different values of i
(i=1,2,...,k). Model (12.1) can be written in vector form as

Y = ul, + [@5211,11] a+ e, (12.2)

where )
n.= Zi=1 ni, & = (1), %Q2), - - -, oc(k))’
€ = (€1(1), €1Q2)/ - - -+ €1(ny)r - - - 1 €k(1)s - - - €k(my))
Y is the vector of observations

Then, Y is distributed as N(u1, , X), where
=0k ], +o, (G?In,-) : (12.3)

The standard F-test statistic for testing Hy : 0%, = 0 is given by

n —k\ YAY
F = : — 124
( k—1 ) YBY’ (124)
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where
1 1
A=D <_, ]m> L (12.5)
i1 nj n,
ko1
B=1I, — @ (n—i ]m) . (12.6)
i=1
If the error variances are homogeneous, that is, cr% = O‘% =...= 0‘]%, then

under Hy, F has the F-distribution with k — 1 and n_ — k degrees of freedom.
However, if the error variances are heterogeneous, then Y'AY and Y'BY are
not independent and neither one is distributed as a multiple of a chi-squared
variate (see Exercise 12.1). As a result, F x_1 , _x cannot be used as the true
a-critical value of the test statistic in (12.4). In this case, the probability, o,
given by

of = PIF = Fok 1 | 05 =0l (12.7)

is not necessarily equal to the nominal level of significance, o. It is possible
to get an actual value for oy and compare it with o. This is done as follows:
The right-hand side of (12.7) can be written as

PIF > Fog1—k | 05 =01 =P[Y(A—cB)Y >0 05 =0], (12.8)

where ¢ = X1 F k—11 —k Under Hyp : 02 = 0, Y(A — cB)Y can be repre-

n—k = & %8
sented as

S
Y (A - cB)Y = Z Aix3. (12.9)
i=1

where A1, A, ..., As are the distinct nonzero eigenvalues of (A — cB)Xy with
multiplicities v1,vs, ..., Vs, where Ly = 69?:1 (071,,;), which is obtained by
putting cr%,c = 0 in (12.3), and x%,l,xg,z,...,xf,s are mutually independent
chi-squared variates (see Lemma 5.1). From (12.7) and (12.8) we then have

a =P [Z A, = 0} . (12.10)

i=1

Davies’ (1980) algorithm mentioned in Section 5.6 can then be used to compute
oy for given values of ny,ny,...,n; and G%, 0%, ey 0‘%. This was carried out
in Lee et al. (2007, Table 2) who reported the values of oy for several values
of k, 0‘%, cr%, el (7% and different degrees of imbalance affecting the sample
sizes, 11,1y, ..., ng. It was found that for o = 0.05, for example, of ranged
from 0.0001 to 0.8244 for k = 3; from 0.0003 to 0.9610 for k = 5, and from
0.0008 to 0.9981 for k = 7. This clearly shows that heterogeneity in the error
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variances combined with data imbalance can have a substantial effect on the
level of significance of the F-test in (12.4). Lee et al. (2007) also noted that
data imbalance had a larger effect on o than did heterogeneity in the error
variances.

Even though the exact distribution of F in (12.4) is unknown under Hy, it is
possible to determine its true critical value with the help of Davies’ algorithm
for given values of n; and 012 (i=1,2,...,k).If F} denotes the a-critical value
of F, then

PE>F)=aq, (12.11)

which can be written as in formula (12.10) in the form

(ZA*XV* > ) =0,

where A}, A, ..., A} are the distinct nonzero eigenvalues of (A—c*B) Xy, where

= 171‘ 1kaX, with multiplicities v],v3, ..., v}, respectively. To compute the
value of F%, using Davies’ algorithm, we can proceed as follows: For a given «
and specific valuesofny, ny, ..., ng; 0%, 0'%, el O'i, Davies’ algorithm is used to
calculate o from (12.10). If the ensuing value of o is larger, or smaller, than
the nominal level, «, the value of F 4 ;_1 ,, _k is increased, or decreased, several
times until the difference between o and « is small enough. This results in
the value of F}, as in (12.11). This process was illustrated in Lee et al. (2007,
Table 2) who reported that the effect of heterogeneous error variances on the

true a-critical value can be quite considerable.

12.2.1 An Approximate Test Concerning Hy : 6% = 0

Let us again consider model (12.1) under the same assumptions concern-
ing the distributions of «(; and €;;) as was stated earlier. An approximate

test concerning the hypothesis, Hy : 02, = 0, was given by Jeyaratnam and

Othman (1985). They proposed the following test statistic:

SSp
F == 12.12
S50 (12.12)
where
1 k
— V. V)2
SSp=1— ;(Yl_ —Y"?, (12.13)
1 k s?
SSw=-Y =L :
W= (12.14)
i=1
and Vi = L300, Y5 V= 1 200 Vi, = o X (G- Yok i= 1,2, k.

The numerator of 5Sp represents the unweighted sum of squares for the factor
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associated with o) in model (12.1). It is easy to verify that

(a) SSp and SSy are independent.
2
(b) E(SSp) = 0% + ¢ by -
2
(©) ESSw) = § Xy 5

Furthermore,
distributed as

(ni—l)s,2
ot

~ xghl fori = 1,2,...,k. Hence, SSy in (12.14) is

k
SSw =Y 0V, (12.15)
i=1

where 6; and the V;’s are mutually independent random variables

LoF
= kni(ni—1)”
such that V; ~ x%’__l (i=1,2,...,k). In addition, by applying Lemma 5.1, we
can state that U = (k — 1)SSg is distributed as

_ 1 _
u=Y (Ik - %]k> Y
t
= Z T U, (12.16)
i=1

where Y = (Y1,Y2,...,Yx), 71,72, ..., are the distinct nonzero eigen-
values of (I — %]k)[O"ZXIk + eai-‘:l((flz/ni)] with multiplicities nq,12,...,M4,
and Ui, Uy, ..., U; are mutually independent random variables such that

2
u; ~ XTZH (i=1,2,...,t).Notethat O'%XI k+@§‘:1 (Z—f) is the variance—covariance
matrix of Y.
Applying Satterthwaite’s approximation (see Section 9.1) to SSyw and U
in (12.15) and (12.16), respectively, we can write
N U

2
=~ , 12.17
Si_yTim; approx. Xw 1217

N, 5SS
S 01 1) onn e (12.18)
Zi'(:1 SH (n; — 1) approx. 2

where

(Zf:1 Tini)z

Nt ="
2 i1 T i

(12.19)
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(S0 1]

Ny = . 12.20
oy @m- (1220
Note that
t 1 k 2
ZTznz—tr (Ik_EIk) G%xlk'i‘@(—ll)
=1 i=1
k=1 o?
2 - 9i
= ok =1+ — > -t (12.21)

5 2
O'.
(o§+ n—1> . (1222

i=1 !

2
k 2 k
1 o k—2
Nz {Z (Gin—iﬂ Lap®
Using formulas (12.21) and (12.22) in (12.17) and (12.19), we conclude that
Nl U 2

- 7~ XN;
o2 (k—1)+ le Zile % approx.
or, equivalently,
N1 5SS
X (12.23)

2 1~k o} approx.
oatE iz

ni
where
-
(k-1 + 5 vk, o]
Ni = —— o —. (12.24)
o7 - of
2 [Zi=1(0%c + n_i):l + 5 iz (O%c + n_,'>

Also, since 0; = knj#l)' i=1,2,...,k we get from (12.18),
Nj SSw »
1 Zk o? ap;;\;:ox. XN/ (12.25)
x 2i=1 7
where from (12.20),
ko oo?7?
[Zi:l ?1-_7]
Ny= ——7F—. (12.26)

Y
=l i-1)
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Using properties (a) through (c), and the approximate chi-squared distribu-
tions in (12.23) and (12 25), we conclude that the statistic F in (12.12) can
be used to test Hy : = 0. Under this hypothesis, F has the approximate
F-distribution with N1 and N degrees of freedom. The test is significant at
the approximate «-level if 7 > Fy N, N,. Since N1 and N depend on the
unknown values of 0‘%, cr%, s, 6,%, it will be necessary to replace 62 by sl , the
sample variance for the ith group data (i = 1,2,...,k), in the expressions in
(12.24) and (12. 26) for Ny and N, respectively. Th1s gives rise to Ny and Np.
Thus, under Hy, N7 and Ny are of the form

_yyk 2
Ky = ¢ D2k ] , (12.27)

(Zl 1 %) +k(k 2)21 1_§

koos2)2
. Yict

Rp = ——~—. (12.28)
Zl nZ (n -1

Simulation studies were conducted by Jeyaratnam and Othman (1985) and
by Argac, Makambi, and Hartung (2001) to evaluate the performance of the
test statistic in (12.12). The latter authors noted that the actual simulated sig-
nificance levels of the test were somewhat close to the nominal significance
level for small values of k, but the test tended to be too conservative for large
k (= 6) and small sample sizes.

12.2.2 Point and Interval Estimation of o2,

An ANOVA-type estimator of 02, was given by Rao, Kaplan, and Cochran
(1981), namely,

k

k k
. 1 - - n;
A P Zni(y,,_y_.)z_zg_j)s; ,
Ci=1 i=1 i=1 :

where Y = nl Zle n; Y; . This estimator is unbiased, but can take on negative

values. Another estimator that yields nonnegative estimates of 02, was also
given by Rao, Kaplan, and Cochran (1981) and is of the form

k
1 - -
=22 mYi=Y)?
i=1
i=12...,kand Y = Zl lm’Y’ . This estimator is biased

1mz

and is called the average of the squared residuals (ASR)-type estimator.

where m; = %,
1



434 Linear Model Methodology

Confidence intervals on ¢% were proposed by several authors. The fol-

lowing confidence interval was proposed by Wimmer and Witkovsky (2003):
Replacing the 1;’s in (12.16) by their weighted average,

% Z§=1 Timi
Zf‘—lﬂz
-1
_ tzx(k_l)+ Kk len,
- k—1

which results from applying formula (12.21) and the fact that >\, n; =
rank(I; — %]k) =k—1, weget

= X
Thus,
u
2 1vk  of ap;’z\i:ox. X}%_l' (12.29)
oxt+ % Zi:l i
From (12.29), an approximate (1 — $)100% confidence interval on ¢% is
obtained as
k k
u 1 07 1 07
> Lt < < —-Z (12.30)
Xoo/ak—1 kg ni Xi_ /4 k-1 kS
But, (12.30) cannot be used since it depends on the unknown values of
0%,05,... O'k Using the fact that (s DS ~ Xi,»_l independently for i =

1,2,...,k, the intervals,
(i —Dsf 5 _ (= Ds

1 < 4

: . i=1,2,.. k (12.31)
XB/2,ni-1 X1-p/2,ni-1

represent simultaneous confidence intervals on 0%, 0%, . ,0]% with a joint

coverage probability equal to (1 — B)¥, where f is defined so that (1 — B)f =
— 5. From (12.31) we conclude that

- Z —, (12.32)

k k
1 (ni — 1)s? 1 Z 12 1 (nj — 1)51-2
k k

k= niXG o1 L MXE i

with a probability greater than or equal to 1 — 5.
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Applying Bonferroni’s inequality to (12.30) and (12.32), we get

u 1¢n (1 —1)s?
—_—— <

1

2
2 2 x 2 2
Xo/a k-1 k= ni X1-p/2,n-1 X1 ojak—1 i—1 X 2m-1
/

with an approximate coverage probability greater than or equal to 1 — «. If the
lower bound of this confidence interval is negative, then it can be truncated at
zero. This action produces intervals with a coverage probability greater than
or equal to that for the intervals in (12.33). From (12.33) we finally conclude
that an approximate confidence interval on ¢ with a confidence coefficient

greater than or equal to 1 — « is given by
Ly < 0% < Ly, (12.34)

where L1 = max(0, £1), L, = max(0, £3), and

u 1 (n; — 1)s?

6= = l
2 2
ch/4k kK i—1 M X1-p/2mi-1
, 1 2": ni — 1)s?
2= - -
Xl o/dk—1 k= ”1X{3/2nz

12.2.3 Detecting Heterogeneity in Error Variances

The analysis concerning model (12.1) depends on whether or not the error
variances are equal. Thus, there is a need to test the hypothesis

Hy:0f=05=...= 0% (12.35)

There are several procedures for testing Hy. The traditional ones, such as
Bartlett’s (1937) and Hartley’s (1950) tests, are not recommended since they
are sensitive to nonnormality of the data. By contrast, Levene’s (1960) test
is much more robust to nonnormality and is therefore recommended for
testing Hy. Levene’s test statistic has a complex form, and under Hy has an
approximate F-distribution. Large values of the test statistic are significant.
A convenient way to compute the value of this statistic is to use the option,
“HOVTEST = LEVENE,” in the SAS statement, MEANS A, which is available
in PROC GLM. Here, A denotes the factor associated with ;) in model (12.1).
Another related and widely used homogeneity of variance test is the one by
O’Brien (1978, 1979). This is a modification of Levene’s test and can also be
implemented using PROC GLM by changing “LEVENE” to “OBRIEN" in the
statement, MEANS A/HOVTEST = LEVENE.

The following example illustrates the application of Levene’s test in
PROC GLM.



436 Linear Model Methodology

Example 12.1 Batches of raw material were tested for their calcium content.
Several samples were taken from each of six randomly selected batches. The
data are given in Table 12.1.

To test the homogeneity of variance hypothesis in (12.35) (with k = 6) on
the basis of Levene’s (1960) test, the following SAS statements can be used:

DATA;

INPUT BATCH Y @@;
CARDS;

(enter here the data from Table 12.1)
PROC GLM;
CLASS BATCH,;
MODEL Y = BATCH;
MEANS BATCH/HOVTEST = LEVENE;
RUN;

From the resulting SAS output, we get Table 12.2.

Levene’s test statistic has an approximate F-distribution with 5 and 30
degrees of freedom. The test statistic value is 2.39 with an approximate p-value
equal to 0.0612. There is therefore some evidence of heterogeneity in the
error variances among batches. We can then proceed to apply the analysis
concerning 0, as was described earlier in Section 12.2.1.

The value of the test statistic in (12.12) for the hypothesis Hy : 02 = 0

04
is F = % = % = 2.54. The estimated degrees of freedom based on

TABLE 12.1
Calcium Content Data
Batch1 Batch2 Batch3 Batch4 Batch5 Batch6

23.21 35.02 26.12 23.50 21.10 17.50
23.51 29.50 22.30 6.50 32.00 34.10
22.93 27.52 28.50 37.31 25.30 29.50

23.57 19.88 22.90 34.50 19.11
23.90 33.50 11.08 38.50 28.50
32.05 40.50 38.00
35.30 43.50 28.50
14.50
29.90

TABLE 12.2

Levene’s Test for Homogeneity of Variances
Source DF SS MS F  p-Value
Batch 5 427481 8549.6 239 0.0612
Error 30 107221 3574.0
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formulas (12.27) and (12.28) are N; = 2.75 ~ 3, N, = 12.30 ~ 12, and the
corresponding approximate p-value is 0.107. There is therefore an indication
of amild variability among batches with regard to calcium content. Using now
formula (12.34), a confidence interval on o2 with an approximate confidence
coefficient greater than or equal to 0.95 is given by 0 < 02 < 189.61. Note

that the ANOVA-type and ASR-type estimates of 6%, (see Section 12.2.2) are
62, = 12.981 and &3, = 13.816, respectively.

12.3 A Mixed Two-Fold Nested Model with Heteroscedastic
Random Effects

Consider the mixed two-fold nested model,

Yijk =KL+ xig + Bi(j) + €ij(k), i=1,2,...,a4 j: 1,2,...,b;; k=1,2,...,n,
(12.36)

where o) is a fixed unknown parameter, Bi() and € are distributed inde-
pendently such that ;5 ~ N(0, k?) and €ijky ~ N, 02). We note that the
variances of 3 are different for different i, but are constant for a given i.
Furthermore, the range of subscript j depends on i, but the range of subscript
k is the same for all i, j. Thus, data imbalance in this case affects only the
second stage, but not the third stage of the nested design. Such a design is
said to have the so-called last-stage uniformity.

An example to which model (12.36) can be applied concerns the testing of
purity of batches of raw material obtained from different suppliers where the
variation of purity among batches can be different for the different suppliers,
as was mentioned earlier in Section 12.1. In another situation, the composition
of soils from randomly selected plots in different agricultural areas may vary
differently from one area to another.

In this section, tests are presented concerning the fixed and random effects
for model (12.36). These tests were initially developed by Khuri (1992a).

Let us first define Y;j as Yj; = (Yij1, Yip, - .., Yijn)'. Then,

E(Yij) = (1 + @)1y, (12.37)
Var(Yjj) = k7 J,, + 0% L. (12.38)

Using the Spectral Decomposition Theorem, the matrix J, can be repre-
sented as

J,, = Pdiag(n,0) P,
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where P is an orthogonal matrix of order n x n of orthonormal eigenvectors
of J,,. Since J, (\%ln) =n (Lln), 1.1, is a unit eigenvector of J,, with the

Vn NG
eigenvalue n. We can therefore express P as
1
P=|—1,: ,
[ﬁ " Q]

where the n — 1 columns of Q are orthonormal eigenvectors of J, for the
eigenvalue zero. Let Z;; = P'Y};. Then,
E(Zij) = P'(1 + oiy)1n
= [\/ﬁ(u + (x(i))rﬂl]/r
Var(Z;j) = P'(} ], + 0% I,)P
= «? diag(n, 0) + o2 I,
= diag(nKl2 + Gze, Gze L,_1).

Furthermore, let v;; and w;; be defined as

1.
Ujj = ZlnYij’ (12.39)

Wi = Ql Yij' (12.40)

Then, forj=1,2,...,bjandi = 1,2,...,a,thev;’sand w;;’s are independently
and normally distributed with means and variances given by

E(vj) = p+ a), (12.41)
(72

Var(vj) = k? + 7@- (12.42)

E((,Uij) =0, (12.43)

Var(wjj) = 02 I_1. (12.44)

12.3.1 Tests Concerning the Fixed Effects
The hypothesis of interest here is

H() LX) = XQ) = .. = K@) (12.45)
The following two cases are considered:

Case 1. The data set is balanced, thatis, by =b, = ... = b, = b.
Let v be defined as

'U]' = (vlj/Uij--~/Uaj)// ]: 1/2/"'717/
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where vij is defined in (12.39). This vector is normally distributed, and by
(12.41) and (12.42), has a mean and a variance-covariance matrix given by

E(@)) = (u+ aqy, 4+ x@), ..., u+a@), j=1,2,...,b,
a 0_2
Var(vj) = @ (KZZ + 7‘;) , j=12,...,b
i=1
Let now A; be defined as
Aj=Cv, j=12,...,b
where Cis an (2 — 1) x a matrix of a — 1 orthogonal contrasts. Then,

EA)=Ca, j=12,...,b

where & = (1), X2), - .., %)) and

a 2
Var(A)) = C [EB (K% n %)] C, j=12...b (12.46)

i=1

The A;’s are mutually independent and identically distributed as normal ran-
dom vectors with zero means under Hy and a common variance—covariance
matrix given by (12.46). The hypothesis Hy in (12.45) can then be tested by
using Hotelling’s T?-statistic (see, for example, Seber, 1984, p. 63), which is
given by

T2 =bA'S7IA, (12.47)

where A = % Z]bzl Ajand S is the sample variance-covariance matrix,

b
1 A AN
S:mj_zl(Aj—A)(Aj—A).

Under Hp and assuming that b > g,

b—a+1
T2 ~ Fotpai1- (12.48)

S @-D-1

The test is significant at the o-level if F > F ;_1 j_,+1. Note that F is invariant
to the choice of the orthogonal contrasts that make up the rows of C. This
is true because the T?-statistic in (12.47) is invariant with respect to linear
transformations of the v;’s of the type described earlier (see Anderson, 1963).



440 Linear Model Methodology

Case 2. The values of b; are not necessarily equal.
This is the more general case as it applies whether the b;’s are equal or not.

Let ¢ = — B, (i=1,2,...,a—1), where ; = } ]’?;1 v (i=1,2,...,0)
and vj; is defined in (12.39). From (12.42), the variance-covariance structure
for the ¢;’s is given by

1 2 1 2

Var(() = — (2 + 28 )+ = [+ %), i=12,...,a-1,
b; n ba n

Cov((;, ¢p) = Var(v,,)

1 02 .
=E<K§+7€>, i# L.

Let = (1,0, ..., 0—1) . Then, the variance—covariance matrix of ¢, denoted
by V, is of the form

a1 o2 1 o2
V= —(k?+ == — 24+ == ) 12.49
G I e [
Since E({) = 0 under Hy, {V~1¢ ~ X?—l‘ Furthermore, from (12.41) and

(12.42), an unbiased estimate of k? + 07%- is given by #?, where
1 &
2 = = Y wi—-0)%, i=12,...,a (12.50)
i — y
j=1

2
s

Hence, an estimate, V, of V is obtained from (12.49) by replacing k? + = by
tiz (i=1,2,...,a). Thus,

R a—1 t?_ tg
V=P L]+: T (12.51)
bl bu

i=1
Consequently, a test statistic for testing Hy in (12.45) can be obtained by using

a v ¢, which under Hp has approximately the chi-squared distribution.
Large values of this test statistic are significant. James (1954) showed that the

upper o-quantile of C’f/_l Cis approximately given by (v +v> X%x, a—l)X%x, a1
where
1 &1 bi \*
=1 1-—),
m +2(a—1)§bi—1< et12>

3 1 bi \?
- 1- ).
Y= u—Da+1) ;bi—l ( etiZ)

where 6 = Y7, % (see also, Seber, 1984, p. 446).
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Note that the exact F-test described in Case 1 can be applied to Case 2
by using v; = (vyj, vj, . - .,Ua]‘)/,j =1,2,...,by, where by = min(by,bo,...,b,)
provided that by > a. This amounts to discarding some of the data, which
causes the test to be inefficient.

The exact and approximate tests (in Cases 1 and 2, respectively) were dis-
cussed by several authors. Ito (1969) showed that the approximate test tends
to result in a slight overestimation of significance. It is, however, preferred to
the exact test due to the low efficiency of the latter.

12.3.2 Tests Concerning the Random Effects

Recall that (31-(]-) ~ N(O, Kiz), i=12,...,a;j =1,2,...,b;. In this section, a
test is given concerning the hypothesis, Hy : KZ-2 =0,i=1,2,...,a. We also
recall that the v;;’s and w;;’s defined in (12.39) and (12.40), respectively, are

independently and normally distributed with means and variances given in
(12.41) through (12.44). Hence,

(bi — 1)t?

2
2 O
Ki+ 5

~Xg_1 i=12,...4 (12.52)

~x2 ., i=12,...,4j=12,...b (12.53)

where #? is the sample variance in (12.50). The random variables in (12.52)
and (12.53) are mutually independent for i = 1,2,...,4;j = 1,2,...,b;. It
follows that

a . 2
Z(b;—ljfl ~ X (12.54)
i=1 Kf+ 55
a b; w w
> Z ~ Xb 11y (12.55)
i=1 j=1 e

where b, = 7, b;. Note that n Y} 7_; (b; — )#? is the sum of squares for the
nested effect, denoted by SSp(a), and that Y ;_, Z T w; jjWij is the residual
sum of squares, SSg. This follows from the fact that

nZ(bl — 1)t =n Z Z(UZJ — i)

11]1

n Z Z(Yi]’. -Y:.)?

i=1 j=1

SSBa)y,



442 Linear Model Methodology

since vj; is the sample mean for the (i,j)th cell, and hence 7; = Y.
Furthermore,

a b a b
oD wiwi= Y (In - %h) Y
i=1 j=1 i=1 j=1
_ SS¢.

Now, under Hy : |<l2 =0,i=1,2,...,a, the statistic,

Fo MSpa)
- MSg '

(12.56)

has the F-distribution with b, —a and b.(n — 1) degrees of freedom, where
MSpay = SSBa)/(b. — a), MSg = SSg/[b.(n — 1)]. The test is significant at the
o-level if F > F‘x,b‘_a,b'(n_l).

Rejecting Hy indicates that at least one |<l2 is not equal to zero. In this case,
it would be of interest to find out which of the k?’s are different from zero. For
this purpose, the hypotheses, Hy; : k? = 0, can be tested individually using
the ratios,

2
n i

Fi = ,
"7 MSk

i=12,...,a (12.57)

which under Hy; has the F-distribution with b; — 1 and b .(n — 1) degrees of
freedom. If « is the level of significance for this individual test, then the
experimentwise Type I error rate for all such tests will not exceed the value
o =1 — (1 — «)? This is true because

12
P [A’/II & = Fapotpmen, forall i=1,2,... ,aj| >1- o, (12.58)
E

Inequality (12.58) is based on a result by Kimball (1951).

Example 12.2 This example was given in Khuri (1992a). A certain firm pur-
chases its raw material from three different suppliers. Four batches of the
material were randomly selected from each supplier. Three samples were
randomly taken from each batch and the purity of the raw material was
determined from each sample. The data are presented in Table 12.3.

To test equality of the means of the three suppliers (that is, testing Hp : (1) =
xp) = 03)), we can apply the F-test in (12.48) since by = by = b3 = 4.
This gives F = 2.618 with 2 and 2 degrees of freedom. The corresponding
p-value is 0.276, which is not significant. On the other hand, by applying the
approximate chi-squared test described in Case 2 of Section 12.3.1, we get

e ‘771& = 10.519, which is significant at a level > 0.06.
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TABLE 12.3
Purity Data
Batch
Supplier 1 2 3 4
1 8.60 11.01 997 945

13.08 10.56 10.78 10.22
950 11.72 10.01 8.86

2 2457 1483 9.75 16.05
23.70 1558 12.08 19.51
20.87 1228 10.51 13.30
3 29.62 2358 19.03 8.25
23.89 2156 17.66 9.76
30.16 19.34 18.34 11.22

Source: Khuri, A.L, J. Statist. Plann. Inference, 30,
33, 1992a. With permission.

The test statistic in (12.56) concerning Hy :
MSB(A)

ki = 0fori = 1,2,3 has

the value F = = 23.079 with 9 and 24 degrees of freedom (p-value
< 0.0001). This is a h1ghly significant result. By applying the individual F-
tests in (12.57), we get F1 = 0.348, F, = 21.989, and F3 = 46.90. Using an
experimentwise Type I error rate not exceeding «* = 0.01, we find that F,
and F3 are highly significant since F 324 = 6.004, where x = 1—(1— o*)1/8 =
0.003. We conclude that batch-to-batch purity variation within suppliers is
most apparent in the material from suppliers 2 and 3.

12.4 Response Surface Models

Response surface methodology (RSM) is an area concerned with the modeling
of a response variable of interest, Y, against a number of control variables that
are believed to affect it. The development of a response model requires a
careful choice of design that can provide adequate and reliable predictions
concerning Y within a certain region of interest. By a design, it is meant the
specification of the settings of the control variables to be used in a given
experimental situation. Once a design is chosen and the model is fitted to the
data generated by the design, regression techniques can then be implemented
to assess the goodness of fit of the model and do hypothesis testing concerning
the model’s unknown parameters. The next stage is to use the fitted model to
determine optimum operating conditions on the control variables that result
in a maximum (or minimum) response within the region of experimentation.
Thus, the basic components in any response surface investigation consist
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of (1) design selection, (2) model fitting, and (3) determination of optimum
conditions.

Since the early development of RSM by Box and his co-workers in the
1950s and 1960s (see Box and Wilson, 1951; Box and Draper, 1959, 1963), it
has become a very useful and effective tool for experimental research work
in many diverse fields. These include, for example, chemical engineering,
industrial development and process improvement, agricultural and biologi-
cal research, clinical and biomedical sciences, to name just a few. For a review
of RSM and its applications, see Myers, Khuri, and Carter (1989).

In a typical response surface investigation, it is quite common to fit a
model of the form

Y=R0+f (B +e, (12.59)

where
o and the elements of B are fixed unknown parameters
x = (x1,%2,...,%) is a vector of k control variables that affect the response
variable, Y
f(x) is a vector function of x such that B¢ + f'(x)B is a polynomial in the
elements of x of degree d (> 1)
€ is a random experimental error

The control variables are fixed (that is, nonstochastic) whose values are
measured on a continuous scale. Such a model is called a polynomial model of
degree d. It basically represents an approximation of the true, but unknown,
functional relationship between the response and its control variables. The
most frequently used polynomial models are of degree 1 or degree 2. Thus,

k
Y=Bo+ Y Bixite (12.60)
i=1

is called a first-degree model, and

k

k
Y=PBo+ D Bixi+ Y Y Bijxixj+» Bixi+e (12.61)
i=1

i<j i=1

is called a full second-degree model.

Fitting a model such as the one in (12.59) requires running a series of n
experiments in each of which the settings of x1,x, ..., x; are specified and
the corresponding response variable is measured, or observed. Thus, at the
uth experimental run, we have from using model (12.59),

YM = [30 +f/(x14)|3 + eu/ u= 1/2/ L /n/ (1262)
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where
Xy = (Xu1, X2, - - ., Xy) and xy,; denotes the uth setting of x;
Y, is the observed response value at the uth run
€, is the corresponding experimental error (u =1,2,...,1n)

In a classical response surface investigation, the €,’s are assumed to be
mutually independent with each having a zero mean and a common variance,
02. In this case, the quantity, Bo + f'(x,)B in (12.62) is the mean of Y, and is
therefore called the mean response at x,, and is denoted by 1, = n(xy), where

N = Bo+f B
=g (12.63)

is the mean response ata point, x, in aregion of interest, where g’'(x) = (1, £ (%))

and T = (Bo, B")".
The design matrix, or just design, is an n x k matrix, D, of the form

X11 X12 ... X1k
X21 X222 ... Xk

pD=| " - . (12.64)
Xn1 Xn2 ... Xpk

Thus, the uth row of D describes the settings of x1, x, ..., x¢ used in the uth
experimental run (v = 1,2,...,n). Usually, the values of x,; displayed in
(12.64) u=1,2,...,n;i=1,2,...,k) are coded settings of the actual levels of
the control variables used in the experiment. The use of coded variables helps
in simplifying the numerical calculations associated with fitting the response
surface model. It also facilitates the construction of the design D. In addition,
coding removes the units of measurement of the control variables making
them scale free (see, for example, Section 2.8 in Khuri and Cornell, 1996).
The model in (12.62) can be written in vector form as

Y = Bol, + XB + ¢, (12.65)

where
Y=(Y1,Y...,Yn)
€e=(e1,€,...,€)
X is an n x p matrix of rank p (< 1) whose uth row consists of the elements
of ff(xy), u=1,2,...,n

Model (12.65) can also be written as

Y =Xt+e¢, (12.66)
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where X = [1, : X]. Under the assumptions made earlier concerning the error
term, € has a zero mean vector and a variance—covariance matrix, 0‘2€In. In
this case, the BLUE of T in (12.66) is given by

T= XX Xy. (12.67)
Its variance—-covariance matrix is of the form
Var(®) = o2 X' X)".

Using (12.67), we obtain the so-called predicted response, Y(x), at a point x by
replacing T in (12.63) by T. We thus have

Yx) =g )t (12.68)
Note that Y(x) is unbiased for n(x) and its variance is given by
Var[Y(0)] = 02 g ()X X) 'g(x). (12.69)

This is called the prediction variance at x. Formulas (12.68) and (12.69) should
only be used for values of x within the experimental region, that is, the
region in the space of the control variables within which experimentation is
carried out.

12.5 Response Surface Models with Random Block Effects

Model fitting in RSM is usually based on the assumption that the experimen-
tal runs are carried out under homogeneous conditions. However, in some
experimental situations, this may not be possible or is difficult to achieve. For
example, batches of raw material used in a production process may be dif-
ferent with regard to source, composition, or other characteristics. In another
situation, experimental conditions may change over time due to certain extra-
neous sources of variation. In all such circumstances, the experimental runs
should be carried out in groups, or blocks, within each of which homogeneity
of conditions can be maintained. As a result, a block effect should be added to
model (12.59). Unlike the control variables, which are fixed and measured on
a continuous scale, the block effect is discrete and can be either fixed or ran-
dom, depending on how the blocks are set up. In this chapter, we assume that
the block effect is random, which is typically the case in many experimental
situations.

Consider model (12.62) with the added condition that the experimen-
tal runs are arranged in b blocks of sizes ny,ny,...,np. Thus, n = Z]bzl 1.
Consequently, in place of model (12.62), we can now consider the model

YM = [30 +f/(xu)|3 + Z;‘Y +f/(x1/l)/\z1/l + €u, u= 1/2/ cee n, (1270)
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where z, = (zu1,Zw2,...,z) and zyj is @ “dummy” variable that takes
the value 1 if the uth run is in the jth block and is zero otherwise (j =
1,2,...,;u=1,2,...,n),yYy=(yi,Y2, --.,Yp), where Yj denotes the effect of
the jth block (j = 1,2,...,b). The matrix A contains interaction coefficients
between the blocks and the polynomial terms in the model. Model (12.70) can
be expressed in vector form as

4
Y =Bol,+XB+Zy+ Z W;6; + ¢, (12.71)
i=1

where X and B are the same as in (12.65), Z = ea/l.’:lln]., and W; is a matrix
of order n x b whose jth column is obtained by multiplying the elements of
the ith column of X with the corresponding elements of the jth column of
Z(i=12..,pj=12,...,b). Furthermore, §; is a vector of interaction
coefficients between the blocks and the ith polynomial term (i = 1,2,...,p).
Its elements are the same as those in the i row of A in (12.70). Putting
X =[1:X]and T = (Bo, B) in (12.71), we get the model

4
Y=Xt+Zy+) Wi+e. (12.72)
i=1

We assume thaty and 81, 8, ..., 8, are normally distributed with zero means
and variance—covariance matrices, 0'%, I, 0% I, 0% I,..., 0'% I, respectively.
Furthermore, all random effects are assumed to be mutually independent
of one another and of the error vector, €, which has the N(0, O'ze I,,) distri-
bution. Model (12.72) is therefore a mixed model since T is fixed and v,
81,82,...,8p are random. On the basis of (12.72), the mean, 1, of Y and its
variance—covariance matrix, denoted by T, are given by

n = Xr, (12.73)

4
F=0%2Z + o7 WiW, + 0% L. (12.74)
i=1
We note that ' depends on the design settings of x1,xp,...,x¢ through
W1, Wy, ..., W,. This is quite different from the structure of Var(Y), namely
0‘2€ I,,, for a response surface model without a random block effect, as was the
case in Section 12.4.
On the basis of (12.73) and (12.74), the BLUE of T is the generalized least-
squares estimator,

=X XXy, (12.75)
and its variance—covariance matrix is

Var(®) = X T1X%)~L. (12.76)
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In practice, T cannot be computed using (12.75) since the variance com-

ponents, 0'%,,0‘%, 0'%, ey 0%, and G%: are unknown and should therefore be

estimated. Using REML (or ML) estimates of these variance components,
we get the so-called estimated generalized least-squares estimate (EGLSE) of T,
namely

5= &P XY, (12.77)

where I is obtained from T in (12.74) by replacing the variance components
by their REML estimates, which can be computed by using PROC MIXED in
SAS, as was seen earlier in Chapter 11. Note that T, is no longer the BLUE of
T, but is still unbiased by Theorem 11.1. From (12.76), the estimated variance—
covariance matrix of T, is approximately equal to

Var(®,) ~ X%, (12.78)

Since the mean response, 11(x), at a point x in a region of interest, denoted
by R, is still given by (12.63), the predicted response at x € R, denoted here
by Y.(x), is

Ve = § 0. (12.79)

Using (12.78), the estimated prediction variance is approximately of the form

Var [¥. (0] ~ g @)X T %) g(x). (12.80)

12.5.1 Analysis Concerning the Fixed Effects

Consider the following hypothesis concerning a linear combination of T, the
vector of unknown parameters in model (12.72):

Ho: Nt =0, (12.81)
where A is known constant vector. Using formulas (12.77) and (12.78), a
statistic for testing Hy is given by
N7
t= N TEL (12.82)
[A’(f(’f“_ i)—lx]

Under Hy, t has approximately the t-distribution with v degrees of freedom,
which can be obtained from using PROC MIXED in SAS, as was described
in Section 11.9.1 (see formula 11.201). In particular, the Kenward and Roger
(1997) method is recommended for computing v. A special case of (12.82)
is a statistic for testing the significance of the individual elements of T. In
addition, an approximate (1 — «) 100% confidence interval on A’ can be
obtained from

N, + NE T XA 0 (12.83)
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12.5.2 Analysis Concerning the Random Effects

Of interest here is the testing of hypotheses concerning the variance compo-
nents: 0'%,, for the block effect, and G,Z (i=1,2,...,p), the variance components
for the interaction effects in model (12.72). All such tests can be carried out
using Type III F-distributed ratios as shown below.

To test Hy : 0'%, = 0, we consider the Type III F-ratio,

F _R(Y|T161/62//6p)
Yo (b — 1)MSE ’

(12.84)

where R(y | T,81,82,...,8)) is the Type IIl sum of squares for y in model
(12.72) and MSkg is the residual (error) mean square for the same model.
Under Hy, Fy has the F-distribution with b — 1 and n — b — pb degrees of
freedom, where, if we recall, p is the number of columns of X, or the number
of parameters in 3, in model (12.71), and b is the number of blocks. This is
true on the basis of the following facts:

(@) R(y |, 681,6,..., ép)/cr% is distributed as X§—1 under Hy.
To see this, we have that

1 1 , ,
SROIT 8,8, 8) = S YIGEG) G~ Gy(G,Gy) G, Y,
€

€

whereG:[X:Z:Wl:Wz:...:Wp]andez[szl:WZ:
...+ Wp]. Noting that the variance—covariance matrix of Y in (12.74) is
= Zle 0? W;W; 4 02 I, under Hy and the fact that

1 ’ ’ ’ ’
SIG(G'G) G ~Gy(G,Gy) Gy IN = G(G'G) G ~ Gy(G,Gy) G,
€

(12.85)

which is idempotent of rank (b+pb) — (1+pb) = b—1, we conclude that
under Hy, R(y | T, 81, 80,..., 5,,)/0‘26 ~ xi_l by Theorem 5.4. [(12.85) is
true because W; is a submatrix of both G and G,i=1,2,...,p.]

(b) SSg/ G%: ~ Xsl—h— Pl where SSg is the residual (error) sum of squares for
model (12.72).

As in (a), we have that

1 1
— S5 = —2Y’[In - G(G'G)~G'Y,
o o
€ €
and from (12.74), we can write

! I, — G(GG) GIr=1,- G(GG) ™G, (12.86)

o2
0-6
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due to the fact that Z, W1, W5, ..., W), are submatrices of G. Since the
right-hand side of (12.86) is idempotent of rank n — b — pb, it follows

that SSE/GZe ~ Xi—b—pb'

() R(y | T, 61,82,...,68p) and SSg are independent.

On the basis of (a), (b), and (c), we conclude that F, in (12.84) has the
F-distribution with b — 1 and n — b — pb degrees of freedom. The hypoth-
esis Hy is rejected at the a-level if Fy > Fo p1,n—p—pb-

Similarly, to test the hypothesis, Hy; : 67 = 0, we can use the statistic,

F— R(Sl | T,Y, 61/ ey 61'71/ 6i+1/ ceey 6}7)
l_ (b — HMSE ’

(12.87)

which under Hy; has the F-distribution with b — 1 and n — b — pb degrees of
freedom. The test is significant at the o-level if F; > Fo p—1,1—b—pb-

The tests concerning the interaction effects in (12.72) are important. This
is true because these effects play a major role in determining the form of
the prediction equation in (12.79) through the estimation of T as well as
the structure of the prediction variance in (12.80). The predicted response,
Y.(x) and its prediction variance are directly involved in the determination
of optimum conditions on x1,xy, ..., X, that maximize (or minimize) Y. (x)
over the region of experimentation. This was demonstrated in Khuri (1996a)
where it was shown how to optimize Y. (x) subject to certain constraints on
the size of the prediction variance.

More recently, Khuri (2006) provided an extension of the methodology
presented in this section by considering heterogeneous error variances among
the blocks. Thus, the error vector, €, inmodel (12.71) is considered here to have
the normal distribution with a mean 0 and a variance-covariance matrix of the

form, @ .02 .1, ., where 02,,02,,...,02, are unknown variance components

=1"€
that are]not r{ecessarﬂy equal. Procedures are described for testing the fixed
and random effects in this case. The test for the fixed effects is similar to
what was given in Section 12.5.1, except that REML (or ML) estimates of
02,,0%,,..., crze , are to be incorporated into the variance-covariance matrix
of Y (see Section 5 in Khuri, 2006). The tests concerning the random effects
are different from those given in Section 12.5.2 since the Type III F-ratios
are no longer valid as test statistics under heterogeneous error variances.
In this case, tests are conducted by using the likelihood ratio approach. An
alternative ANOVA test based on using Satterthwaite’s approximation (see

Chapter 9) is also given (see Section 6 in Khuri, 2006).

Example 12.3 This example was presented in Khuri (1992b). It concerns an
experiment for studying the effects of two factors, curing time and tempera-
ture, on the shear strength of the bonding of galvanized steel bars with a cer-
tain adhesive. Three levels were chosen for each factor, namely, 375 °F, 400 °F,
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and 450 °F for temperature, and 30, 35, 40s for time. The treatment com-
binations were obtained according to a 3 x 3 factorial design. Aliquots of
galvanized steel were selected on each of 12 dates from the warehouse sup-
ply. The same factorial arrangement was used on all the 12 dates, except that
replicates were taken at the middle set of conditions (400, 35) at the very start
of the experiment (July 11), and then on August 7, September 11, and October
3. The latter three dates were chosen because each one of them represented
the first time of sampling in the corresponding month. The purpose of taking
such replicates was to obtain an estimate of the pure error variation to use
for testing lack of fit (see, for example, Section 2.6 on lack of fit testing in Khuri
and Cornell, 1996). The resulting date are given in Table 12.4. Note that the
coded settings of temperature and time are given by

_ Temperature — 400
B 25 ’
= Time — 35
2 = 5 .

X1

TABLE 12.4
Design Settings and Response Values (Shear Strength in psi)

x1 x2 Julyll July16 July20 Aug.7 Aug.8 Aug. 14

-1 -1 1226 1075 1172 1213 1282 1142
0 -1 1898 1790 1804 1961 1940 1699
2 -1 2142 1843 2061 2184 2095 1935

-1 0 1472 1121 1506 1606 1572 1608
0 0 2010,1882 2175 2279 2450, 2355 2291 2374

1915, 2106 2420, 2240
2 0 2352 2274 2168 2298 2147 2413

-1 1 1491 1691 1707 1882 1741 1846
0 1 2078 2513 2392 2531 2366 2392
2 1 2531 2588 2617 2609 2431 2408

x1 x2 Aug.20 Aug.22 Sep.11 Sep. 24 Oct.3  Oct. 10

-1 -1 1281 1305 1091 1281 1305 1207
0 -1 1833 1774 1588 1992 2011 1742
2 -1 2116 2133 1913 2213 2192 1995

-1 0 1502 1580 1343 1691 1584 1486
0 0 2471 2393  2205,2268 2142  2052,2032 2339

2103 2190
2 0 2430 2440 2093 2208 2201 2216

-1 1 1645 1688 1582 1692 1744 1751
0 1 2392 2413 2392 2488 2392 2390
2 1 2517 2604 2477 2601 2588 2572

Source: Khuri, A.L, Technometrics, 34, 26, 1992b. With permission.
Note: The original design settings of x1 corresponding to —1,0, 2 are 375 °F, 400 °F, and 450 °F,
respectively; those for x, corresponding to —1, 0, 1 are 30, 35, and 405, respectively.
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Thus, the coded design settings are —1, 0, and 2 for x; and —1, 0, and 1 for x».

A complete second-degree model in x; and x; is assumed for the mean
response. Thus,

n(x) = Bo + B1x1 + Baxa + Proaxixa + P11x] + Paas. (12.88)

The observed response, Yy, at the uth experimental run is given by model
(12.70). In this example, the blocks are the batches of steel aliqouts with each
batch being selected at random on a given date from the warehouse supply.
In addition to (Y%,, the variance component for the block effect, and the error
variance, crze, there are five other variance components for the random inter-
actions between the blocks and the polynomial terms, x1, x2, x1x2, x%, x%, in the
model for Y. These variance components are denoted by 0'%, 0%, 0'%2, 0'%1, (7%2,
respectively.

The REML estimates of 67 and 02, from using PROC MIXED are equal
to zero. This can be explained by the fact that the corresponding Type III
F-ratios in (12.87) are nonsignificant with p-values equal to 0.6872 and 0.9705,
respectively. The p-values for 0'%,, 0'%, 0'%1, and 0'%2 are 0.0016, 0.0701, 0.4020,
and 0.1397, respectively. Thus, the batch effect, and the interaction effect
associated with xp are significant. In addition, we have a mild interaction with
x5. The REML estimates of 02, 03, 07, 03,, and o2 are 4124.37, 1764.00, 74.07,
1023.39, and 10709.00, respectively. Using only these estimates in (12.74), we
obtain

I = 4124.37Z7' +1764.00W, W, + 74.07W1; W),
+1023.39Wao W, + 10709.001,,, (12.89)

where n = 118 and W5, Wy, and Wy, are the W; matrices in (12.74) corre-
sponding to 0%, 0%,, and 0%,, respectively.

The EGLSE estimates of the parameters in (12.88) and their corresponding
estimated standard errors are computed using formulas (12.77) and (12.78).
The corresponding approximate ¢-statistics are evaluated using (12.82). The
results are given in Table 12.5.

TABLE 12.5

The EGLSE of the Parameters in Model (12.88)

Parameter Estimate Standard Error t p-Value
Bo 2187.950 26.655 82.08 <0.0001
31 477.770 14.256 3351 <0.0001
B2 255.890 17.503 14.62 <0.0001
P12 —4.827 9.778 —0.49  0.6234
B11 —204.670 10.500 —19.49 <0.0001

22 —45.301 22.024 —2.06  0.0562
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From Table 12.5 we note that the parameters 31,32, 311, and (2, are
significantly different from zero, but 31 is a nonsignificant parameter. Using
the parameter estimates from Table 12.5, we get the following expression for
the predicted response, Y. (x):

Y. (x) =2187.950 + 477.770x1 + 255.890x5 — 4.827x1x — 204.670x3 — 45.301x3.
(12.90)

The equation in (12.90) can be used to determine the conditions on x1 and x
that maximize the shear strength response within the region, —1 < x1 < 2,
—1 < xp < 1. This was demonstrated in Khuri (1996a) where the maxi-
mization of Y, (x) was done subject to certain constraints on the size of the
prediction variance.

The following is a listing of the SAS statements used to generate the
various results in this example:

DATA;
INPUT BATCH X; X; Y @@;
CARDS;
(enter here the data from Table 12.4)
PROC GLM,;
CLASS BATCH;

MODEL Y = X1 X2 X1 * X2 X1 * X1 X2 * Xz BATCH X1 * BATCH
X7 * BATCH Xj * Xy * BATCH Xj % X7 * BATCH X; * X, « BATCH;
PROC MIXED METHOD = REML;

CLASS BATCH,;

MODEL Y = Xl X2 X1 *Xz X1 * X1 Xz *Xz/s DDFM =
KENWARDROGER;

RANDOM BATCH X; * BATCH X+« BATCH Xj % X, * BATCH
X1 * X1 * BATCH X, x X, * BATCH,;

RUN;

Note that the three statements in PROC GLM are needed to obtain the Type III
F-ratios for testing the significance of the random effects in the MODEL state-
ment. The “S” option in the MODEL statement in PROC MIXED is needed
to obtain the estimated generalized least-squares estimates of the parame-
ters given in Table 12.5. The corresponding p-values are based on using the
Kenward and Roger (1997) method (see Section 11.9.1).

12.6 Linear Multiresponse Models

In many experimental situations, a number of response variables can be mea-
sured for each setting of a group of control variables. For example, a certain
food product may be evaluated on the basis of acceptability, nutritional value,
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taste, fat content, cost, and other considerations. In this case, each attribute
of the product is represented by a response variable and all the relevant
responses can be measured at each run of the experiment. Such an experi-
ment is called a multiresponse experiment.

The analysis of data from a multiresponse experiment requires a care-
ful recognition of the multivariate nature of the data. This means that the
response variables considered in the experiment should not be treated indi-
vidually or independently of one another. Instead, multivariate techniques
should be used in order to combine all the relevant information from the total-
ity of the response variables in the experiment. For example, the optimization
of several response variables should take into account any interrelationships
that may exist among the responses. Failure to do so can lead to meaningless
results since optimal conditions for one response, optimized individually and
separately from the remaining responses, may be far from optimal or even
physically impractical for the other responses.

In this section, methods for the analysis of a linear multiresponse model
are discussed. These include estimation and inference-making procedures
concerning the unknown parameters of the model, in addition to a test for
lack of fit.

12.6.1 Parameter Estimation

Suppose that m response variables, denoted by Y1, Y5>, ..., Y, are measured
for each setting of a group of k control variables, x1, X, . . ., xx. We assume that
the response variables are represented by polynomial models in x1,x2, ..., x
within a certain region, R. If 1 sets of observations are takenon Y1, Ys,..., Yy,
then the model for the ith response can be written as

Yi=XiB;+e€, i=12,...,m, (12.91)

where
Y; is the vector of observations on the ith response
X, is a known matrix of order n x p; and rank p;
B; is a vector of p; unknown parameters
€; is a random error vector associated with the ith response (i = 1,2, ...,m)

We assume that

E(e))=0, i=1,2,...,m, (12.92)
Var(e)) = ojiI,, i=1,2,...,m, (12.93)
Cov(e;, €j) = 0jjlI, ,j=1,2,...,mi#]j. (12.94)

We note that the response variables in a given experimental run can be
correlated and possibly have heteroscedastic variances. More specifically, if
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Y is the matrix of random error vectors, namely,

Y=[e1:€r:...: €yl (12.95)

then the rows of V" are mutually independent with each having a zero mean
vector and a variance—covariance matrix, X, whose (i,/)th element is o;;
(i,j =1,2,...,m). Furthermore, we assume that each row of ¥ has the normal
distribution, N(0, X,,).

The m models in (12.91) can be combined into a single model of the form

Y=XO+e¢, (12.96)
where
Y=I[Y,:Y,:...:Y,]
X =0 X;
(I):[B;:B/z:...:ﬁ;%]/
é:[e/lze,zz...:e;n]/

Model (12.96) is called a linear multiresponse model. Under the assumptions
made earlier concerning the distribution of the rows of the error matrix, Y, in
(12.95), the error vector, €, in (12.96) has the normal distribution N(0, £, Q1I,,).
Thus, the BLUE of @ is the generalized least-squares estimator,

O = [X'(Z,' 9 LN X] X (L, @ LY. (12.97)
The corresponding variance-covariance matrix of @ is
Var(®) = [X/(Z;' @ I)X]~L. (12.98)
Note that equations (12.97) and (12.98) depend on X,,, which is unknown. It
is therefore necessary to estimate it provided that the estimate is nonsingular.
One such estimate was proposed by Zellner (1962) and is given by £, = (i),
where
N 1., / _ / ’ _ ’
Gij = EYi[In — X (X X)X, — X;(X;X)) 1Xj]Y]-. (12.99)
This estimate is computed from the residual vectors that result from fitting

each response model individually by the method of ordinary least squares.
Replacing X, by $,in (12.97) and (12.98), we get

~

b= (X' E, LA X'E, @ LY. (12.100)
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This is an estimated generalized least-squares estimate (EGLSE) of @, and
we approximately have

Var(d,) ~ (X', ® L)xT . (12.101)

The estimate (i)e is no longer the BLUE of ®. It does, however, have certain
asymptotic properties as was shown in Zellner (1962).

In particular, if in models (12.91), X; = X fori = 1,2,...,m, then it can
be easily shown that @ in (12.97) reduces to

@ = Iy ® (X, X0) X1V

Thus, in this case, the BLUE of @ does not depend on X, and is therefore
the same as the ordinary least-squares estimator obtained from fitting the m
models in (12.91) individually.

The predicted response value for the ith response (i = 1,2,...,m) at a
point, x, in the region R is given by

Vi) =f/ 0B, i=1,2,...,m, (12.102)

where f; (x) is a row vector function that has the same form as a row of X; in

(12.91), but is evaluated at x, B, is the ith portion of O, = ([318, [323, c [ASme),

in (12.100). Note that f; (x)Bj, is a polynomial in the elements of x of degree d;
(>1),i=1,2,...,m. By combining the m equations in (12.102), we get

Y = (@7, f,(0)]d., (12.103)

where Y(x) = (Y1), Yax),...,Yu(x). Using (12.101), the estimated
variance—covariance matrix of Y(x) is approximately given by

Varl¥ )] ~ [@", f,0)] [X' (&, @ L)X L[, f,(0)]. (12.104)

12.6.2 Hypothesis Testing

We recall that the models in (12.91) were combined into a single linear mul-
tiresponse model of the form given in (12.96). Alternatively, these models can
be combined using the model

Y=XY¥Y+Y, (12.105)
where
Y=0[Y1:Y2:...: Yyl
X=[X1:Xo:...: Xyl
Y=L, B

Y is given in (12.95)
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Consider now testing the hypothesis,
Hy : GY¥ = Cy, (12.106)

where G and Cj are known matrices with G being of full row rank, q. The
rows of G are spanned by the rows of X. Thus, G¥ is estimable and, conse-
quently, the hypothesis in (12.106) is testable. A test statistic for testing Ho
is given by emax(S;,S; 1), the largest eigenvalue of the matrix S,S; ! (see Roy,
Gnanadesikan, and Srivastava, 1971), where

Sy = [GX X)Xy - Col IGX X) 61 IG(X X)X Y - Col,
(12.107)

S, =Y, - X(X X)X 1. (12.108)
The matrices Sy, and S, are called the matrix due to the hypothesis and the matrix
due to the error, respectively. The matrix S, is positive definite with probability
1if n — p > m, where p is the rank of X (see Roy, Gnanadesikan, and
Srivastava, 1971, p. 35), and has the so-called central Wishart distribution with
n — p degrees of freedom. Furthermore, Sj, is independent of S, and has the
noncentral Wishart distribution with q degrees of freedom and a noncentrality
parameter matrix, €, given by ( see, for example, Seber, 1984, p. 414)

Q=x,26¥ - Cy 16X X)¢ 1 (G¥ - CyL,,\/?, (12.109)

where, if we recall, X, is the variance—covariance matrix of the m responses
corresponding to any row of Y in (12.95).

The statistic, emaX(ShS;l), is called Roy’s largest root, and the hypothesis
Hy in (12.106) is rejected at the «-level if emax(ShS;l) exceeds the o-critical
value of this statistic. Such a critical value can be found in, for example, Roy,
Gnanadesikan, and Srivastava (1971, Appendix B) and Seber (1984, Appendix
D14).

Other test statistics for testing Hp include Wilks” likelihood ratio,
det(S.)/det(S. + Sy,), Hotelling-Lawley’s trace, tr(ShS;l), and Pillai’s trace,
tr[Si(Se + Sp)~11. Small values of det(S,) /det(S. + S,) are significant, but large
values of the remaining two test statistics are significant. These tests, along
with Roy’s largest root, are referred to as multivariate tests.

In particular, if the B, vectors in (12.91) are of the same length, consisting
of p elements each, then we can test two particular hypotheses, namely, the
hypothesis of concurrence and the hypothesis of parallelism.

12.6.2.1 Hypothesis of Concurrence
This hypothesis is of the form

Hoc:B1=PBor=...= By, (12.110)
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To test Hy,, let us first multiply the two sides of model (12.105) on the right
by the m x (m — 1) matrix,

1 1 1 17
-1 0 0 0
0 -1 0 ... 0
K=|. . . ... .1 (12.111)
0 0 0 ... —1]

which is of rank m — 1. Doing so, we get
VK = X¥YK + YK. (12.112)

The rows of YK are independent and identically distributed as N(0, K'Z,,K).
The matrix WK has the form

[ B1 B B1 - B1
B, 0 0 ... 0
0 -B3 0 ... O
YK =| . . S . (12.113)
0 0 0 ... —B,
The hypothesis in (12.110) can now be expressed as
Ho: : G2WK =0, (12.114)
where G, is a matrix of order p x (pm) of the form
Ge=[p:1I,:...: 1. (12.115)

The hypothesis in (12.114) is testable provided that the rows of G, are spanned
by the rows of X in (12.112). In this case, we can test Ho. by applying Roy’s
largest root test statistic, emaX(ShSe_l), where S;, and S, are obtained from
(12.107) and (12.108), respectively, after replacing y by VK, G by G., and
Co by 0.

A numerical example, in which the investment models for three corpora-

tions that operate in the same branch of industry are compared, is given in
Khuri (1986, Section 4).

12.6.2.2 Hypothesis of Parallelism
This hypothesis is of the form

Hop:Bi=B5=...= B, (12.116)
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where B7 is equal to f;, except that the first element (intercept) of B; has
been removed. In this case, the hypothesis in (12.114) can be modified so as
to produce (12.116) as follows:

Hop : GyYK =0,
where Gy, is a matrix of order (p — 1) x (pm) of the form
R I R
Gp_[II[J L. L,

where I; = [0:I,1], which is of order (p — 1) x p. Thus, the testing of (12.116)
can proceed as in Section 12.6.2.1 after replacing G by Gy.

More details concerning the testing of the hypotheses Hy. and Hy,, includ-
ing a discussion concerning the power of the multivariate tests, can be
obtained from Khuri (1986). Furthermore, other aspects of the analysis of
linear multiresponse models can be found in Chapter 7 in Khuri and Cornell
(1996), and in the general review article by Khuri (1996b).

12.6.3 Testing for Lack of Fit

We may recall from Section 12.4 that a response surface model represents
a polynomial approximation of the true functional relationship between a
response of interest and a set of control variables. It is therefore possible that
the fitted model may fail to adequately explain the behavior of the response. In
this case, the model is said to suffer from lack of fit (LOF). This can be attributed
to the omission of higher-order terms that involve the control variables in the
model. For example, a first-degree model will be inadequate if in reality the
response is better explained by a complete second-degree model, or perhaps
a cubic model. Lack of fit can also be caused by the omission of control
variables, other than those in the fitted model, which may have some effect
on the response.

Testing for LOF of a single response surface model is a well-known proce-
dure in response surface methodology (see, for example, Section 2.6 in Khuri
and Cornell, 1996). A postulated model should pass the LOF test before it
can be adopted and used in a given experimental situation. Such a test is
therefore quite important and is considered an integral part of the repertoire
of a response surface investigation.

In a multiresponse experiment, testing for LOF is more complex due to the
interrelationships that may exist among the response variables. Lack of fit in
one response may influence the fit of the other responses. Thus, the response
models (in a multiresponse system) should not be tested individually for
LOF. In this section, we show how to test for LOF of a linear multiresponse
model. The development of this test is based on Khuri (1985).

Let us again consider model (12.105), assuming as before that the rows
of the error matrix V' are mutually independent and distributed as N(0, Z,).
This model is said to suffer from LOF if it fails to provide an adequate
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representation of the true means of the m responses over the experimental
region. By definition, a multivariate lack of fit test is a test used to check the
adequacy of model (12.105). The development of this test begins with the
reduction of the m responses into a single response through the creation of
an arbitrary linear combination of the responses. Its corresponding model is
then tested for LOF. For this purpose, let ¢ = (c1,¢2, ..., cm) be an arbitrary
nonzero m x 1 vector. Multiplying both sides of (12.105) on the right by ¢,
we get

Ve=XY +7Y,, (12.117)
w}lere 3
Ve=Yc=Y1"cY,
Y. =VYc¢
Y.=Yc

The vector Y. consists of n observations on the univariate response
V. = Zlm=1 ¢;Y;i. Note that Y, has the normal distribution N(0, Gg I,,), where
02 = Lyc.

The multiresponse model in (12.105) is adequate if and only if the single-
response models in (12.117) are adequate for all ¢ # 0. Equivalently, if for
some ¢ # 0, model (12.117) is inadequate, then model (12.105) can be declared
inadequate to represent the totality of the m response variables. We can then
proceed to test model (12.117) for LOF for ¢ # 0 using the standard procedure
for LOF for a single-response variable. This procedure requires the availability
of replicate observations on the response variable under consideration (see
Section 2.6 in Khuri and Cornell, 1996). For this purpose, we assume that the
design used to fit the multiresponse model contains repeated runs on all the
m responses at some points in the experimental region. This means that some
rows in the matrix X in model (12.105) will be repeated. For convenience,
we shall consider that the repeated runs are taken at each of the first ng
(1 < ng < n) points of the design matrix.

Since the error term in the single-response modelin (12.117) has the normal
distribution N(O, O‘% I,,), then the corresponding LOF test for this model is
given by (see formula (2.30) in Khuri and Cornell, 1996)

SS1or(e) /vVLOF

) 12118
SSpEe(c)/VPE ( )

Fror(c) =
where
SSpe(e) = 57;M3~7c,
SSL0F(0) = ¥, [y — X (X&)~ & — M1V,
M is the block-diagonal matrix,
M = diag(M1,Mp>, ..., My,,0), (12.119)
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and
1 .
M;=1,, — n_I”Oi’ i=1,2,...,ng. (12.120)
0i

In (12.120), ng; denotes the number of repeated observations on all the m
responses at the ith repeat-runs site (i = 1,2,...,np). The sums of squares,
SSpe(c) and SS1or(c), are called the pure error and lack of fit sums of squares,
respectively, and vpg and vior are their corresponding degrees of freedom
given by

1o
vpE = ) _(ng; — 1)
i=1

np
VIOF=n—p— Y (i — 1),
i=1

where, if we recall, p is the rank of the matrix X.
The lack of fit and pure error sums of squares can be written as

SS1or(c) =c Hyc, (12.121)
SSpe(c) = Hpc, (12.122)
where
Hi =Y [I,- XX X)X -MY, (12.123)
H,=Y M. (12.124)

Thus, Fror(c) in (12.118) can be expressed as

vpe ¢ Hic

Fror(e) = (12.125)

vior ¢ Hoc'
A large value of Fror(c) casts doubt on the adequacy of model (12.117) for
¢ # 0. Since model (12.105) is inadequate if and only if at least one of the

models in (12.117) is inadequate for some ¢ # 0, we conclude that model
(12.105) has a significant LOF if

cHic
max
57&0 c H2 Cc

exceeds a certain critical value. But, by using Theorems 3.10 and 3.11, it is
easy to show that

cdHic 1
1236( |:C/ H, C] = emax(H, H1), (12.126)
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where emax(H, H 1) is the largest eigenvalue of H, 'H 1, which is the same as
Roy’s largest root test statistic. If Ay denotes the upper 100x% point of the
distribution of emax(H, 'H 1) when model (12.105) is the true model, then a
significant LOF for model (12.105) can be detected at the o level if

emax(H, "H1) > Ao (12.127)

This test is referred to as a multivariate lack of fit test. Note that the matrix H» is
positive definite with probability 1 if vpg > m (see Roy, Gnanadesikan, and
Srivastava, 1971, p. 35). Tables for the critical value A are available in Roy,
Gnanadesikan, and Srivastava (1971) and Morrison (1976); those for two and
three responses are in Foster and Rees (1957) and Foster (1957), respectively.

12.6.3.1 Responses Contributing to LOF

In the event the multivariate LOF test is significant, it would be of interest to
determine which of the m responses, or combinations thereof, are contributing
to LOF. A significant value of emax(H; H 1) indicates that there exists at least
one linear combination of the responses, given by some nonzero value of
¢, for which model (12.117) is inadequate. In particular, the vector ¢* which
maximizes ¢’'Hyc/c'Hyc is such a vector. We thus have

rgzﬁ(;( z:g; = emax(H, 'H1)
- ig—l; (12.128)
From (12.128) we conclude that
¢ [Hi — emax(H; 'H)Hz] ¢* = 0,
or equivalently,
¢ Hy? |emax (Hy 'H)Ly — H; PHH, P B e =0, (12129)

Since the matrix

_ —1/2 —-1/2
emax(Hy "H)I, — H, /*H H;, Y/

is positive semidefinite, the equality in (12.129) is true if and only if

|emax (Hy ' HL, — H; PHH, 2| Hy e = 0.
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Multiplying both sides on the left by —H ;/ 2, we get
[H1 — emax(H; 'H)Ha] ¢* =0,
or equivalently,
H,'Hic* = emax(H, 'Hy) ¢*. (12.130)

Formula (12.130) indicates that c* is an eigenvector of H, 1H1 corresponding
to its largest eigenvalue, emax(H, THy). Using c*, we get the following linear
combination of the responses representing the univariate response Je+,

m
Ve =Y Y, (12.131)
i=1

where ¢ is the ith element of ¢* (i = 1,2,...,m). The responses that corre-
spond to nonzero values of ¢} in (12.131) are believed to contribute to LOF.
Since the response variables may be measured in different units, they must
be standardized. We can therefore rewrite (12.131) as

m
Ve =Y _diZ, (12.132)
i=1
where Z; = in, df =c |l Yi |, and || Y; || is the Euclidean norm of

Y; (i = 1,2,...,m). Large values of | df | correspond to responses that are
influential contributors to LOF of model (12.105). In addition, we can consider
subsets of the m responses and determine if the responses in each subset
contribute significantly to LOF. For this purpose, let S = {Y;,,Y,,..., Y}
denote a nonempty subset of the m responses (1 < i} < iy < ... < i < m).
We can then compute emax(H 5 g 1) based on only the elements of S. Let such
a value be denoted by emax(H, 1H1)3. This is the maximum of ¢’ Hic/c'Hoc
constrained by putting c; = 0 for all the responses that do not belong to S.
Thus,

emax(Hz_lHl)S = emax(Hz_lHl), (12.133)

for all nonempty subsets of the m responses. A subset S suffices to produce a
significant LOF if

emax(H, "H1)s > Ao, (12.134)

where A is the «-critical value of emax(H, 'H 1). We can see from (12.133) and
(12.134) that whenever (12.134) holds for a nonempty subset S, the inequality
in (12.127) must also hold. It follows that if E and Eg are the events

E = {emax(H, 'H1) > Ao},
Es = {emax(Hz_lHl)S > Ao,
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then

P (UE5> < P(E) = a. (12.135)

S

The inequality in (12.135) implies that when all nonempty subsets of the
m responses are examined for LOF, the probability of falsely detecting a
significant subset cannot exceed the value «. Thus, the use of the same critical
value, Ay, in these simultaneous tests helps control the experimentwise Type
I error rate at a level not exceeding o.

In summary, a multiresponse model should be tested for LOF before it can
be used in the analysis of a multiresponse experiment. If LOF is detected, then
a subsequent investigation should be made to determine which responses
contribute significantly to LOF. This can be achieved by an examination of the
elements of the eigenvector of H, 'H, corresponding to its largest eigenvalue,

followed by an inspection of the values of emax(H, 1H1)3 for all nonempty
subsets of the responses. The information gained from this investigation can
then be used to upgrade the models for only those responses deemed to be
influential contributors to LOF. This is contingent on the ability of the design
(the one used for model 12.105) to support the fit of the upgraded models.
If this is not possible, then the design should be augmented with additional
experimental runs. Such model upgrades can be helpful in eliminating LOF,
hence improving model adequacy for the entire multiresponse system.

Example 12.4 This exampleis givenin Khuri (1985). It concerns an experiment
in food science in which three researchers (Richert, Morr, and Cooney, 1974)
investigated the effects of five control variables, namely, heating temperature
(1), pHlevel (x2), redox potential (x3), sodium oxalate (x4), and sodium lauryl
sulfate (x5) on the foaming properties of whey protein concentrates (WPC),
which are of considerable interest to the food industry. Measurements were
made on the following three responses: Y1 = whipping time (the total elapsed
time required to produce peaks of foam formed during whipping of a liquid
sample), Y, = maximum overrun [determined by weighing 5-oz. paper cups
of foam and unwhipped liquid sample and calculating the expression, 100
(weight of liquid — weight of foam)/weight of foam], and Y3 = percent
soluble protein. The design used consisted of a one-half fraction of a 2°
factorial design in addition to five pairs of symmetric (with respect to the
origin) axial points at the same distance from the origin, and five center
point replications. Such a design is called a central composite design (see Khuri
and Cornell, 1996, Section 4.5.3), and is suitable for fitting second-degree
models. The original and coded levels of the five control variables are given in
Table 12.6.

A listing of the points of the central composite design (in coded form) and
the corresponding multiresponse data (values of Y1, Y», and Y3) is given in
Table 12.7.
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TABLE 12.6
The Original and Coded Levels of the Control Variables

Coded Levels
Variable -2 -1 0 1 2
Heating temperature (°C) x; 65.0 70.0 75.0 80.0 85.0
pH X 4.0 5.0 6.0 7.0 8.0

Redox potential (volt) x3 —0.025 0.075 0.175 0.275 0.375
Sodium oxalate (molar) xg 0.0 0.0125 0.025 0.0375 0.05
Sodium lauryl sulfate (%) x5 0.0 0.05 0.10 0.15 0.20

Source: Khuri, AL, Technometrics, 27,213, 1985. With permission.

TABLE 12.7
Central Composite Design Points and the Multiresponse Data

x1 x2 x3 X4 X5 Y1 (min) Y; (%) Y3 (%)

0 0 0 0 0 3.5 1179 104

0 0 0 0 0 3.5 1183 107

0 0 0 0 0 4.0 1120 104

0 0 0 0 0 3.5 1180 101

0 0 0 0 0 3.0 1195 103
-1 -1 -1 -1 1 4.75 1082 81.4

1 -1 -1 -1 -1 4.0 824 69.6
-1 1 -1 -1 -1 5.0 953 105

1 1 -1 -1 1 9.5 759 81.2
-1 -1 1 -1 -1 4.0 1163 80.8

1 -1 1 -1 1 5.0 839 76.3
-1 1 1 -1 1 3.0 1343 103

1 1 1 -1 -1 7.0 736 76.9
-1 -1 -1 1 -1 5.25 1027 87.2

1 -1 -1 1 1 5.0 836 74.0
-1 1 -1 1 1 3.0 1272 98.5

1 1 -1 1 -1 6.5 825 94.1
-1 -1 1 1 1 3.25 1363 95.9

1 -1 1 1 -1 5.0 855 76.8
-1 1 1 1 -1 2.75 1284 100

1 1 1 1 1 5.0 851 104
-2 0 0 0 0 3.75 1283 100

2 0 0 0 0 11.0 651 50.5

0 -2 0 0 0 45 1217 71.2

0 2 0 0 0 4.0 982 101

0 0 -2 0 0 5.0 884 85.8

0 0 2 0 0 3.75 1147 103

0 0 0 -2 0 3.75 1081 104

0 0 0 2 0 4.75 1036 89.4

0 0 0 0 -2 4.0 1213 105

0 0 0 0 2 3.5 1103 113

Source: Khuri, AL, Technometrics, 27,213, 1985. With permission.
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The fitted model for each of the three responses is a full quadratic model
in xq,...,xs of the form:

5

5
Y=Bo+ ) Bixi+ Y Y Pixixi+ Y Biuxi +e.
i=1

i<j i=1

In this case, the matrix X = [X; : X» : X3] in model (12.105) is of order
31 x 63 and rank p = 21 since X7 = Xy = X3. The matrix M in (12.119) is
equal to M = diag(My,0), where M; =I5 — % J5 since the center point is the
only replicated design point. Hence, the pure error and lack of fit degrees of
freedom are vpg = 4 and vror = 6. The corresponding matrices, H, and Hj,
can be computed using formulas (12.124) and (12.123), respectively.

The value of Roy’s largest test statistic in (12.127) is emax(H, 1H1) =
245.518. The corresponding critical value at the 10% level is Ag10 = 85.21.
Hence, a significant lack of fit can be detected at the 10% level.

Let us now assess the contribution of the three responses to lack of fit
as was discussed in Section 12.6.3.1. The eigenvector, c*, of H, 'H, corre-
sponding to its largest eigenvalue, 245.518, is ¢* = (3.2659, 0.0385, —0.0904)".
The Euclidean norms of the response data vectors are | Y; ||= 27.60,
I Yo ||= 5929.27, || Y3 ||= 517.49. Thus, the linear combination of standard-
ized responses in (12.132) is written as

Ve = 90.139Z1 + 228.277Z, — 46.781Z3.
The right-hand side is proportional to
0.395Z; + Z — 0.205Z3. (12.136)

Using the size of the absolute values of the coefficients of Z1, Z, and Z3 in
(12.136), we conclude that the response Y7 is most influential with respect to
lack of fit, followed by the response Y. The next step is to consider values of
emax(Hy 'H 1)s for all nonempty subsets, S, of Y1, Y3, and Y3. These values
are given in Table 12.8.

From Table 12.8 we can see that in addition to the subset of all three
responses, the only other significant subset at the o« = 0.10 level is {Y7, Y2}.
This is consistent with our earlier finding about Y7 and Y5.

On the basis of the above analysis, we can state that the responses Y7 and
Y> together produce a significant lack of fit. Hence, any future upgrade of the
models should target these two responses in order to improve the adequacy
of the multiresponse system.

Note that the value of emax (H, g 1)s for each individual response in Table
12.8is the ratio of the lack of fit sum of squares to the pure error sum of squares
resulting from the analysis of each of the three individually-fitted response
models. If each such ratio is multiplied by vpr/vior = 2/3, we obtain the
value of the F-statistic that would result from applying the univariate lack of
fit test to each of the three responses.
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TABLE 12.8
Values of emax(H, 'H 1)s for All Nonempty Subsets
of the Responses

Subset, S emax(H,'H1)s Critical Value (Ag.10)

Y1, Y2, Y3 245.518* 85.21
Y1, Yz 214.307* 85.21
Y1, Y3 45,532 85.21
Ys, Y3 32.107 85.21
Y; 14.936 85.21
Y, 19.573 85.21
Y; 28.495 85.21

Source: Khuri, AL, Technometrics, 27,213,1985. With permission.
* Significant at the 10% level.

Exercises

12.1

12.2

12.3

12.4

Consider Section 12.2. Show that if the error variances, namely,
0%, 0%, el O'%, are heterogeneous, then Y’AY and Y'BY are not indepen-
dent and not distributed as scaled chi-squared variates, where A and
B are given by (12.5) and (12.6), respectively. The normality assump-
tions concerning the distributions of «(; and €;(j in model (12.1) are

considered valid.

Consider model (12.1), where k = 5, n1 = 14, np =21, n3 =6, n4 = 4,
ns =5, 02 = 0.10, 03 = 0.10, 03 = 10.00, 0 = 0.10, 02 = 1.00. Use
formula (12.10) to compute the probability,

o = PF > Fogsaas | 05 =01,
where F is given by (12.4).

Consider the confidence interval on ¢ given in (12.34). Suppose that
k= 1O,oc=0.05,n1 =2,1’12 =2,1’l3 = 10,1’[4 =20,1’l5 =3O,n6 =40,
ny = 50, ng = 60, ng = 70, n19 = 80; o7 = 0.001, 03 = 0.01, 03 = 0.10,
03 = 1.0, 02 = 5.0, 0 = 100, 02 = 20.0, 03 = 30.0, 03 = 50.0,
02, = 100.0.

Use computer simulation to estimate the coverage probability for this

confidence interval given that 02 = 0.50 [without loss of generality,
assign p the value 0 in model (12.1)].

Consider the data set given below from a completely randomized
design associated with model (12.1) with k = 6.
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(a) Test the homogeneity of variances hypothesis in (12.35) (with
k =6). Let « = 0.05.

(b) Test the hypothesis Hy : 02 = 0 at the 5% level using the test
statistic in (12.12).

(c) Use the interval in (12.34) to obtain a confidence interval on cr%x

with an approximate confidence coefficient greater than or equal
to 0.95.

Sample 1 Sample 2 Sample3 Sample4 Sample 5 Sample 6

44 65 50 45 40 32
35 55 40 18 66 66
38 59 75 49 55
59 40 41 68 35
29 62 12 76 50
68 84 78

72 86 52

22

68

12.5 The scores on a certain achievement test were compared for three spe-
cific metropolitan areas in a certain state. Four schools were randomly
selected in each area and the average scores for three classes in each
school were obtained. The results are shown in the following table:

Metropolitan Area School
1 2 3 4
1 80.6 829 79.5 90.5

852 871 781 85.8
79.1 815 753 951

2 80.1 65.1 772 809
703 59.7 753 823
65.7 503 68.7 70.5

3 91.8 788 844 903
825 613 813 66.5
80.8 65.5 76.6 55.1

(a) Test equality of the mean scores for the three metropolitan areas.
Let & = 0.05.

(b) Test the hypothesis Hy : |<l2 = 0,71 = 1,2,3, where Kl2 denotes
the variability associated with schools in metropolitan area

i(i=1,23). Let & = 0.05.
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(c) If the test in part (b) is significant, determine which metropolitan
areas have significant variations in the test scores among their
schools. Let «* = 0.05, where «* is the experimentwise Type I

error rate.

12.6 An experiment was conducted to compare the effects of four fertilizer
treatments, denoted by FT1, FI2, FT3, and FT4, on the yield of a
variety of corn. Each treatment was assigned to three farms selected
at random in some agricultural area. The corn yields (in kg) obtained
from three plots chosen in each farm were recorded (all chosen plots
had equal areas and similar soil compositions). The data are given in

the following table:
Treatment Farm
1 2 3

FT1 435 59.7 499
655 528 543
470 635 54.1
F12 1229 742 488
1185 779 604
1044 614 526
FT3 148.1 1179 95.2
119.5 107.8 88.3
150.8 96.7 91.7
FT4 815 642 493
91.7 654 572
76.3 605 51.9

(a) Test equality of the means of the four fertilizer treatments. Let

o« = 0.05.

(b) Test the hypothesis Hy : k2 = 0,i = 1,2,3,4, where KZZ is the

1

variability associated with farms within treatment i (i = 1,2, 3, 4).

Let o« = 0.05.

(c) If the test in part (b) is significant, determine which of the k?’s are
different from zero. Let «* = 0.05, where «* is the experimentwise

Type I error rate.

12.7 Two types of fertilizers were applied to experimental plots to assess
their effects on the yield of peanuts measured in pounds per plot. The
amount (in Ib) of each fertilizer applied to a plot was determined by
the coordinate settings of a central composite design. The data in the
following table consist of the original and coded settings (denoted by
x1 and x2) of the two fertilizers and the corresponding yield values:
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12.9
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Fertilizer 1 Fertilizer 2 X1 x>  Yield
60 20 -1 -1 759
110 20 1 -1 1331
60 30 -1 1 14.55
110 30 1 1 1748
49.64 25 V2 0 866
120.36 25 V2 0 14.97
85 17.93 0 —v2 810
85 32.07 0 2 1649
85 25 0 0 1571

(a) Fit a second-degree model to the peanut yields in the coded vari-
ables, x1 = (Fertilizer 1 — 85)/25, xp = (Fertilizer 2 — 25)/5.

(b) Give an estimate of the error variance, 626, using MSg, the error
(residual) mean square from the corresponding ANOVA table.

(c) Usetheestimate of 02 in part (b) to obtain estimates of the variances
of the least-squares estimates of the parameters in the fitted model
in part (a).

(d) Find the predicted response values at the points, x; = —0.5, x» =
0.5; x1 = 0, x = —0.5. What are the estimated prediction variance
values at these locations?

Verify the entries in Table 12.5 by using PROC MIXED.

An experiment was performed to determine the effects of storage
conditions on the quality of freshly harvested “Delicious” apples. The
apples were harvested on the same date from four different orchards,
which were selected at random from a certain agricultural district. Two
control variables were considered, namely, X; = number of weeks in
storage after harvest and X, = storage temperature (°C) after harvest.
The quality of apples was measured by Y = amount of extractable
juice (mL/100g fluid weight). The same 4 x 4 factorial design was
used to run the experiment in all four orchards. The design settings
in the original levels of the control variables and the corresponding
response values are given in the table below.

Suppose that the following second-degree model in x; and x; is
fitted to the responses data:

N = Bo + B1x1 + Paxz + Prax1x2 + P11x3 + P23,
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X: X, Y
Orchard1 Orchard 2 Orchard 3 Orchard 4

1 0 75.3 74.1 74.5 75.2
2 0 729 749 75.4 70.0
3 0 74.8 74.5 73.2 76.1
4 0 74.0 734 72.4 76.0
1 44 75.1 73.5 74.1 76.0
2 4.4 73.4 73.3 75.4 72.6
3 4.4 719 74.0 74.5 75.4
4 44 73.0 73.8 74.1 76.4
1 12.8 73.1 74.0 72.2 72.1
2 12.8 72.0 71.6 72.5 70.4
3 12.8 71.0 72.5 71.0 70.0
4 12.8 70.2 72.0 70.2 69.6
1 20.0 74.6 72.5 72.4 70.1
2 200 71.1 73.1 71.3 68.5
3 200 69.8 68.3 69.0 71.3
4 20.0 68.1 69.0 69.9 69.0

where x; and x» are the coded variables,

X125

=11

X, — 93

Xp = ————.
7.70

(a) Obtain the estimated generalized least-squares estimates of the
model’s parameters. Then, test the significance of these parameters
at the 5% level (use PROC MIXED).

. .o . 2 2 2 2
(b) Test the significance of the variance components, 0y, 07, 03, 07,

cr%l, and cr%z at the 5% level, where (Y%, is the variance component
associated with the orchard effect, and the remaining variance
components correspond to interactions between the orchards and
the polynomial terms x1, x2, x1x2, x%, and x%, respectively.

(c) Obtain an expression for the predicted response, Y, (x).

(d) Use part (c) to find the maximum value of Y.(x) over the region,
—1.34 <x1 <1.34,-1.21 <xp < 1.39.
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12.10 Consider the multiresponse data given in the table below.

Yy Y, Y;
0 0 61.21 44.77 24.01
0 0 6236 46.70 26.30
0 0
0 0

=
=
=
N
=
W
kS

6290 4499 27.50
61.55 47.00 30.11
0 0 6361 48.09 3098

-1 -1 5889 5795 3440
-1 -1 7930 5416 41.60
1 -1 -1 4671 5279 2551
1 -1 -1 7260 35.09 2529

46.29 58.81 27.31
1 -1 6561 5381 33.10
1 -1 3411 57.81 20.01
1 -1 5821 4710 28.66

-1 1 70.62 41.12 29.89
85.59 3041 24.12
62.06 36.66 24.90
76.11 34.85 29.01

1
1
1
1 1 61.02 6418 38.56
1
1
1

7536 4430 34.29
5196 65.34 36.12
65.61 3792 27.25

|
R PP R PR RPRR RPRPRPR RPRPRPRPRRPR OO0
|
—_
—_
|
—

(. |1 |

_ e e e e e e e ) )
|
—_

The fitted models are of the form

4
Y1 =B+ Y Buixi + Bruaxixs + €1,
i=1
Y2 = B0 + B21x1 + B23x3 + Poaxs + P23axzxg + €2,
Y3 = B30 + B31x1 + P32x2 + Paaxs + P314x1%4 + P324Xx4 + €3.

(a) Test for lack of fit of the multiresponse model at the 10% level.

[Note: Here, vpg = 4, vior = n — p — vpg = 9, where p is the rank
of X, which is equal to 8. Using Foster’s (1957) tables, the 10%
critical value for Roy’s largest root test statistic is Ag.10 = 127.205.]

(b) Assess the contributions of the three responses to lack of fit, if any.
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Generalized Linear Models

The purpose of this chapter is to provide an introduction to the subject of
generalized linear models. This is a relatively new area in the field of statisti-
cal modeling that was originally developed to establish a unified framework
for the modeling of discrete as well as continuous data. The topics covered
in this chapter include an introduction to the exponential family of distri-
butions, estimation of parameters for a generalized linear model using the
method of maximum likelihood, measures of goodness of fit, hypothesis test-
ing, confidence intervals, and gamma-distributed responses.

13.1 Introduction

The models discussed in the previous chapters were of the linear type repre-
senting a response variable, Y, which can be measured on a continuous scale.
Its distribution was, for the most part, assumed to be normal. There are, how-
ever, many experimental situations where linearity of the postulated model
and/or normality of the response Y may not be quite valid. For example, Y
may be a discrete random variable, that is, it has values that can be counted, or
put in a one-to-one correspondence with the set of positive integers. A binary
response having two possible outcomes, labeled as success or failure, is one
example of a discrete random variable. In this case, one is usually interested
in modeling the probability of success. In another situation, the response may
have values in the form of counts (number of defects in a given lot, or the
number of traffic accidents at a busy intersection in a given time period).
Other examples of response variables that are not normally distributed can
be found in biomedical applications, clinical trials, and quality engineering,
to name just a few.

Generalized linear models (GLMs) were introduced as an extension of the
class of linear models. Under the framework of GLMs, discrete as well as con-
tinuous response variables can be accommodated, and the usual assumptions
of normality and constant variance are not necessarily made on the response
under consideration. Thus, GLMs provide a unified representation for a large
class of models for discrete and continuous response variables. They have
therefore proved to be very effective in several areas of application. For

473
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example, in biological assays, reliability and quality engineering, survival
analysis, and a variety of applied biomedical fields, the use of GLMs has
become quite prevalent.

Generalized linear models were first introduced by Nelder and Wedder-
burn (1972). A classic book on the topic is the one by McCullagh and Nelder
(1989). In addition, the more recent books by Lindsey (1997), McCulloch and
Searle (2001), Dobson (2008), and Myers, Montgomery, and Vining (2002)
provide added insights into the application and usefulness of GLMs.

13.2 The Exponential Family
There are three components that define GLMs, they are
(a) The elements of a response vector, Y, are distributed independently
according to a certain probability distribution considered to belong to

the exponential family with a probability mass function (or a density
function for a continuous distribution) given by

Oy —b(®)

b |, 13.1
) +c(yd>)] (13.1)

f(]// e/ d)) = exp [

where
a(.), b(.), and c(.) are known functions

0 is called the canonical parameter, which is a function of the mean, p,
of the distribution

¢ is a dispersion parameter (see, for example, McCullagh and Nelder,
1989, p. 28).

(b) A linear model of the form

nx) =f(xB, (13.2)

which relates the so-called linear predictor, 1, to a set of k control vari-
ables, x1,x2,...,%;, where x = (x1,x2,...,x)" and f(x) is a known
g-component vector function of x, and B is a vector of g unknown
parameters.

(c) A link function g(.) which relates n(x) in (13.2) to the mean response at
x, denoted by .(x), so that

n@) = glu)l, (13.3)
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where g(.) is a monotone differentiable function whose inverse function
is h(.), that is,

H(x) = hnx)]. (13.4)

Thus, in a generalized linear model, a particular transformation of the
mean response, namely g[p(x)], is represented as a linear model in terms
of x1,xp,...,xx. Since h(.) can be a nonlinear function, formula (13.4) indicates
that the mean response p(x) is, in general, represented by a nonlinear model.

In particular, if g(.) is the identity function and the response Y has the
normal distribution, we obtain the special class of linear models. Also, if
g(w) = 0, where 0 is the canonical parameter in (13.1), then g(.) is called the
canonical link.

The most commonly used link functions are

(i) The logit function,

i[5

(ii) The probit function,
n@) =F ' [u@)],

where F~1(.) is the inverse of the cumulative distribution function of
the standard normal distribution.

(iii) The logarithmic function,
n(x) = log[u(x)].

(iv) The inverse polynomial function,

= L

This is also called the reciprocal link.

A listing of other link functions can be found in McCullagh and Nelder (1989,
Table 2.1).

Several distributions can be classified as belonging to the exponential
family. Here are some examples.

(a) The normal distribution

This is a well-known member of the exponential family. The density

function for a normal random variable Y with mean p and variance o2 is

1 1
f(y' H, 02) = m exp [_ﬁ(y - H)2i| s
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(b)

(©
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which can be written as

_w 2
f(y, 1, 0%) =exp { W=7 _ % [% +log(27t(72)i| } )

o2

[N]

Comparing this with (13.1), we find that 6 = , b(0) = &, a(p) = $ =
02, and

1 2
cy, d) = —3 [% + log(anz):| .

Note that the canonical parameter 6 is equal to p, which is a location
parameter, and the dispersion parameter is o2 (the canonical link func-
tion here is the identity).

The Poisson distribution

This is a discrete distribution concerning a random variable Y that takes
the values 0,1,2, ... according to the probability mass function,
exp(—A) MY

y!

where A is the mean, p, of Y. This probability mass function can be
expressed as

fy,N = , y=0,1,2,...,

f,N) =explylogh — A —log(y)]. (13.5)

By comparing (13.5) with (13.1) we find that 8 = logA, b(0) = A =
exp(0), a(p) =1, and c(y, d) = —log(y!). Hence, the canonical param-
eter is log A and the dispersion parameter is ¢ = 1. The corresponding
canonical link function is

g =06
= logA
=logu,

which is the logarithmic link function mentioned earlier.

The Poisson distribution is used to model count data such as the number
of occurrences of some event in a particular time period, or in a given
space such as the number of defects in a production process.

The binary distribution

Consider a series of independent trials in each of which we have two
possible outcomes, success or failure. The probability of success on
a single trial is denoted by p. Let Y be a random variable that takes
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the value 1 if success is attained on a given trial, otherwise, it takes the
value 0. In this case, the mean, 1, of Y'is equal to p, and the corresponding
probability mass function is

fup=pd-p¥, y=01

This can be expressed as
fy,p) =exp{yllogp —logl —p)1+log(l —p)}, y=0,1, (13.6)

which has the same form as (13.1) with 8 = log p—log(1—p) = log (%),
b(®) = —log(l — p) = log[l + exp(0)], a(d) = & =1, c(y, ) = 0. The
corresponding canonical link function is

g(w =20

ZIOg(lﬁp)

— log (ﬁ) ) (13.7)

which is the logit function mentioned earlier. It is also called the
logistic link function. Using the linear predictor in (13.2) at a point
x = (x1,x2,...,xr), namely n(x), it is possible to use (13.7) to express the
probability of success, p = y, as a function of x, namely p(x), of the form

explf (x)B]
1+ explf ®)B]

This is a nonlinear model for p(x) called the logistic regression model. It is
used with data that are observed in the form of proportions.

px) = (13.8)

Other possible link functions for the binary distribution include the
probit function, F~! (p), that was mentioned earlier, and the complementary
log-log function, log[—log(1 — p)].

A closely related distribution to the binary distribution is the binomial
distribution. In the latter case, if Y denotes the number of successes in the
series of n independent trials mentioned earlier, where the probability
of success, p, on a single trial is the same in all trials, then Y is called a
binomial random variable. Its probability mass function is

fy,p) = <Z)py(l -p" Y, y=0,12,...,n

. . . . . . . _ L
This distribution belongs to the exponential family with 6 = log (1_p>,
b(0) = nlog(l +exp(0)), a(p) = b =1, c(y, d) = log(Z). Its mean and
variance are given by p = np and ¢® = np(1 — p), and the canonical
link functionis g(n) = 6 = log (%) =log (ﬁ) Note that the binary
distribution is a special case of this distribution with n = 1.
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13.2.1 Likelihood Function

In formula (13.1), f(y, 6, ¢) is considered a function of y for fixed 6 and ¢,
where y is a value of the random variable Y. By definition, the likelihood
function associated with Y is a function, £(8, ¢, Y), of 8 and ¢ such that for an
observed value, y, of Y,

The placement of the arguments 0 and ¢ first is to emphasize that L is basically
a function of 8 and ¢. Since this function is determined by the outcome of
Y, £(8, d,Y) is therefore a random variable. The log-likelihood function is the
logarithm of £(6, ¢, Y) and is denoted by £(8, ¢, Y). Thus,

€0, ,Y) =logL£®,d,Y). (13.10)

Under certain conditions on the likelihood function (which are true for
the exponential family), it can be shown that (see, for example, Bickel and
Doksum, 1977, p. 139)

94O, ¢,
E [T} -0, (13.11)
9200, ¢, Y) 20,6, 7| _
E [T} +E ! [T] =0. (13.12)
Using the expression in (13.1), we have
10,60 =20 oy g, (13.13)
a(9)

Differentiating both sides of (13.13) with respect to 6 once then twice, we get

300,9,Y)  Y—1(0)

" o) (13.14)
92¢(0,$,Y) ()
W 1) (13.15)

where b'(0) and b” (8) denote the first and second derivatives of b(0), respec-
tively. From (13.11) and (13.14) we then have

w="b(0), (13.16)
where 1 = E(Y). Furthermore, from (13.12), (13.14) through (13.16), we obtain

b'(0) | Var(Y)

— _ = 13.17
a@) 20 (13.17)
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Hence, the variance of Y is given by
Var(Y) = a(p) b (6). (13.18)

Note that Var(Y) is the product of a(¢$), which depends only on the dispersion
parameter ¢, and b"(0), which depends only on the canonical parameter 6,
and hence on the mean p of the distribution of Y. The latter quantity is called
the variance function and is denoted by V().

To verify the above results, we can apply formulas (13.16) and (13.18)
to the normal, Poisson, and binary distributions. In the normal case, 8 = y,
b(©) = 112, a(¢p) = ¢ = o2 Hence, b(0) = 16% and b'(8) = . Also, a(dp)b’ (6)
gives the variance o2. For the Poisson distribution, 8 = log A, b(B) = exp(6),
a(¢) = 1. Hence, b/(G) = exp(0) = A, which is the mean of this distribution.
In addition, a(p)b’ (0) = exp(0) = A, which is the variance of the Poisson
distribution. As for the binary distribution, we have that 6 = log[p/(1 — p)],
b(0) = log[1 +exp(0)], a($d) = 1. In this case, b'(9) = exp(0)/[14+exp(0)] =p,
which is the mean. Also, a(d))b//(e) =exp(0)/[1+ exp(e)]2 = p(1 — p), which
is equal to the variance of the binary distribution.

13.3 Estimation of Parameters

In this section, we show how to estimate the parameter vector, 3, in the model
for the linear predictor, 1, in (13.2). The method of maximum likelihood is
used for this purpose.

Suppose that we have #n independent random variables, Y1,Y5,...,Y,,
each of which has the probability distribution described in (13.1) such that
the mean of Y; is y; and the corresponding canonical parameter is 6; (i =
1,2,...,n). The Y;’s constitute a sample of n observations on some response Y.
Let n; = g(u;), where g is an appropriate link function such that by (13.2),
Ni = N(xi) = f (x)B; xi is the value of x at which Y = Y; (i = 1,2,...,n). From
(13.1) we then have

0iyi — b(8))
a()
where the dispersion parameter ¢ is considered to have a fixed value (that

is, it does not change over the values of ;). The corresponding log-likelihood
function associated with Y7, Y5, ..., Y, is therefore of the form

fWi, 0i, &) =exp [ + c(yi, d))} , i=12,...,n, (13.19)

" T0;Y;— b(o;
(0,6 =3 [W()

ey, cb)] (13.20)
i=1
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where 0 = (81,02,...,6,), Y = (Y1,Y2,...,Y,) . Since the linear predictor n
depends on {3 and the mean response is a function of n by (13.4), the means
ui, W2, ..., U, are therefore functions of 3. The maximum likelihood estimates
of the elements of 3 are obtained by solving the equations

ot

— =0, j=12,...,4 13.21
35 =0 7 (13.21)

where f3; is the jth element of B and aa—éj is the partial derivative of £(0, ¢, Y)
in (13.20) with respect to 3; j = 1,2,...,9). From (13.20) we have

n

ae A

LN 10 13.22

T ;1 a5, | q (1322)
where

0: Y — b(®;
= 3T L ey, =12 n (13.23)
a(dp)

But,

04; d0¢; 00; Jy; on;

3_(3;'_ 36; o an; Ip;’

i Yi— b'(8))
30;  a(d)
_Yi—u
a(p) '

since w; = b'(6;) by (13.16),i = 1,2,...,n, and

90; [op]™"
EI [%]
1
ACHY
oui [ on; !
o)
1
T )

m=fj(xz'),

aB;
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where, if we recall, n; = f'(x;)p and fi(x;) is the jth element of f(x),i=
1,2,...,m;,j=1,2,...,q9. We conclude that

i Yi—w 1 Fx)
B ad) b'(®) g(uz A
_ Yi—w fit)

Var(Y;) g(m)’
since Var(Y;) = a(p) b"(0;). From (13.22) we then have

=12,...,n,

X
—Z illal ff(’ i=12,...,4,
8(3] i Var(Y;) g (U'I)
which can be written as

. Yi—wi |, o .
o5 = le o SWfi), j=12...4, (13.24)

where
=Var(V)) [¢(u)]?, i=1,2,...,n (13.25)

Thus, the maximum likelihood equations in (13.21) can be written as

n

Y — .
> BMewfan =0, j=12,..4. (13.26)
=1

The maximum likelihood (ML) estimate of 3, denoted by B, is obtained as
the solution of equations (13.26). Note that these equations are nonlinear
in B1,B2,...,B4 since w1, 1y, ..., 1, are, in general, nonlinear functions of
B1,B2, ..., Bg- Therefore, equations (13.26) may not have a closed-form solu-
tion. However, the equations can be solved iteratively by using Fisher’s method
of scoring, which is based on the Newton—Raphson method (see Section 8.8 in
Khuri, 2003). This is done as follows.

Let B© be an initial estimate of B, and let 3™ be the estimate of B at the

th jteration (m > 1). Then,

m m Y
B+ — gm _ { Hg([ﬂ)’ﬁ B"’”} )rs g M=01., (1327)

BY . . . RY .
where m) B_p™ is the vector whose jth element is 36, G =12...,9,
evaluated using B in place of B, and H,(p) is the Hessian matrix of £

given by

d [ ae
H,(B) = B [E} : (13.28)
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Note that Hy is a symmetric g x g matrix whose (j, k)th element is %, and

the expected value in (13.27) is taken with respect to the given distribution,
then evaluated using B(m) in place of B (see formula (8.77) in Khuri, 2003).
Making use of (13. 24), 2 ﬁ can be written as

9L

/ —1
o =X WD -, (13.29)

where X is an 1 x g matrix whose ith row is f'(x;) [this is called the model
matrix for the linear predictor in (13.2)], W = &L w;, D = &1 ,[¢ (1)],
Y = (Y1,Y2,...,Yy), and u = (u1, 1, ..., uy)'. Furthermore, using (13.24),
the (j, k)th element of the Hessian matrix H, () is

3%¢ - 3 g(uz } g(uz
=) Yi—w) — i i i)-
TR l;j( u)aﬁk[ fitx >+Z /G U )
But,
0 3Hz 87]1
— i — ) =
3f5k( i) 3111 9Pk
—Tui)fk(xi),

1,84 — 1 and 20 = £ (x;). Hence,

since, if we recall, = Tom By

n

824 d g(ul } filxi)
i— W) i ). 13.30
T l;( i) [ fixi) Zl T fix).  (1330)

Taking the expected values of both sides of (13.30), we get

E 32£ _ i if(x)f (x7)
oBjaBr | Swi A

Consequently, the expected value of H,(f) is of the form

E[H:(B)] = -X'W'X. (13.31)
Using (13.29) and (13.31), formula (13.27) is then expressed as
B = B + [XWTIX)TXWTID(Y — wlg_gm

= (XWX W g g {XB™ + DY —wlg_gm ],
m=0,1,... (13.32)
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The expression on the right-hand side of (13.32) has an interesting interpre-
tation as we now show:

Suppose that a first-order Taylor’s series approximation of g(Y) is taken
in a neighborhood of y, that is, g(Y) ~ Z, where

Z=gw+ Y -wg W
=N+ Y -wg W
=f @B+ Y — g Ww. (13.33)

Thus, the mean of Z is 1 and its variance is Var(Y) [¢’ (W12 Evaluating (13.33)
atxy, xo,...,x,, we get

Zi=f @B+ Yi—uw)g W), i=12...,n (13.34)
Equations (13.34) can be written in matrix form as
Z=XB+DY — ), (13.35)

where Z = (Z1,7Z5, ...,Z,). The variance—covariance matrix of Z is

Var(Z) = D {@[Varm)]} D

i=1

= Pig 1)1 Var(Y))
i=1
=W. (13.36)

The value of Z at the mth iteration is denoted by Z™. From (13.32), (13.35), and
(13.36) we conclude that ™+ in (13.32) has the same form as a generalized
(or weighted) least-squares estimator of 3 in a linear model whose response
vector is Z™, rather than Y, with a variance—covariance matrix given by
WU the value of W at the mth iteration. Several iterations of formula (13.32)
can then be carried out until some convergence is achieved in the resulting
values. We can therefore state that the solution of the maximum likelihood
equations in (13.26) is obtained by performing an iterative weighted least-
squares procedure using a linearized form of the link function applied to Y.
The data vector y can be used as a first estimate of pu from which we get a
first estimate of ), namely 1%, whose ith element is (i) (y; is the ith element
ofy,i =1,2,...,n). From this we obtain initial values for ¢'(w;), V(1;), the
variance function at ; (i = 1,2, ...,1), and Z, the latter is chosen as 11°. These
are sufficient to get the iterative procedure started (see Exercise 13.7).

13.3.1 Estimation of the Mean Response

An estimate of the linear predictor, n(x), in (13.2) is given by

@) =f @B, (13.37)
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where [3 is the ML estimate of 3 obtained as a result of the iterative process
as described earlier. Using formula (13.4), an estimate of the mean response,
u(x), at a given point x is obtained from the following expression:

1(x) = h[H(0)]
= h[f' (x)B], (13.38)
where h(.) is the inverse of the link function g(.). This estimate is also referred

to as the predicted response at x.

13.3.2  Asymptotic Distribution of 3

The precision associated with the ML estimation of 3 can be assessed asymp-
totically by using the so-called Fisher’s information matrix for 3, which is
denoted by I(p) and is defined as

I(B) = —E[H(B)], (13.39)

where E [H,(p)] is the expected value of the Hessian matrix in (13.28). Using
formula (13.31), I(B) can be expressed as

IB) = XWX, (13.40)
Itis known thatas n — oo, where 1 is the sample size, the ML estimator of {3 is

asymptotically normally distributed with mean (3 and a variance—covariance
matrix given by [I(B)]~!. We can then write

B~ AN[B, X' W 1Xx)71], (13.41)
where “AN” denotes asymptotic normality. This result can be found in,

for example, McCulloch and Searle (2001, p. 306) (see also Searle, Casella,
and McCulloch, 1992, p. 473). Thus, for a given sample size, the variance—

covariance matrix of 3 is approximately equal to
Var(f) ~ (X' W1x)~L. (13.42)
Using (13.37) and (13.42), the variance of f)(x) is approximately equal to
Var[i(x)] = f (x) X W™1X) " 1f (x). (13.43)
Now, in order to obtain an approximate expression for the variance of {i(x) in

(13.38), we first obtain a first-order Taylor’s series approximation of h[fj(x)]
in a neighborhood of 1n(x) of the form

)] ~ hm@)] + [[E) — @)1 Mm@, (13.44)
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where I [M(x)] is the derivative of h(.) with respect to 1. Using formulas
(13.38), (13.43), and (13.44), we obtain

Var[i(x)] ~ {# n(x)]}> Var[fi(x)]
= (W M@ XWX f(x). (13.45)

The variance of {i(x) is called the prediction variance at x, and the right-hand
side of (13.45) provides an approximate expression for this variance.

13.3.3 Computation of B in SAS

The actual computation of 3 on the basis of the iterative process described
earlier in Section 13.3 can be conveniently done using PROC GENMOD in
SAS. A number of link functions (logit, probit, log, complementary log-log)
and probability distributions (normal, binomial, Poisson, gamma) can be
specified in the MODEL statement in PROC GENMOD. The default initial
parameter values are weighted least-squares estimates based on using y,
the data vector, as an initial estimate of u, as was seen in Section 13.3. For
example, to fit a generalized linear model for a Poisson-distributed response,
Y, using a logarithmic link function and a linear predictor of the form, n =
o+ PB1x1+ PBoxo + P1ox1x2 + [311x% + Bzzx%, the following SAS statements are
needed:

DATA;
INPUT X3 X Y;
CARDS;
(data are entered here)
PROC GENMOD;
MODEL Y = X1 X, X1 % Xp X1 * X1 Xp % Xp/DIST=POISSON LINK=LOG;
RUN;

In case of binomial data, the response Y in the MODEL statement is replaced
by “S/N,” where N is the number of trials in a given experimental run and
S is the number of successes. In addition, S and N must be specified in the
INPUT statement in place of Y. For the corresponding “DIST” and “LINK”,
we can use “DIST=BINOMIAL” and “LINK=LOGIT,” respectively. Note that
“LOG” and “LOGIT” are the default link functions for the Poisson and bino-
mial distributions, respectively, since they are the canonical links for their
respective distributions. Among other things, the SAS output provides ML
estimates of the elements of the parameter vector  for the linear predictor
1 and their corresponding standard errors, which are the square roots of the
diagonal elements of the matrix (X'W~!X)~! given in formula (13.42), where
W is replaced by an estimate. This is demonstrated in the next example.

Example 13.1 An experiment was conducted to determine the effects of the
control variables, x; = burner setting, x = amount of vegetable oil (in table
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TABLE 13.1
Coded Design Settings and Response Values

X1 X2 X3 Y (Number of Inedible Kernels)
1 1 0 20
-1 0 1 21
1 0 1 42
1 -1 0 36
0 1 1 11
-1 0 -1 120
0 -1 1 33
-1 1 0 36
0 -1 -1 32
-1 -1 0 38
1 0 -1 20
0 0 0 17
0 1 -1 49

spoons), x3 = popping time (in seconds) on the number, Y, of inedible kernels
of popcorn. Each run of the experiment used 1/4 cup of unpopped popcorns.
A description of this experiment is given in Vining and Khuri (1991). The
actual levels of x1, x2, and x3 used in the experiment are 5, 6, 7 for x1; 2, 3, 4
for xp; and 75, 90, 105 for x3. The three levels for each variable are coded as
—1,0, 1, respectively. The design settings (in coded form) and corresponding
response values are given in Table 13.1.

Note that the design used is of the Box-Behnken type (see Khuri and Cornell,
1996, Section 4.5.2, for a general description of the Box-Behnken design). This
design is suitable for fitting a second-degree response surface model in xq,
xp, and x3 of the form

n = Bo + B1x1 + Pax2 + P3xz + Pr2x1X2 + P13X1X3
+ Bsx2x3 + B11x] + PBoox3 + Basx3. (13.46)

Assuming a Poisson distribution for Y and a log link, the following SAS code
was used to obtain the ML estimates of the parameters in model (13.46):

DATA;

INPUT X; X2 X3 Y;
CARDS;

(enter here the data from Table 13.1)
PROC GENMOD;
MODELY = X1 Xy X3 X1 %Xy X1 % X3 Xpx X3 X1 % X7 Xo % Xp X3 % X3
/DIST=POISSON LINK=LOG;
RUN;

The resulting parameter ML estimates and corresponding standard errors are
given in Table 13.2.
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TABLE 13.2

ML Estimates and Standard Errors

Parameter Estimate Standard Error
Bo 2.8332 0.2425
B1 —0.2066 0.0617
B2 —0.1585 0.0660
B3 —0.3160 0.0634
B12 —0.1401 0.0897
B13 0.6246 0.0894
B23 —0.3709 0.0969
B11 0.4589 0.1446
B22 0.1501 0.1445
B33 0.3470 0.1454

Since the inverse, h(.), of the link function is the exponential function, we
get from (13.38) and Table 13.2 the following expression for the predicted
response [L(x):

fi(x) = exp (2.8332—0.2066x1 —0.1585x7 — 0.3160x3 — 0.1401x1x7 +0.6246x1 x3

—0.3709x2x3 +0.4589x7 +0.1501x3 +0.3470x3). (13.47)
Model (13.47) can be utilized to determine the optimal settings of x1, x7, and
x3 that result in the minimization of the number of inedible kernels within

the experimental region (in the coded space), x7 + x5 + x5 < 2. This was
demonstrated in Paul and Khuri (2000).

13.4 Goodness of Fit

In this section, two measures are presented for assessing the goodness of
fit of a given generalized linear model. These measures are the deviance and
Pearson’s chi-square statistic.

13.4.1 The Deviance

The fitting of a model amounts to deriving estimates of its parameters that
can be used to provide information about the mean response at various loca-
tions inside the region of experimentation, which we denote by R. If the
number of observations used to fit the model is equal to n, and if these obser-
vations are attained at distinct locations inside R, then the maximum number
of parameters that can be estimated in the model is equal to n. (If at some
locations in R, replicate observations on the response Y are obtained, then
the maximum number of parameters that can be estimated in the model is
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equal to the number of distinct locations used to collect all the response data.
Such locations, or points, make up the associated response surface design.) A
model having as many parameters as there are points in the corresponding
response surface design is called a saturated (or full) model. Such a model is
not informative since it does not summarize the response data. However, the
likelihood function for the saturated model is larger than any other likelihood
function (for the same data with the same distribution and link function), if
the latter function is based on a model with fewer parameters than the satu-
rated model. Let Lmax (¢, Y) denote the likelihood function for the saturated
model, and let £(¢, B) denote the likelihood function, maximized over §, for
a given generalized linear model with g parameters (g < 1), where 3 is the ML
estimate of . Then, for a given data vector, y, Lmax(d, y) > L(, B). Thus, the
likelihood ratio,

L(b,B)

= -, 13.48
Lax (P, y) ( )

provides a measure of goodness of fit for the given (or assumed) model.
A small value of A (close to 0) indicates that the assumed model does not
provide a good fit to the data. Alternatively, we can consider the quantity,

—2log A = 2[10g Lmax($,y) — log L(¢, B)1, (13.49)

as a measure of goodness of fit for the assumed model. In this case, a large
value of —2log A is an indication of a bad fit. If we denote the estimates of

the canonical parameters under the assumed and the saturated models by 0
and 6, respectively, then by formulas (13.20) and (13.49),

2L (0 — 8y — b)) +b(6))
—2logA =2
; a(P)
DB, y)
— , 13.50
a(d) (13.50)
where
DB,y) =2 > (6 — 8y — b)) + b(&))] (13.51)

i=1

is called the deviance for the assumed model. When a(¢$) = ¢, the expression
in (13.50) equals

. DB,
D) = Y

= —2log A, (13.52)



Generalized Linear Models 489

which is called the scaled deviance. A small value of D* is desirable for a
good fit.

It is known that D* = —2log A is asymptotically distributed as x2_ q for
large 1, where g is the number of parameters in the linear predictor n(x) in
(13.2). Since the expected value of x2_ qisn—q, thenavalue of D*/(n—q) much
larger than 1 gives an indication of a bad fit for the assumed model. This is
of course contingent on the assumption that the asymptotic approximation
with the chi-squared distribution is satisfactory for small samples.

Examples of deviance expressions are given below using the normal,
Poisson, and binomial distributions that were mentioned earlier.

(a) The normal distribution

Consider the log-likelihood function for a given response vector, ¥ =
(Y1,Y2,...,Yy), such that Y1, Y, ..., Y, are mutually independent and
Y; ~ N(u;, 0%),i =1,2,...,n. Then, for a realized value, y, of Y, this
function is

n 2 1 & ‘ 2
-5 log(2me?) — 5o ;(yl —w)?, (13.53)

where the dispersion parameter, ¢, is equal to o2. For the saturated
model, y; is estimated by y;. Hence,

log ﬁmax(o-z/ Yy = —g log (27(0'2).

For a given model with g parameters (g < n), y; is estimated by {i;, its
ML estimate. Using {1; in place of p; in (13.53), we get

n 5 1 < P
_E 10g(27’[0‘ ) — F ;_1 (yz — ).
From (13.49) we then have
2log A = — f i — i)
—z10g /A = ) (yi — w)”.

i=1
Hence, the deviance Disequalto Y i, (yi— (1)) and the scaled deviance
is D* = D/0?. In this case, D is just the residual sum of squares.
(b) The Poisson distribution

For the data vector, Y = (Y1,Y2,...,Y},), where the Yi’s are mutually
independent and have the Poisson distributions with parameters A;
(i=1,2,...,n), the log-likelihood function is

n
> [ YilogAi = \; — log (Y],
i=1
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where ¢ = 1. For the saturated model and a realized value, y, of Y, A;
is estimated by y;, but for a less-than-saturated model, A; is estimated

by 5\,‘, its ML estimate. Hence, the deviance and scaled deviance are

equal to
n
—2log A =2 Z [yi log (%) — (yi — 5\1>] .
i=1 i

(¢) The binomial distribution

In this case, Y = (Y1,Y2,...,Y,) whose elements are mutually inde-
pendent such that Y; ~ binomial with parameters n; and p;. The log-
likelihood function for a realized value, y, of Y is

n

3 |:y1 log ( Pi — ) +nilog (1 —pj) +log (y;)]

i=1
where ¢ = 1. For the saturated model, the mean of Y;, namely w; = n;p;,
is estimated by y;, where y; is the ith element of y (i = 1, 2, ..., n). Hence,
pi is estimated by y;/n;. Consequently,

Vi
'-%) +nzlog< nl) +10g<y1)

For a less-than-saturated model, p; is estimated by ', where [i; is the
ML estimate of u; (i =1,2,...,n). Thus,

A 1
1 1-— lo .
i) +os (1 50) o)

It follows that

Yi i
—2log A =2 i|log| —— ) —1 -
s =22 o (25) s (725
, CY) Ciog (1 B
+n; |:log (1 ni) log <1 o >“ . (13.54)

Both the deviance and scaled deviance are equal to the right-hand side
of (13.54).

10g Linax (P, y) = Z yilog <

log L(¢, B) = Zyl log<

13.4.2 Pearson’s Chi-Square Statistic

Another measure of goodness of fit for a data vector Y = (Y1, Y2,...,Yy) is

n N2
2 (Y — )
=2 T

i=1

1 G y)?
_a(dJ); V()




Generalized Linear Models 491

where, if we recall from formula (13.18), Var(Y;) = a(d))b”(el-) =a(d)V(w),
V(W) is the variance function for the ith mean, and [i; is the ML estimate of
w (i =1,2,...,n). For a realized value, y, of Y and when a(¢) = ¢, X? is
written as

1§ @i —
2 i 1
=— ) S— 13.55
X ¢§ V(i) (1559
The quantity in (13.55) is called the scaled Pearson’s chi-square, and the expres-
sion
n 52
2 (i — t)
=) (13.56)
i1 405

is called Pearson’s chi-square statistic. For large n, x> is asymptotically dis-
tributed as X%_q. A large value of x2 is an indication of a bad fit.

In situations where the dispersion parameter ¢ is not known, an estimate
can be used in the expressions for the scaled deviance and the scaled Pear-
son’s chi-square, as is the case when using PROC GENMOD. These scaled

values should then be used instead of their corresponding unscaled values
in assessing the model’s goodness of fit.

13.4.3 Residuals

Residuals are used to assess the fit of the model at individual points in
a region R where the data values are obtained. For a given data vector,
Yy = Y1, Y2, ...,Yn), the ith raw residual is defined as y; — {i;, where {i; is the
ML estimate of ;. Since in a generalized linear model situation, Var(Y;) is
not constant, the use of raw residuals is not appropriate. For this reason, two
other types of residuals are considered in parts (a) and (b) below.

(a) Pearson’s residuals

These are given by

po_ YW
ip = —

VV(Ri)
Note that "7, r%p is equal to 2 in (13.56). When a(¢$) = ¢, the quantity
Tip/ /& is called the ith scaled Pearson’s chi-square residual (i = 1,2, ..., n).

In this case, % i le,p = %2, which is the scaled Pearson’s chi-square
in (13.55).

i=1,2,...n (13.57)

(b) Deviance residuals

These are defined as

ria = [sign(yi — WVdi, i=12,...,n, (13.58)
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where d; > 0 so that Z?:l riz i = D([AS,y), the deviance for the fitted

model as given in (13.51). Thus, +/d; represents the square root of the
contribution of the ith observation to the deviance D and sign(y; — {1;) is
the sign of the ith raw residual (i = 1,2, ..., n). Whena(¢) = ¢, dividing
rig by ~/§ yields the ith scaled deviance residual (i = 1,2,...,n). In this
case, % i rl.z, ; = D* is the scaled deviance in (13.52).

Studentized residuals

In classical linear models, residuals are usually standardized so that
they become scale free and have the same precision. This makes it more
convenient to compare residuals at various locations in the region of
experimentation, R. If Y = Xp + € is a given linear model where it
is assumed that the error vector e has a zero mean and a variance-
covariance matrix given by 021, then the ith raw residual, denoted
here by e;, is standardized by dividing it by /Var(e;) = v/ 02(1 — hjj),
where hj; is the ith diagonal element of the so-called hat matrix, denoted
by H and is given by H = XX'X)"1X' (i = 1,2,...,n). In this case,
ei/v/0%(1 — hj;) has a zero mean and a variance equal to 1. Since o2 is
unknown, it can be replaced by MSg, the error mean square. Doing
so leads to the Studentized ith residual, namely, e;/\/MSg(1 — hy), i =
1,2,...,n. The Studentized residuals are scale free and are very useful
in checking model adequacy and the assumptions concerning the error
distribution. This can be accomplished by using various plots of the
Stundentized residuals against the corresponding predicted response
values and against the control variables in the fitted model. Other types
of residual plots can also be used (see, for example, Atkinson, 1985;
Draper and Smith, 1998).

For a generalized linear model, the X matrix for the linear model men-
tioned earlier is replaced by W-V2X, where W = @?zl w; and w; is
defined in (13.25), i = 1,2,...,n, and X is the model matrix for the
linear predictor. Consequently, the “hat” matrix H is replaced by

H=W2XXW1X)"IXxXW1/2 (13.59)

Let fzii denote the ith diagonal element of H (i = 1,2, ...,n). Then, the
ith Studentized Pearson’s residual is defined as i /y/ § (1 — fli,'), where 7
is given in (13.57). Hence,

Tip yi — i

— = —, =121, (13.60)
Joa—fy o vina—in

where ¢ is considered known, otherwise, an estimate of ¢ can be used.
Note that this Studentized residual has a unit asymptotic variance.
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As for the deviance residual, its Studentized version is defined as

Tid _ sign(yi — ) vdi

Joa-i  Jea-i

where r; 4 is given in (13.58). This Studentized residual has also a unit
asymptotic variance.

i=1,2,...,n (13.61)

The Studentized residuals in (13.60) and (13.61) can be plotted against 1;
[see formula (13.37)] or against {i; (i = 1,2,...,n), as well as against each of
the control variables in the linear predictor model. These plots are analogous
to the common residual plots used in a classical linear model and have similar
interpretations.

Example 13.2 Let us again consider Example 13.1. Using the SAS code given
earlier in that example, we get the following information concerning the
deviance and Pearson’s chi-square statistic for model (13.46):

Criteria for Assessing Goodness of Fit

Criterion DF Value Value/DF
Deviance 3 1.2471 0.4157
Scaled deviance 3 1.2471 0.4157
Pearson’s chi-square 3 1.2506 0.4169
Scaled Pearson’s chi-square 3 1.2506 0.4169

We note that the values of the scaled deviance and the scaled Pearson’s chi-
square statistic are small relative to the degrees of freedom. This indicates that
the model fits the data well. We also note that the deviance and Pearson’s chi-
square values are identical to their scaled counterparts. This follows from the
fact that the dispersion parameter ¢ is equal to 1 for the Poisson distribution.

In order to get information concerning Pearson’s residuals [as in for-
mula (13.57)] and the deviance residuals [as in formula (13.58)], the option
“OBSTATS” should be added to the MODEL statement in PROC GENMOD.
This option also provides values of the predicted response, that is, values of
fi(x;) fori =1,2,...,n, where n = 13 in this example, in addition to several
other items. As for the information concerning the Studentized values of the
deviance and Pearson’s residuals [as in (13.61) and (13.60), respectively], the
option “RESIDUALS” should also be added to the MODEL statement. Thus,
this statement can now be rewritten as

MODEL Y =X Xo X3 X1 % Xp X1 % X3 Xox X3 X1 X1 Xo %Xy X3% X3
/DIST = POISSON LINK = LOG OBSTATS RESIDUALS;

The corresponding SAS output is given in Table 13.3.
From Table 13.3 we note the close agreement between Y and the predicted
response values. This is reflected in the small values of the deviance and
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TABLE 13.3
Observation Statistics
Y Pred Resraw Resdev Reschi  StResdev StReschi

20  18.8589 1.14107 0.26017 0.26276 0.41869 0.42285
21  18.2663 2.73372 0.62460 0.63963 1.09076 1.11702
42 421402 -0.14018 —0.02161 —0.02159 —0.04553 —0.04551

36  34.2672 1.73284 0.29357 0.29602 0.61776 0.62290
11  12.0009 —-1.00089 —0.29308 —0.28892 —0.42365 —0.41763
120  119.8598 0.14018 0.01280 0.01280 0.04550 0.04551

33 345927 —-1.59266 —0.27291 —0.27079 —0.54276 —0.53855
36 377328 —-1.73284 —0.28430 —-0.28210 -0.62776 —0.62290
32 309991 1.00089 0.17881 0.17977 0.41541 0.41763

38 39.1411 -1.14107 —-0.18328 —0.18239 —0.42493 —0.42285
20 227337 273372 —-0.58546 —0.57335 —1.14061 —1.11702
17 17.0000 0.00000 0.00000 0.00000 0.00000 0.00000
49  47.4073 1.59266 0.23004 0.23131 0.53557 0.53855

Note: Pred, predicted response; Resraw, raw residual; Resdev, deviance residual; Reschi,
Pearson’s chi-square residual; StResdev, Studentized deviance residual; StReschi,
Studentized Pearson’s chi-square residual.

Pearson’s chi-square residuals. The residual plots are shown in Figures 13.1
through 13.6. Figure 13.1 gives a plot of Y; against the predicted response [1(x;)
(i = 1,2,...,13), which clearly shows the closeness of the corresponding
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FIGURE 13.1

Plot of the values of Y (number of inedible kernels) against the predicted
response values.
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values. Figures 13.2 and 13.3 give plots of the Studentized deviance and
Pearson’s chi-square residuals, respectively, against the predicted response
values. Both plots show no systematic changes in the residuals with respect to

°
1.0
-g 0.5 . .
]
E
T 00 e . ®
o
>
5
= ° °
§-0.5 °
£ o
»
-1.0
[ ]
T T T T T T
20 40 60 80 100 120

Predicted response

FIGURE 13.2
Plot of the Studentized deviance residuals against the predicted response
values.
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FIGURE 13.3
Plot of the Studentized Pearson’s residuals against the the predicted response
values.
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the predicted response. Note that the remoteness of the point corresponding
tox; = —1,x =0, x3 = —1, and Y = 120 is understandable since with
low temperature and short popping time, a large number of inedible kernels
is rather expected. Figures 13.4 through 13.6 give plots of the Studentized
deviance residuals against x1, x2, and x3, respectively. Here again, the plots
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FIGURE 13.4
Plot of the Studentized deviance residuals against x;.
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FIGURE 13.5
Plot of the Studentized deviance residuals against x».
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FIGURE 13.6
Plot of the Studentized deviance residuals against x3.

reveal no systematic trends, which indicate no problems with the assumptions
concerning the fitted model. Since the Studentized deviance residuals are very
close to their corresponding Studentized Pearson’s chi-square residuals, plots
of the latter against x1, xo, and x3 were omitted.

13.5 Hypothesis Testing

Hypothesis testing in the case of generalized linear models can be carried out
using two types of inference, namely, the Wald inference and the likelihood ratio
inference.

13.5.1 Wald Inference

This type of inference is based on the asymptotic normality of the ML estima-

tor, [?’:, of B as was seen in Section 13.3.2 [see (13.41)]. Consider, for example,
testing the hypothesis

Hy:AB =b, (13.62)

where
A is a known matrix of order s x g and rank s (<q)
b is a known vector
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Then, for large n, AB is asymptotically normal with mean Af and a
variance—covariance matrix A(X'W~1X)~1A’. It follows that under Hy,

(AR —bY[AX'W 'X)1A'1"1 (AR — b) (13.63)

has an approximate chi-squared distribution with s degrees of freedom,
where W is an estimate of W. The statistic given in (13.63) is called Wald’s
test statistic. The test is significant at the approximate o-level if this statistic
is greater than or equal to X% ;. In particular, to test the significance of the
individual elements of B (that is, testing Hyp : 3; = 0, where (3; is the ith
elementof 3,i=1,2,...,9), we can consider the random variable,

P i1 0 (13.64)

which is distributed asymptotically as N(0, 1) under Hp : 3; = 0, where d;; is
the ith diagonal element of (X’ W~1X)~1. Hence, under Hy,

L i=1,2,...,4 (13.65)
i

has an approximate chi-squared distribution with one degree of freedom,
where Eiii is the ith diagonal element of (X’ W_lX)_l.

13.5.2 Likelihood Ratio Inference

Suppose that the vector 3 is partitioned as = ([3/1 : [3/2),, where 3; and 3,
have g1 and ¢ elements, respectively. Consider the hypothesis, Hy : f; = 0.

The ML estimate, {3, is partitioned accordingly as ([31 : [32)/. We may recall

from Section 13.4.1 that L(¢, [:’») is the likelihood function maximized over f3.
Let 3, denote the ML estimate of 3, under the restriction that 3; = 0. Then,

L(o, Bz) < L(b, f%), where L(¢, ﬁz) is the likelihood function maximized over
3, while (3, is set equal to zero. If A is the likelihood ratio (LR),

L, B
Ap = (¢ [312) ’
L(P,B)
then the hypothesis Hy : 31 = 0 can be tested using the statistic

—2log A1 = 2[log L(¢, B) — log L(d, B2)], (13.66)

which represents the difference between the scaled deviance for the full model
(that contains all of ) and the scaled deviance for the reduced model (that
contains only (3,). Under Hy, this statistic has approximately the chi-squared
distribution whose number of degrees of freedom is equal to the difference
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between the degrees of freedom for the two scaled deviances, thatis, (n—q2) —
(n — q) = q — q2 = g1, where g; is the number of elements of 3; (i = 1,2). The
hypothesis Hy can then be rejected at the approximate a-level if —2log Aj >
X(Zx,q]- Note that the same hypothesis can also be tested by Wald's test.

The LR procedure can be used to test the significance of the individual
elements of (3, just like Wald’s test. For large samples, both tests give similar
results, but can be different for small samples. In general, the LR test is pre-
ferred over Wald’s test because the former’s asymptotic distribution provides
a better approximation than the latter in case of small and moderate-sized
samples (see McCulloch and Searle, 2001, Section 5.5). However, Wald’s test
has a computational advantage over the LR test since it requires less comput-
ing time. This is true because the LR test requires fitting a submodel for each
parameter tested.

Testing of the individual elements of 3 is available in PROC GENMOD.
For example, to apply the LR test, “TYPE3” is selected as an option in the
MODEL statement. A Type 3 analysis is similar to Type III sum of squares
used in PROC GLM, except that likelihood ratios are used instead of sums
of squares (see SAS, 1997, Chapter 10). As a result, we get a table entitled
“LR Statistics for Type 3 Analysis,” which gives the LR statistics and the cor-
responding p-values (from the chi-squared approximation) for each param-
eter in the model. Alternatively, a Wald’s test statistic can be obtained for
each parameter along with the corresponding p-value (from the chi-squared
approximation) by adding the options “TYPE3” and “WALD” to the MODEL
statement. PROC GENMOD also gives a table entitled “Analysis of Parameter
Estimates,” which provides a listing of the parameters in the model, their ML
estimates and standard errors, chi-squared values [based on the test statistic
given in (13.65)], and the corresponding p-values. These tests are identical to
those obtained under Wald’s inference.

13.6 Confidence Intervals

Large-sample confidence intervals on the individual elements of 3 =(f31,
B2,...,By)  can be constructed using either the likelihood ratio inference or
the Wald inference.

13.6.1 Wald’s Confidence Intervals

Using the information given in Section 13.5, we have that for large n,

A

=

i—Bi

Fan

i=12,...,q,
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is distributed approximately as N(0, 1), where Bi is the ML estimate of 3; and

d;; is the ith diagonal element of (X’W_lX)_l. It follows that an approximate
(1 — )100% confidence interval on f3; is given by

i+ \/&Tiza/z, i=1,2,...,4. (13.67)

Such intervals can be obtained from PROC GENMOD by adding the option
“WALDCI” to the MODEL statement. The confidence coefficient can be
selected with the “ALPHA=" option. The default value is 0.95.

Wald'’s confidence intervals can also be constructed for the mean response,
w(x) = h[n(x)], at the points of the design under consideration, where n(x) =
f’(x)B and h(.) is the inverse of the link function g(.) [see formulas (13.2)
and (13.4)]. An approximate (1 — «)100% confidence interval on n(x) is first
computed, namely,

FOB £ OXW X)) F@] 2240

Then, an approximate (1 — «)100% confidence interval on p(x) is given by

h { OB £ [f %) (X’W”X)*lf(x)]l/zza/z} . (13.68)

The end points of this interval can be found in the output from PROC
GENMOD in a table entitled “Observation Statistics,” and are referred to
as “"LOWER” and “UPPER.” For this purpose, the option “OBSTATS” must
be added to the MODEL statement. The printed values of “LOWER” and
“UPPER” correspond to each observation in the data set under considera-
tion. The confidence coefficient is specified with the “ALPHA=" option in
the same MODEL statement.

Another way to construct a Wald’s confidence interval on (x) is to make
use of formula (13.45) which gives an approximate expression for Var[{i(x)].
Using this expression, we obtain the following approximate (1 — «)100%
confidence interval on w(x) = h[n(x)] = h[f/(x)ﬁ]:

M G)B] £ (0 (F B)F X W X) 01222, (13.69)
where /'(.) is the derivative of h[n(x)] with respect to 1.

13.6.2 Likelihood Ratio-Based Confidence Intervals

Confidence intervals can be constructed for each element of = (f1,
B2,...,By)  using the likelihood ratio inference in Section 13.5.2. Suppose,
for example, we consider 3; (i =1,2,...,q). Let L(d, p;, [g(i)) denote the like-
lihood function maximized with respect to all the elements of 3, except for
B;, which is held fixed, that is,

L(b, Bi, Biy) = max L(b, Bi, Bi), i=1,2,...,4. (13.70)
(@
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Here, ;, denotes the vector  with 3; removed, and é’(i) is the ML estimate

of B(; under the restriction that 3; is fixed. Thus, L(, B, B(i)) is a partially
maximized likelihood function and is called the profile likelihood function for
Bi(i=1,2,...,9). Then, as in Section 13.5.2,

2[log L(d, B) — log L(db, Bi, Bi)]

has an asymptotic chi-squared distribution with one degree of freedom,
where B is the usual ML estimate of B. Consequently, an approximate
(1 — x)100% confidence set on 3; is defined by the values of (3; that satisfy the
inequality

2[log L, B) —log L(d, Bi, Bi)] < X51- (13.71)

To obtain a confidence interval on f3; using this method, (13.71) must be
solved numerically for all values of (3; that satisfy the preceding inequality.
The resulting interval is called a profile likelihood confidence interval. This is done
in PROC GENMOD by adding the option “LRCI” to the MODEL statement.
The confidence coefficient can be chosen with the “ALPHA=" option. The
default value is 0.95. It should be noted here that the computation needed
to derive these intervals involves an iterative procedure and can therefore
be more time consuming than in the case of the Wald intervals. However,
the latter intervals are not thought to be as accurate as the likelihood ratio
intervals, especially for small sample sizes.

Example 13.3 In order to demonstrate the use of PROC GENMOD in deriving
tests and confidence intervals concerning the elements of 3, let us consider
once more the same data set and model as in Example 13.1. Table 13.4 gives the
parameter ML estimates and corresponding chi-squared and p-values [based
on formula (13.65)]. These estimates were previously given in Table 13.2

TABLE 13.4
Analysis of Parameter Estimates

Parameter DF Estimate Chi-Squared p-Value

Bo 1 2.8332 136.46 <0.0001
B1 1 —0.2066 11.20 0.0008
B2 1 —0.1585 5.77 0.0163
B3 1 —0.3160 24.84 <0.0001
P12 1 —0.1401 244 0.1183
B13 1 0.6246 48.85 <0.0001
P23 1 —0.3709 14.65 0.0001
P11 1 0.4589 10.07 0.0015
P22 1 0.1501 1.08 0.2987
P33 1 0.3470 5.70 0.0170
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TABLE 13.5
Wald'’s Statistics for Type 3 Analysis

Source DF Chi-Squared p-Value

x1 1 11.20 0.0008
X 1 5.77 0.0163
X3 1 24.84 <0.0001
xX1%2 1 2.44 0.1183
X1X3 1 48.85 <0.0001
X2X3 1 14.65 0.0001
3 1 10.07 0.0015
X3 1 1.08 0.2987
X3 1 5.70 0.0170
TABLE 13.6

Likelihood Ratio Statistics for Type 3 Analysis

Source DF Chi-Squared p-Value

x1 1 11.32 0.0008
X 1 5.83 0.0157
X3 1 25.78 <0.0001
xX1%2 1 246 0.1167
X133 1 58.08 <0.0001
XpX3 1 15.53 <0.0001
x? 1 11.53 0.0007
X3 1 113 0.2873
x3 1 6.29 0.0121

and are repeated here for convenience. We note that all parameters are sig-
nificantly different from zero, except for $12 and 2. Tables 13.5 and 13.6
show the results of Wald’s and LR tests, respectively, concerning the model’s
parameters, except for the intercept 3. Note that the chi-squared values in
Table 13.5 Concerning [31, [32, (33, [312, 613, [523, (511, [322, and [333 are identical
to the corresponding values in Table 13.4. We also note that the results of the
Wald and LR tests are very similar concerning the significance of all the effects
in the model. Table 13.7 gives approximate 95% confidence intervals on all the
parameters on the basis of the Wald and LR inferences. Finally, approximate
95% confidence intervals on the mean responses, u(x;), i = 1,2,...,13, that
correspond to the 13 observations in the data set, are presented in Table 13.8.
Note that the observed (Y) and predicted response values in this table are
repeated here (from Table 13.3) for convenience.
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TABLE 13.7

95% Confidence Intervals on the Parameters

Wald’s Confidence Likelihood Ratio Confidence
Parameter Limits Limits
Bo (2.3579, 3.3086) (2.3170, 3.2737)
31 (—0.3276, —0.0856) (—0.3284, —0.0861)
B2 (—0.2878, —0.0292) (—0.2887, —0.0298)
B3 (—0.4403, —0.1917) (—0.4418, —-0.1929)
B12 (—0.3160, 0.0357) (—0.3177, 0.0348)
B3 (0.4495, 0.7998) (0.4544, 0.8057)
23 (—0.5608, —0.1809) (—0.5650, —0.1842)
B11 (0.1754, 0.7423) (0.1870, 0.7569)
22 (—0.1330, 0.4333) (—0.1214, 0.4479)
B33 (0.0620, 0.6319) (0.0732, 0.6461)
TABLE 13.8
Wald’s 95% Confidence Intervals on the Mean Responses
Y Predicted Lower Limit Upper Limit
20 18.8589 13.2418 26.8589
21 18.2663 12.5422 26.6028
42 42.1402 32.3054 54.9689
36 34.2672 25.5233 46.0065
11 12.0009 7.9761 18.0567
120 119.8598 100.9405 142.3252
33 34.5927 25.9349 46.1405
36 37.7328 28.3905 50.1494
32 30.9991 22.5608 42.5935
38 39.1411 29.5042 51.9255
20 22.7337 15.9756 32.3507
17 17.0000 10.5682 27.3461
49 47.4073 36.6610 61.3038

A listing of the SAS statements needed to get all the results in Tables 13.2

through 13.8 is given below

DATA;

INPUT X3 X2 X3 Y;

CARDS;
(enter here the data from Table 13.1)

PROC GENMOD;

MODELY:Xl X2 X3 X1 *Xz X] *X3 XZ*X:; Xl *X] Xz*Xz X3>I<X3
/DIST=POISSON LINK=LOG OBSTATS RESIDUALS TYPE3 WALD
WALDCIL
PROC GENMOD;
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MODELY:Xl X2 X3 X1 *X2 Xl *X3 XZ*X3 Xl *Xl Xz*Xz X3>I<X3
/DIST=POISSON LINK=LOG TYPE3 LRCI;
RUN;

The first GENMOD statement generated the results in Tables 13.2
through 13.5 and 13.8. The options, “TYPE3” and “WALD,” should appear
together in the MODEL statement in order to get Wald’s chi-squared results.
The option, “WALDCI,” was used to obtain Wald’s approximate 95% (default
value) confidence intervals on the model’s parameters (as in Table 13.7).
Table 13.6 was obtained as a result of using the option “TYPE3” in the sec-
ond MODEL statement, but without including the “WALD” option. To get
approximate 95% (default value) likelihood ratio confidence intervals on the
model’s parameters (as in Table 13.7), the option “LRCI” should be added to
the second MODEL statement.

13.7 Gamma-Distributed Response

The gamma distribution is a member in the family of continuous distributions.
Its density function is of the form

*~lexp(—y/B)
Fo B y >0, (13.72)

where « and (3 are positive constants. A random variable, Y, having this
distribution is said to be gamma distributed with parameters o and 3. This fact
is denoted by writing Y ~ G(«, ). The density function in (13.72) can also be
written as

f(yr“/5)= Y

fly,«, B) =exp |:— % + (¢ —1)logy — alog p — log F(oc):| . (13.73)

Comparing (13.73) with (13.1) we find that

0=— (X—B,
1
a(d)) =
o
b(0) = log o + log 3
= —log (-0),

c(y, ¢) = alog x —log I'(x) + (x — 1) logy.

We conclude that the gamma distribution belongs to the exponential family.
Using formulas (13.16) and (13.18), we find that the mean and variance of this
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distribution are

EY)=p
=b'(0)
1
)
=uafb, (13.74)
Var(Y) = a($p) b"(6)
1
T x?
= ap (13.75)
From (13.74) and (13.75) we note that the ratio,
Var(Y) 1
2o«
= a(d),

is constant. This ratio, which is denoted by p2,is the square of the coefficient of
variation, p. It follows that the gamma distribution has a constant coefficient
of variation.

The canonical link for the gamma distribution is given by

n =g

1
—_— (13.76)
u

This is the reciprocal link. Hence, the inverse link function is

w=hm)
1

n

If the linear predictor, 1, is expressed as a linear model as in (13.2), then the
mean response at a point x is given by

1
re) =
f @B
The predicted response {i(x) is then of the form
x) = L (13.77)
f@®p

where |§ is the ML estimate of 3. Note that since p(x) is positive, it would be
desirable for {i(x) to be also positive. But, f/(x)[?’) may be negative for some
values of x, which is undesirable. Hence, care should be exercised in order to
avoid negative values of {1(x) when using the canonical link function. For this
reason, the log link may be considered in place of the reciprocal link since it
does not result in negative values of {i(x).



506 Linear Model Methodology

13.7.1 Deviance for the Gamma Distribution

Consider a response vector, Y = (Y1, Y2,...,Yy), such that Y1,Y>,..., Y, are
mutually independentand Y; ~ G(«, 3;),i =1,2,...,n. Here, a is considered
to be a constant that does not depend on i. Let 1,12, . . ., ¥, be realized values
of Y1,Yy,..., Yy, respectively. Then, by formula (13.51), the deviance for the
gamma distribution, on the basis of the sample y1,1,...,yx, is given by

D=2 [(6; — 6)yi — b(6) + b(d)], (13.78)
i=1

where, if we recall, éi and 0; are the estimates of 0; under the assumed
and saturated models, respectively, i = 1,2,...,n. For the saturated model,

0; = — % since O = — %, and for the assumed model, éi = — %, where [1; is
the ML estimate of p; (i = 1,2, ..., n). From (13.78) we then get

p=2 3 [(-ge ) wees () 1 (3)]
~2 3 [-es (1) + 2]

13.7.2 Variance-Covariance Matrix of ﬁ

Using formula (13.42), the variance—covariance matrix of B, the ML estimator
of B for the linear predictor, is approximately equal to

Var(f) ~ X W1x)~1, (13.79)

where X is the model matrix for the linear predictor and W= @},
g (u)1? Var(Y;) [see formula (13.36)]. The link function, g(.), for the gamma

distribution can be either the reciprocal link or the log link. Note that
by (13.75),
1
Var(Y;) = —b"(8))
o
=0 V), i=12...n,

where
p is the coefficient of variation
V(i) is the variance function, which, if we recall, is equal to b”(6;),
i=1,2,...,n

Making the substitution in (13.79), we get

" -1
. 1
[y e
=7 8/ ()P V()
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In general, p? is unknown and should be estimated. Since

2 Var(Y;)
p =

I i=1,2,...,n,
i

an estimator of p? can be obtained as follows:
2 E(Y; — Hi)z
=7
K

Y — i\ 2
:E<l “?, i=1,2,...,mn
Hi

Hence, a consistent estimator of p2 is given by

1< Yi—i\2
A2 1 i i
p—ﬂZ( >,

i—1 Hi

where [i; = h[f' (x;) [3] and hi(.) is the inverse of the link function (i = 1,2, ..., n).
Thus, an estimate of Var(f) is approximately given by

) -1
—~— A A 4 1
vauﬁ)%pz{x'(GBE?@5?7?§5>X} |

=1

Example 13.4 The gamma distribution has applications in a wide variety of
situations. For example, it is used to represent the distributions of lifetimes
(or failure times) in industrial experiments, reliability and survival data, the
resistivity of test wafers (see Myers, Montgomery, and Vining, 2002, Section
5.8), and daily rainfall data (see McCullagh and Nelder, 1989, Section 8.4.3).
Such distributions are known to have a heavy right tail where the variance is
proportional to the square of the mean (that is, have constant coefficients of
variation).

Consider, as an example, an experiment conducted to study the effect of
exterior temperature, x, on the life, Y, of a certain type of batteries to be used
in an electronic device. The plate materials for the batteries are the same.
Three batteries were tested at each of three levels of temperature, namely, 20,
70, 120°F. These levels were coded as —1, 0, 1. The corresponding values of Y
(in h) are given in Table 13.9.

A generalized linear model was fitted using a reciprocal link and a gamma
distribution for the response. The model for the linear predictor is of the
second degree of the form

nex) = Bo + B1x + Brix’. (13.80)
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TABLE 13.9

Lifetimes Data (in h)

Coded Temperature (°F)? Y

-1 140.2, 165.9, 158.8
0 140.4,127.3,129.7
1 74.8,68.1,79.6

2 The coded levels, —1, 0, and 1 correspond to 20, 70, and 120 °F,

respectively.

The following SAS statements were used

DATA;
INPUT X Y;
CARDS;
(enter here the data from Table 13.9)
PROC GENMOD;
MODEL Y = X X % X/DIST = GAMMA LINK = POWER (-1) OBSTATS
RESIDUALS TYPE3 WALD;
PROC GENMOD;
MODEL Y = X X % X/DIST = GAMMA LINK = POWER (-1) TYPE3;
RUN;

Note that the reciprocal link is denoted in SAS as “LINK = POWER (-1)”.

From the corresponding SAS output we find that the deviance and
Pearson’s chi-square statistic values are 0.0328 and 0.0323, respectively, with
6 degrees of freedom. Their scaled values divided by the degrees of freedom
are 1.5009 and 1.4808, respectively. Table 13.10 gives information concern-
ing the analysis of parameter estimates and the LR tests for model (13.80).
Values of the deviance and Pearson’s chi-square residuals are presented in
Table 13.11. All this information indicates that the model fits the data well
and that the model parameters are all significantly different from zero.

TABLE 13.10
Analysis of Model (13.80) Using the Reciprocal Link
Parameter DF Estimate Chi-Squared p-Value
Analysis of parameter estimates
Bo 1 0.0075 824.09 <0.0001
B1 1 0.0035 182.28 <0.0001
B11 1 0.0024 42.73 <0.0001
Source DF Chi-Squared p-Value
Likelihood ratio statistics for Type 3 analysis
x 1 29.21 <0.0001

X®x 1 15.60 <0.0001
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TABLE 13.11
Observation Statistics for Model (13.80) Using the Reciprocal

Link
Y X Pred Resdev Reschi StResdev StReschi
140.2 -1 154967 —-0.098 —-0.095 —1.999 —1.934
158.8 —1 154.967 0.025 0.025 0.498 0.502
1659 —1 154.967 0.069 0.071 1.400 1.432
127.3 0 132467 —-0.040 -0.039 —0.802 -0.792
129.7 0 132467 -0.021 -0.021 —0.427 —0.424
140.4 0 132.467 0.059 0.060 1.192 1.216
68.1 1 74167 —-0.084 —-0.082 —1.708 —1.660
74.8 1 74.167 0.009 0.009 0.173 0.173
79.6 1 74167 0.072 0.073 1.452 1.487

TABLE 13.12
Analysis of Model (13.80) Using the Log Link

Parameter DF Estimate Chi-Squared p-Value
Analysis of parameter estimates

Bo 1 4.8863 19676.10  <0.0001
B1 1 —0.3684 22375  <0.0001
P11 1 —0.2116 24.59 <0.0001

Source DF Chi-Squared p-Value

Likelihood ratio statistics for Type 3 analysis
x 1 29.21 <0.0001
X %X 1 12.01 0.0005

Using now the log link instead of the reciprocal link (the log link is often
used with the gamma distribution), we find that the results concerning the
deviance, Person’s chi-square statistic, and their scaled values are identical to
those obtained under the reciprocal link. The analysis of parameter estimates
and the LR tests are displayed in Table 13.12. We note that the conclusions
concerning the significance of the model parameters are consistent with the
reciprocal link case, but the actual parameter estimates are different. The
results concerning the deviance and Pearson’s chi-square residuals are iden-
tical to those shown in Table 13.11.

Exercises

13.1 Consider the likelihood function for the Poisson distribution. Verify
that formulas (13.11) and (13.12) are satisfied for this distribution.
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13.2 Establish the validity of formulas (13.11) and (13.12).
|:Hint: Use the following relationship:

200,9,Y) | (9*L®,9,Y) 200, $, N7
T‘[(T [eeom]| =[2G ]

13.3 Let t(Y) be a transformation of a random variable Y whose mean is
n. Assume that 7(.) is differentiable in a neighborhood of p such that
T'(n) # 0, where (i) denotes the derivative of T(i) with respect to .
(a) Show that if Var[t(Y)] = ¢, where c is a constant, then

[

Var(Y) ~ ———.
A T

(b) Deduce that if log(Y) has a constant variance, then Var(Y) ~ ¢ 2.
(c) If Y has the gamma distribution, what can you say about
Var[log(Y)]?

13.4 The negative binomial distribution has the probability mass function

r+y—1
f(y/p):( rzl >pf(1—p)y, y:(),l,...,

where 7 is a known positive integer and 0 < p < 1.

(a) Show that this distribution belongs to the exponential family.
(b) Apply formulas (13.16) and (13.18) to show that if Y has this dis-
tribution, then
1—
E(Y) = u/
p

r(1—p)
p?

Var(Y) =

13.5 Consider again the negative binomial distribution in Exercise 13.4.

(a) Find the variance function for a given observation.

(b) Give an expression for the deviance on the basis of a sample of size
n from this distribution.

(c) Give an expression for Pearson’s chi-square statistic for a sample
of size n.

13.6 Consider the linear predictor in (13.2).

(a) Use the Wald inference to obtain an approximate (1 — «)100%
confidence region on f3.
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(b) Let A(B) be a scalar function of  which is assumed to be continu-
ous. Show how you can obtain an approximate confidence interval
on A(P) with an approximate confidence coefficient greater than
orequalto1 — «.

[Hint: Consider the maximum and minimum of A(B) over the
confidence region in part (a)].

13.7 On the basis of formula (13.32), we can write

13.8

13.9

BUD = (X W1X)"IX'W™] B_p™ zZm,  m=0,1,...,

where
Z™ is the value of Z at the mth iteration

Z is given in (13.35)

Hence, for m = 0,
B(l) — [(X/W—lx)—]Xlw—l]O Z(O),

where [(X'W~1X)"1X'W~1)) is the value of (X’W1X)"1X'W~! when
B = BY, thatis, when 1 = n° = X%, or when pu = u%, where p° is the
value of pu corresponding to nY. Choose ¥ = y, the data vector, and Z0
to be the vector whose ith element is g(y;), where y; is the ith element
of y (i =1,2,...,n). This results in a value of 6(1), the first iterated
value of 3. Subsequent iterated values of 3 can now be obtained by
applying formula (13.32).

Apply this procedure in case of Example 13.1 to obtain the first five
iterated values of the parameter estimates for model (13.46).

Consider the same model, response distribution, link function, and
data set as in Example 13.1.

(a) Obtain an expression for the profile likelihood function for 31.

(b) Use (13.71) directly to obtain an approximate 95% profile likeli-
hood confidence interval on 31 without using the “LRCI” model
option in PROC GENMOD.

A biomedical study was conducted to study the effects of two agents,
whose levels are denoted by X; and X3, on the number, Y, of cells
that exhibit differentiation after exposure to the two agents. A 4 x 4
factorial experiment was carried out using the levels 0, 2, 8, and 80 for
X7 and 0, 6, 16, and 80 for X5. At each combination of X7 and X5, 100
cells were examined and the number, y, of cells differentiating was
recorded. The data are given in the following table.
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X1 X2 y
0 0 5
0 6 8
0 16 9
0 80 19
2 0 10
2 6 17
2 16 25
2 80 35
8 0 15
8 6 33
8 16 34
8 80 63
80 0 51
80 6 84
80 16 88
80 80 95

Assume a Poisson distribution on Y and consider using a log link.
(a) Obtain the ML estimates for the model

n = Bo+ B1x1 + Bax2 + Broaxixa + B11x7 + Poox3,

where x1 and x; denote the coded values, x; = (X;—40)/40,i =1, 2.

(b) Find the deviance and Pearson’s chi-square statistic values for this
model. What can you say about the fit of the model?

(c) Obtain values of the deviance and Pearson’s chi-square residuals.
(d) Test the significance of the model parameters. Let & = 0.05.

(e) Obtain the 95% Wald and likelihood ratio confidence intervals on
the model parameters.

13.10 In a cancer research experiment, a logistic regression model was uti-
lized in a cytotoxicity study to investigate the dose-response curve for
a combination of two agents. Their respective concentration levels are
denoted by x; and x,. Cell cytotoxicity for the combination of x; and
x2 was evaluated by counting the number of viable and dead cells.
Of interest was the modeling of the probability, p, of dead cells as a
function of x; and x. The following data were obtained as a result of
running a 4 x 4 factorial experiment:
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X1 Xo Total Number of Cells, N  Number of Dead Cells, S

0 0 95 18
0 3 86 22
0 15 92 55
0 100 86 67
3 0 90 14
3 3 93 18
3 15 91 42
3 100 94 80
15 0 89 16
15 3 82 11
15 15 88 37
15 100 84 63
35 0 90 17
35 3 91 35
35 15 95 57
35 100 88 75

The fitted linear predictor is

N = Bo + B1x1 + Pax2 + B11x7 + Baax3,
where x = (x1,x7)’.
(a) Obtain the ML estimates of the model parameters, then provide a
representation for p(x), the predicted value of p at x.

(b) Find the deviance and Pearson’s chi-square statistic values. Com-
ment on the goodness of fit.

(c) Obtain values of the Studentized deviance and Pearson’s residuals.
(d) Assess the significance of the model parameters. Let o« = 0.05.

(e) Give the predicted values, p(x;), at the 16 design points, then obtain
Wald'’s 95% confidence intervals on p(x;), i =1,2,...,16.
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A
Admissible mean
and corresponding components, 229
definition of, 227
population structures and, 228
Algorithms
for computation of estimates, 4
for computing generalized
inverses, 34
Alternative hypotheses, 391
Analysis of variance (ANOVA) model,
2,6-7,39,89,123,131, 225, 333
for balanced and unbalanced data,
7-8
estimability property, 4-5
estimation of variance components,
254-255
estimator, 433
for fixed-effects model, 115
Henderson’s methods, 350-357
identification scheme in, 228
for one-way model, 117
for regression model, 132
sums of squares, 383
table, 277, 285
Approximate tests, 441
ASR, see Average of the squared
residuals (ASR)
Average of the squared residuals
(ASR), 433

B
Balanced linear model, 225
general, 229-231
properties of, 232236
Balanced mixed models, 237-238
distribution of sums of squares
associated with, 238-240
estimation of fixed effects, 240-247
Bartlett’s test, 283-284

Behrens—Fisher problem, 274, 291
Best linear unbiased estimator (BLUE),
4,5,134, 136, 160, 186, 190, 245,
306, 321
generalized least squares estimator,
447
least-squares estimator, 456
variance—covariance matrix, 447
Binary distribution, 476477
Binomial distributions, 489, 490
Binomial random variable, 477
Block-diagonal matrix, 27
BLUE, see Best linear unbiased estimator
(BLUE)
Bonferroni’s inequality, 199, 435
Bonferroni’s intervals, 199-200
Box-Behnken design, 486
Brown-Forsythe intervals, 202-203, 208

C

Canchy distribution, 85

Cauchy-Schwarz inequality, 44, 56, 149,
288

Cayley-Hamilton theorem, 53

Cayley’s representation, 39

Central chi-squared distribution, 70

Central composite design, 464-465

Central t-distribution, 74

Central Wishart distribution, 75, 457

Characteristic polynomial, 35

Chi-squared approximations, 341

Chi-squared distribution, 8, 70, 96, 272,
279-281, 338, 375, 376, 440

Chi-squared random variable, 164

Chi-squared statistics, 278

Chi-squared variates, 317, 384, 407

Cholesky decomposition theorem, 42

CLASS statement, 333

Cochran’s theorem, 111

Coded levels, of control variables, 465
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Coefficient of determination, 176
Cofactor, 29
Column vector, 25
Component, definition of, 228
Computer simulation, 278
Concurrence, hypothesis of, 163, 165
Conditional distribution, 67-68
Confidence interval
on continuous functions of variance
components, 257-259
likelihood ratio-based confidence
intervals, 500-504
on linear functions of variance
components, 259-260
for ratio, 157-158
on ratios of variance components,
263-265
on true optimum, 154-157
Wald’s confidence intervals, 499-500
Confidence region, for location of
optimum, 151-154
Continuous random variable, 59
Correlation matrix, 62
Covariance matrix, of two random
vectors, 62
Craig’s theorem
development of, 103
quadratic forms and, 8-9
Cramér—Rao lower bound, 361
Crossed factor, definition of, 226
Crossed subscripts, 227
Cumulant generating function, 64,
91, 105
Cumulant of bivariate distribution, 65
Cumulative distribution function, 59, 418

D
Darmois—Skitovic theorem, 79
Davies’ algorithm, 118, 119, 126, 287,
411, 429
Decomposition theorems
Cholesky decomposition, 42
singular-value decomposition
theorem, 41
spectral decomposition theorem,
40-41
Degrees of freedom, 72, 74, 76, 100, 130
Density function, 59
Design matrix, 445

Index

Design settings, response values, 451
Determinants, 28-31

Deviance residuals, 491

Diagonal matrix, 25

Discrete random variable, 473
Dominance ratio, 213

E
EGLSE, see Estimated generalized
least-squares estimate
(EGLSE)
Eigenvalues, 34-36, 62
Eigenvectors, 34-36
Empty cells, 301
Error contrast, 362
Error rate, 321
Error sum of squares, 130
Estimability, property of, 4-5
Estimable functions, forms of, 328
Estimable linear functions, 184-185, 404
determination of influential set of,
196-198
estimation of, 369-373
properties of, 185-187
results concerning contrasts and,
209-216
simultaneous confidence intervals on,
192
based on Bonferroni inequality,
214
based on Scheffé’s method,
213-214
Bonferroni’s intervals, 199-200
conservative simultaneous
confidence intervals, 214-216
Sidék’s intervals, 200-201
testable hypotheses, 187-189
Estimated generalized least-squares
estimate (EGLSE), 369, 416, 448
t-statistics, 452
Euclidean norms, 45, 382
of response data vectors, 466
Euclidean space, 61, 135, 257, 289, 374
Exact tests, 385-415
Exponential family, 474
canonical link, 475
canonical parameter, 474
dispersion parameter, 474
link function, 474
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F
Factorization theorem, 142, 144
F-distribution, 74, 147, 148, 203, 271, 318,
391, 401, 404
Fisher’s information matrix, 484
Fixed-effects model (Model I), 6, 237, 397
F-ratios, 271, 309
F-statistics, 6
F-test
null hypothesis, 194
statistic for testing Hp : Ap =0, 195
statistics, 275
Function of matrices, 4648

G
Gamma-distributed response, 504
canonical link, 505
deviance for, 506
parameters, 504
reciprocal link, 505
variance—covariance matrix,
506-509
Gamma function, 70
Gauss—Markov theorem, 4, 5, 10,
134-137, 146, 159-162, 186
General balanced linear model,
229-231
Generalized inverse of a matrix, 34
Generalized least-squares estimator
(GLSE), 137, 369, 416, 447
Generalized linear models (GLMs),
473-474
estimation of parameters, 479483
asymptotic distribution, 484-485
mean response, estimation of,
483-484
SAS, computation of, 485-487
exponential family, 474-478
goodness of fit
deviance, 487-490
Pearson’s chi-square statistic,
490-491
residuals, 491-497
likelihood function, 478-479
GENMOD statement, 485, 504
GLMs, see Generalized linear models
(GLMs)
GLSE, see Generalized least-squares
estimator (GLSE)
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H
Hadamard'’s inequality, 44
Hat matrix, 492
Henderson’s methods, 351, 354, 371
Hessian matrix, 129, 141, 481, 482
Heterogeneous error variances
random one-way model, analysis
of, 428
Heteroscedastic error variances
random one-way model, 428-430
approximate test, 430-433
error variances, detecting
heterogeneity, 435437
Heteroscedastic linear models, 427
Heteroscedastic random effects
mixed two-fold nested model,
437-438
fixed effects, 438-441
random effects, 441-443
Heteroscedastic variances, 454
Hierarchical classification, 226
Hotelling-Lawley’s trace, 457
Hotelling’s T2-distribution, 76
Hypothesis of concurrence, 163, 165,
457-458
Hypothesis of parallelism, 165, 458-459
Hypothesis testing
likelihood ratio inference, 498-499
Wald inference, 497-498

I

Idempotent matrices, 36

Identity matrix, 25

Interaction contrast, 320

Interaction effects, 314, 450
testing, 318

Inverse of matrix, 33-34

J

Jacobian matrix, 63, 65

K
Kantorovich inequality, 56

L

Lack of fit (LOF), 459
multiresponse experiment, 459
responses contributing, 462—467
single-response variable, 460
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Lagrange identity, 56
Lagrange multipliers, 138, 151
Laplace transformation, 142
Last-stage uniformity, 437
Leading principal minor, 29
Leading principal submatrix, 27
Least-squares method, 128-130
of mean response, 130-132
under linear restrictions on 3, 137-139
for unknown parameters in linear
models, 3
invention of, 3-4
Least-squares equations, 4
Least-squares estimators, 152, 455
of mean response vector, 183
Least-squares means (LSMEANS), 306
estimates of, 313
pairwise comparisons, 312, 313
SAS, 313
Lebesgue measure, 142
Lehmann-Scheffé Theorem, 146
Less-than-full-rank model, 179
distributional properties of, 180-181
for parameter estimation, 179-180
and reparameterized model, 181-184
Levene’s test, 284-285
statistic, 435
variances, homogeneity of, 436
Likelihood function, 5, 358, 478
Likelihood ratio-based confidence
intervals, 500-504
Likelihood ratio principle, for hypothesis
testing, 149-150
Likelihood ratio test, 417
asymptotic behavior of, 418
statistic, 149
Linear equations, 23
Linear function, 306
BLUE, 314
Linear map, 17
Linear models
comparison of, 162-168
development of theory of, 4
full-rank, 127
geometric approach for, 10-11
inference concerning 3, 146-148
confidence regions and confidence
intervals, 148-149

Index

likelihood ratio approach to
hypothesis testing, 149-150
less-than-full-rank, 179
method of least squares and, 3
origin of, 3
parameter estimates for, 128-129
related distributions for
studying, 69
central chi-squared distribution, 70
F-distribution, 74
noncentral chi-squared
distribution, 70-73
t-distribution, 73-74
Wishart distribution, 75
role in statistical experimental
research, 3
types of, 1
Linear multiresponse models, 427, 453,
455, 459
hypothesis testing, 456-459
lack of fit, testing, 459462
multivariate, 462
responses contributing, 462-467
parameter estimation, 454-456
Linear programming, 207
simplex method of, 260
Linear transformations, 13, 17-20, 24,
409, 411
kernel of, 18
one-to-one, 20
Linear unbiased estimates, 312
LOF, see Lack of fit (LOF)
Logistic link function, 477
Log-likelihood function, 358, 362, 478,
479, 489
Logit function, 475
Log link, 475
LSMEANS, see Least-squares means
(LSMEANS)

M
Maclaurin’s series, 60, 61, 71, 90, 98
Matrix
functions of, 46-48
inequalities, 4346
inverse (see Inverse of matrix)
minor of, 29
notation, 24
operations, 25-26
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quadratic forms of, 39-40
rank of, 31-32
trace of, 26
transpose of, 26
Matrix differentiation, 48-52
Matrix of ones, 25
Maximum likelihood estimates (MLEs),
5-6,140-141, 144, 149, 358, 361,
366, 481
computational aspects of, 360
properties of, 141-145, 153
standard errors, 487
Maximum likelihood (ML), 357
Mean response vector, 128
Mean squares
nonnegative linear combination of,
278
positive linear combination of, 277
Messy data, 301
Method of unweighted means (MUM),
336, 380
approximations, 340-341
definition, 336
F-distribution, 342
harmonic mean, 336
two-way model, 336
Method of weighted squares of means
(MWSM), 315
Mill’s ratio, 86
Minkowski’s determinant inequality, 44
Minor, 29
Mixed-effects model (Model III), 7, 237,
349
Mixed linear model, 427
general version, 415416
fixed effects, estimation/testing of,
416-417
random effects, 417-421
Mixed two-fold nested model
exact test, fixed effects, 412415
exact test, random effects, 411-412
Mixed two-way model
inference concerning, exact tests
fixed effects, 401-405
random effects, 398-401
ML, see Maximum likelihood (ML)
MLES, see Maximum likelihood
estimates (MLEs)
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Model I, see Fixed-effects model
(Model I)

Model II, see Variance components
model (Model II)

Model III, see Mixed-effects model
(Model III)

MODEL statement, 356, 504

Modified maximum likelihood, 362

Moment generating function, 8990

case of multivariate normal, 65-67
general case, 63-65

Monotone decreasing function, 392

Monotone increasing function, 392

Monte Carlo simulation, 379

Multiple linear regression model, 127

Multivariate normal distribution,
61-63

Multivariate tests, 457

MUM, see Method of unweighted means
(MUM)

MWSM, see Method of weighted squares
of means (MWSM)

Myers-Howe procedure, 278

N
Nested factor, definition of, 226
Nested random model, 265, 406
Nested subscripts, 227
Newton-Raphson method, 481
No-interaction hypothesis, 320
Noncentral chi-squared distribution,
70-73, 303
Noncentrality parameter, 70, 308, 309
Noncentral t-distribution, 74
Noncentral Wishart distribution,
75,457
Nonrightmost-bracket subscripts, 228
Nonsingular matrix, 30, 387
Nonstochastic variables, 127
Nonzero eigenvalues, 94, 99, 185, 294,
384, 408
diagonal matrix of, 409
Normal distribution
history of, 59
multivariate, 61-63
singular multivariate, 69
univariate, 60-61
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Norm of a matrix, 46
Euclidean, 46
spectral, 47

Null effect, 115

(0]
Observation statistics, 500
One-to-one linear transformation, 20
One-way model, 179, 428
Ordinary least squares (OLS), 128,
138, 140
estimation
distributional properties, 132-134
Gauss—Markov theorem, 134-137
Orthogonal contrasts, 333
Orthogonal decomposition, 212
Orthogonal matrices, 36
parameterization of, 36-39
Orthonormal eigenvectors, 95, 185,
395, 408
Overparameterized model, 322, 324

P
Parallelism, hypothesis of, 165
Partial mean, 227
Partitioned matrices, 27
PDIFF, see P-value for the difference
(PDIFF)
Pearson distributions, 81
Pearson’s chi-square residuals, 491, 494,
508, 509
Pearson’s chi-square statistics, 487,
490-491
Poisson distributions, 476, 479, 485, 486,
489
Poisson random variable, 71
Polynomial effects, 321, 333
at fixed levels, 334
Polynomial functions, 127
Polynomial models, 2, 444
first-degree model, 444
full second-degree model, 444
Population marginal means, 306
Population structure, 227
and admissible means, 228
Postulated model, 1
Predicted response, 446
Principal minor, 29
Principal submatrix, 27

Index

Probability mass function, 5
Probability value, Davies” algorithm
for, 411
Product
Cartesian, 206, 257, 394
direct, 27
Profile likelihood confidence
interval, 501
Profile likelihood function, 501
P-value for the difference (PDIFF), 331

Q

Quadratic forms

computation of distribution of,
118-119

and Craig’s theorem, 8-9, 103

distribution of, 94-103

distribution of ratio of, 119-120

independence and chi-squaredness
of, 111-118

independence of, 103-108

independence of linear and, 108-111

matrices of, 39-40

in normal random variables, 89

R
Random-effects model, 7, 237, 349
Random higher-order models, exact tests
for, 397-398
Random one-way model, analysis of, 428
RANDOM statement, 361
Random two-fold nested model, 406—407
exact test, random effect, 407411
Random two-way model, 354, 380
Raw residual, definition, 491
Rayleigh’s quotient, 43
Reciprocal link, 475
Regression mean square, 133
Regression model, 1, 3
Regression sum of squares, 131
REML, see Restricted /residual
maximum likelihood (REML)
Reparameterized model, 181-184, 324
Residual vector, 131
Response surface methodology (RSM),
443446
for estimation of optimum mean
response, 151
Response surface models
model fitting, 446
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with random block effects, 446-448
fixed effects, 448
random effects, 449453
Restricted least-squares estimator, 138
Restricted /residual maximum
likelihood (REML)
estimates, 369
PROC MIXED, 366
variance components, estimation
of, 362
variance—covariance matrix, 366
R-Expressions, 353
alternative set of, 355
Type I, expected values of, 357
Rightmost-bracket subscripts, 227
R-Notation, 301
Row vector, 25
Roy’s largest root test statistics, 457,
462, 466
RSM, see Response surface methodology
(RSM)

S
Sample variance—covariance matrix, 76
SAS software, 311
code, 486
computations, 420
PROC GENMOD, 485-486
PROC GLM, 324
LSMEANS statement, 330
PROC MIXED, 360, 361, 416, 448
PROC VARCOMP, 356
reciprocal link, 508
statements, 356
Type I, Type II, and Type III, 328, 329
Type IV F-ratios, 326
Satterthwaite procedure, 278
Satterthwaite’s approximation, 271-273,
285,293, 407, 431, 450
adequacy of, 278-282
Behrens-Fisher problem, 274-278,
291-293
chi-squared distribution, 296
testing departure, 282-287
closeness measurement, 287-290
confidence interval, 293-295
hypothesis test, 287
Asup, determination of, 290

541

mean squares, linear combination
of, 296
nonnegative linear combination,
distribution of, 278
random effects, 271, 273
Satterthwaite’s formula, 271, 273,
274,278
Saturated /full model, 488
Scaled deviance, 489
residual, 491492
Scheffé’s simultaneous confidence
intervals, 149, 192
relation with F-test concerning
Hp: AB =0, 194-196
Schur’s theorem, 45
Sid4k’s intervals, 200-201
Simultaneous confidence intervals,
148-149
heterogeneous group variances
Brown-Forsythe intervals,
202-203
exact conservative intervals,
206-207
Spjetvoll’s intervals, 203205
estimable linear functions and their
ratio
based on Bonferroni inequality,
214
based on Scheffé’s method,
213-214
conservative simultaneous
confidence intervals, 214-216
Singular matrix, 30
Singular multivariate normal
distribution, 69
Singular-value decomposition
theorem, 41
Skew-symmetric matrix, 26, 38, 39
Spectral decomposition theorem, 4041,
62, 95,99, 181, 210, 388, 389,
408, 437
Spjetvoll’s intervals, 203205, 208
Square matrix, 24-25, 34
Statistic
complete, 143
complete and sufficient, 249
sufficient, 142
Studentized deviance residuals, plot of,
495-497
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Studentized Pearson’s residuals, 492
plot of, 495
Sum, direct, 28
Sums of squares
partial, 304
Type I, 303, 304
Type I, 304
Type 111, 304
Symmetric matrix, 26, 48
Synthetic error term, 271

T
Taylor’s series approximation, 483, 484
Taylor’s series expansion, 373
Testable hypotheses
two-way without interaction model,
306-309
Type I, 309-310
Type II, 310-313
Tests of fixed effects, 417
Test statistic values, 391
Translation invariant, 370
Triangular matrix, 25
Tukey’s Studentized range test, 321, 331,
334
Two-fold nested model, 406415
Two-way with interaction model, 314
Two-way without interaction model,
304

U
UMVUE, see Uniformly minimum
variance unbiased estimators
(UMVUE)
Unbalanced fixed-effects models, 301
higher-order models
E option, 327-330
least-squares means, 330-331
method of unweighted means,
336-337
SSAu/SSBu/SSABu, 338-339
SSAu/SSBu/SSABu, approximate
distributions, 340-342
R-notation, 301-304
two-way interaction model
hypotheses, tests of, 315-322
linear functions, 314-315
SAS, 322-324
testable hypotheses, 324-327
two-way without interaction model,
304

Index

estimable linear functions, 305-306
testable hypotheses, 306-313
Unbalanced models, 301
Unbalanced random one-way model,
124, 373-376
approximation, adequacy of, 376-379
confidence interval, on variance
components, 379
random two-way model
exact tests, 385-397
method of unweighted means,
380-384
Uniformly minimum variance unbiased
estimators (UMVUE), 146, 170,
186, 254
Univariate normal distribution, 60-61
Unweighted means, F-tests method, 395
Unweighted sum of squares, 374, 380

\%
Variance components, 350
estimation of
ANOVA estimation, Henderson’s
methods, 350-351
Henderson’s method III, 351-357
maximum likelihood, 357-361
restricted maximum likelihood
estimation, 362, 366-369
Variance components model
(Model IT), 7
Variance—covariance matrix, 4, 8, 66, 115,
128,137,152, 153, 291, 446
Variance function, 479
Vector linear function, 136
Vector spaces, 13-14
bases and dimensions of, 1617
Vector subspaces, 14-15

W
Wald inference, 499
Wald’s confidence intervals, 499, 500
on mean responses, 503
Wald'’s statistics, 387, 498, 499
type 3 analysis, 502
Weierstrass M-test, 72
Weighted squares method, 323
Williams-Tukey formula, 379
Wishart distribution, 75, 87

Z
Zero matrix, 25
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Given the importance of linear models in statistical theory and experimental
research, a good understanding of their fundamental principles and theory is
essential. Supported by a large number of examples, Linear Model Methodology
provides a strong foundation in the theory of linear models and explores the latest
developments in data analysis.

After presenting the historical evolution of certain methods and techniques used
in linear models, the book reviews vector spaces and linear transformations and
discusses the basic concepts and results of matrix algebra that are relevant to the
study of linear models. Although mainly focused on classical linear models, the next
several chapters also explore recent techniques for solving well-known problems
that pertain to the distribution and independence of quadratic forms, the analysis
of estimable linear functions and contrasts, and the general treatment of balanced
random and mixed-effects models. The author then covers more contemporary
topics in linear models, including the adequacy of Satterthwaite’s approximation,
unbalanced fixed- and mixed-effects models, heteroscedastic linear models,
response surface models with random effects, and linear multiresponse models.
The final chapter introduces generalized linear models, which represent an
extension of classical linear models.

Features

* Encompasses a wide variety of topics in linear models that incorporate the
classical approach and more recent trends and modeling techniques

¢ Emphasizes the central role matrices have played in the modern development
of linear models

s Covers both balanced mixed-effects models and unbalanced linear models
so that readers have a full understanding of how to analyze data under
different modeling situations

e Presents a unified approach to modeling discrete and continuous response
data

* |ncludes numerous examples and end-of-chapter exercises

CRC Press

Taylor & Francis Group
an informa business C4a819

WWW.Crepress.com N: 978-1-58488-481-1

6000 Broken Sound Parkway, NW 9 U 00 'D
Suite 300, Boca Raton, FL 33487
270 Madison Avenue

New York, NY 10016

2 Park Square, Milton Park
Abingdon, Oxon OX14 4RN, UK




	Contents
	Preface
	Author
	Chapter 1. Linear Models: Some Historical Perspectives
	Chapter 2. Basic Elements of Linear Algebra
	Chapter 3. Basic Concepts in Matrix Algebra
	Chapter 4. The Multivariate Normal Distribution
	Chapter 5. Quadratic Forms in Normal Variables
	Chapter 6. Full-Rank Linear Models
	Chapter 7. Less-Than-Full-Rank Linear Models
	Chapter 8. Balanced Linear Models
	Chapter 9. The Adequacy of Satterhwaite's Approximation
	Chapter 10. Unbalanced Fixed-Effects Models
	Chapter 11. Unbalanced Random and Mixed Models
	Chapter 12. Additional Topics in Linear Models
	Chapter 13. Generalized Linear Models
	Bibliography
	Index



